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ABSTRACT

A STUDY OF LEBESGUE CONSTANTS 
IN BARYCENTRIC RATIONAL AND 

MULTIVARIATE POLYNOMIAL INTERPOLATION

Bayram Ali İBRAHİMOĞLU

Department of Mathematics 

Ph.D. Thesis

Advisers: Prof. Dr. Mustafa BAYRAM, Prof. Dr. Annie CUYT

The Lebesgue constant is a valuable numerical instrument for linear interpolation, because 
it indicates how the interpolant of a function compares to the best linear approximant of 
that function. Furthermore, if the interpolant is computed by making use of the Lagrange 
basis functions, then the Lebesgue constant also expresses the conditioning of the inter
polation problem at hand. Many publications have been devoted to the search for optimal 
interpolation points, optimal in the sense that these points lead to a minimal Lebesgue 
constant for interpolation problems on the interval [-1,1].

In this thesis, the best results obtained in univariate polynomial interpolation are gen
eralized to univariate rational interpolation. In addition, this generalization provides a 
very practical and useful result in the case of barycentric rational interpolation, where 
simple equidistant interpolation points apparently yield very slowly increasing Lebesgue 
constants.

The literature demonstrates a direct link between the orthogonality of polynomials and 
optimal interpolation points for polynomial interpolation. In this thesis, this connection is 
further explored for the case of linear interpolation, using rational functions with a prede
termined denominator (preassigned poles) on the one hand and multivariate polynomial 
functions on the unit disk on the other hand.

Keywords: Lebesgue constants, condition number, polynomial interpolation, barycentric 
rational interpolation, interpolation points, preassigned poles, orthogonal polynomials.

YILDIZ TECHNICAL UNIVERSITY

GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES

ix



ÖZET

A STUDY OF LEBESGUE CONSTANTS 
IN BARYCENTRIC RATIONAL AND 

MULTIVARIATE POLYNOMIAL INTERPOLATION

Bayram Ali İBRAHİMOĞLU

Department of Mathematics 

Ph.D. Thesis

Advisers: Prof. Dr. Mustafa BAYRAM, Prof. Dr. Annie CUYT

Lebesgue sabiti (Lebesgue constant) lineer özellikli interpolasyon için, bir fonksiyonun 
interpolasyonu ile o fonksiyonun en iyi lineer yaklaşımının kıyaslanması bakımından 
çok değerli bir nümerik enstrümandır. Dahası, eger interpolasyon Lagrange bazları kul
lanılarak hesaplanıyorsa Lebesgue sabiti interpolasyon yönteminin koşullanmasını ifade 
eder. Bu baglamda optimal interpolasyon noktalarının araştırılması pek çok bilimsel 
yayının konusu olmuştur. Burada optimallik [-1,1] aralıgında Lebesgue sabitini minu- 
numa götüren noktaları ifade etmektedir.

Bu tezde, tek degişkenli polinom tipi interpolasyon yöntemi için elde edilmiş sonuçlar tek 
degişkenli rasyonel tipi interpolasyon yöntemine genelleştirilmiştir. Buna ilaveten, eşit 
aralıklı interpolasyon noktaları belirgin bir şekilde çok yavaş büyüyen Lebesgue sabit
lerine sahip olması dolayısıyla, bu genelleme barisentrik rasyonel interpolasyon yöntemi 
için çok kullanışlı ve pratik sonuç saglar.

Literatür polinom tipi interpolasyon için optimal interpolasyon noktaları ile polinomların 
ortogonalligi arasında dogrudan bir ilişki oldugunu gösterir. Bu tezde bu ilişki durumu 
lineer özellikteki interpolasyon yöntemleri için, bir yandan paydası önceden belirlenmisş 
tekil noktalar (preassigned poles) kullanılarak rasyonel fonksiyonlar için, diger yandan 
ise birim disk üzerinde çok degişkenli polinom tipi fonksiyonlar için araştırılmıştır

Anahtar Kelimeler: Lebesgue sabitleri, koşul sayısı, polinom interpolasyon, barisentrik 
rasyonel interpolasyon, interpolasyon noktaları, önceden belirlenmisş tekil noktalar, orto
gonal polinomlar.______________________________________________________________

YILDIZ TEKNİK ÜNİVERSİTESİ FEN BİLİMLERİ ENSTİTÜSÜ
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SAMENVATTING

A STUDY OF LEBESGUE CONSTANTS 
IN BARYCENTRIC RATIONAL AND 

MULTIVARIATE POLYNOMIAL INTERPOLATION

Bayram Ali ÍBRAHÍMOGLU

Department of Mathematics 

Ph.D. Thesis

Advisers: Prof. Dr. Mustafa BAYRAM, Prof. Dr. Annie CUYT

De Lebesgue constante is een waardevol numeriek instrument bij lineaire interpolatie, 
omdat ze aangeeft hoe de interpolant van een functie vergelijkt met de beste lineaire 
approximant van die functie. Als de interpolant tevens berekend wordt met behulp van 
de Lagrange basisfuncties, drukt de Lebesgue constante ook nog eens de conditionering 
uit van het interpolatieprobleem in kwestie. Er zijn al zeer veel publicaties gewijd aan de 
zoektocht naar optimale interpolatiepunten, optimaal in de zin dat de punten een minimale 
Lebesgue constante opleveren voor interpolatieproblemen geformuleerd in het standaard 
interval [-1, 1].

In deze thesis worden de beste resultaten, behaald in univariate veelterminterpolatie, ver- 
algemeend naar univariate rationale interpolatie. Deze veralgemening levert daarenboven 
een zeer praktisch bruikbaar resultaat op, omdat blijkbaar bij barycentrische rationale in
terpolatie eenvoudige equidistante interpolatiepunten zeer traaggroeiende Lebesgue con- 
stanten opleveren.

Uit de wetenschappelijke literatuur blijkt ook de directe link tussen orthogonaliteit van 
veeltermen en optimale interpolatiepunten voor veelterminterpolatie. Deze link wordt 
in de thesis verder uitgediept voor de interpolatie, met enerzijds rationale functies met 
vooraf vastgelegde noemer (of polen) en anderzijds multivariate veeltermfuncties (op de 
gesloten eenheidsschijf).

Keywords: Lebesgueconstanten, conditiegetal gegeven, veelterminterpolatie, barycen- 
trische rationale interpolatie, interpolatiepunten, vooraf vastgelegde polen, orthogonale 
veeltermen.
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CHAPTER 1

INTRODUCTION

1.1 Literature Review

The Lebesgue constant is a valuable numerical instrument for linear interpolation, be

cause it provides a measure of how close the interpolant of a function is to the best linear 

approximant of the function. Moreover, if the interpolant is computed by using the La

grange basis, then the Lebesgue constant also expresses the conditioning of the interpola

tion problem. In addition, many publications have been devoted to the search for optimal 

interpolation points, in the sense that these points lead to a minimal Lebesgue constant 

for the interpolation problems on the interval [-1, 1]. An explicit formula for the Xj that 

minimize the Lebesgue constant is not known, and if no further constraints are imposed 

on the interpolation points, then the solution is not even unique. But it is proved in [1, 2, 

pp. 110-121] that the minimal growth of the Lebesgue constant, in terms of the number 

of interpolation points n +  1, is given by

2
n ln(n +  1) +  Y +  ln ^ 4  J J ~  4  ln(n +  1) +  0. 52125...

with Y the Euler constant.

Several node sets {x0, . . . ,x n} come close to realizing this minimal growth, among which 

the Chebyshev zeroes [3, 4, 5] and the Fekete points [6]. The node set known in closed 

form that approximates the optimal node set best is probably the so-called extended 

Chebyshev node set given by

cos
xj =

(2 j+1)n 
I 2(n+1)

cos (  nI 2(n+1)
j  =  O ^ .^  n.

1



The division by cos(n/(2n +  2)) guarantees that x0 =  — 1 and xn =  1. The growth of the 

Lebesgue constant for the extended Chebyshev nodes is bounded by [5, 7]

2
A„(x0, . . . ,  xn ) < — log(n +  1) +  0 .5829 ..., n >  4, 

n

which is only slightly larger than the minimal growth. At the same time, it is known that 

the Lebesgue constant An for equidistant interpolation points grows exponentially [8, 9].

A rough analysis of the growth of the Lebesgue constant in the case of barycentric rational 

interpolation at equidistant interpolation points, was made in [10] and [11], leading to the 

conclusion that it only grows logarithmically.

The minimal growth of the Lebesgue constant for bivariate polynomial interpolation is 

different for different bivariate domains. For instance, on the square the minimal order of 

growth is O(ln2(n +  1)) and this order is achieved for the configurations of interpolation 

points given in [12] and [13]. On the disk the minimal order of growth is quite different, 

namely O^/n +  T), as proved in [14]. No configurations of interpolation points obeying 

this order of growth are known. On the simplex the minimal order of growth is not even 

known. Instead, in [15] some (non closed form) configurations of interpolation points are 

obtained from the solution of a minimization problem. There is clearly a lot of interest in 

the problem.

1.2 Objective of the Thesis

The search for sets of good interpolation points is highly motivated by the fact that, due 

to the finite precision of digital computers, valid results can only be expected when the 

interpolation problem is well-conditioned. In addition, the conditioning of polynomial 

interpolation and of rational interpolation with preassigned poles is measured by the re

spective Lebesgue constants.

Although near-optimal choices for basis and interpolation points are known in the uni

variate case, little or nothing is known in the multivariate case. And when generalizing 

the problem to rational interpolation (with a prescribed denominator to stick to a linear 

problem statement), only partial results have been discovered. In this thesis we tackle

2



both these problems, the latter in more detail than the former.

1.3 Hypothesis of the Thesis

The choice of the polynomial basis and the location of the interpolation points play an im

portant numerical role in univariate polynomial interpolation. The best results obtained in 

univariate polynomial interpolation can be generalized to univariate rational interpolation 

with preassigned poles discussed in Chapters 3 to 4. If the choice of the polynomial basis 

and the location of the interpolation points play an important numerical role in univari

ate polynomial interpolation, they do so even more in the multivariate case discussed in 

Chapter 5. In this thesis, we also point out the many links of the close connection between 

the orthogonality of polynomials and optimal interpolation points under discussion with 

the existing literature.

3



CHAPTER 2

STATE OF THE ART IN UNIVARIATE POLYNOMIAL
INTERPOLATION

The classical problem of polynomial interpolation through data f 0, . . . ,  f n given at in

terpolation points x0, . . . , x n, can be expressed in several polynomial bases, each giving 

rise to a different linear system of interpolation conditions. Among others, we mention 

the standard monomial basis, the Newton basis for use with divided differences, the La

grange basis for a simple explicit formula, or a choice of an orthogonal polynomial basis. 

Although the choice of the basis does not make a difference from a mathematical point 

of view, it influences the conditioning of the problem when computing the interpolating 

polynomial numerically.

But the nature of the interpolation points always plays an important role, both mathe

matically and numerically. Suffices to mention the well-known Runge phenomenon to 

understand this. The quality of the polynomial interpolant depends heavily on the loca

tion of the interpolation points. The general recommendation is to have significantly more 

interpolation points towards the boundary of the interval. In addition, the conditioning of 

the interpolation problem may vary greatly with the location of the points as well.

In Section 1 we introduce the univariate polynomial interpolation problem, for which we 

give two useful error formulas in Section 2. The conditioning of polynomial interpolation 

is analysed in detail in Section 3, in case of the Lagrange basis, and in Section 4 for 

other bases. For the Lagrange form the condition number is the Lebesgue constant. For 

other representations we inspect the condition number of the (generalized) Vandermonde 

matrix.

4



2.1 Problem statement

In the classical (polynomial) theory of interpolation, several forms can be used to write 

down the polynomial interpolation problem. This section introduces two of them: the La

grange form, to be used in the definition of the Lebesgue constant in Section 2.3, and the 

(generalized) Vandermonde system, to be used in the definition of the condition number 

in Section 2.4.

For convenience, without loss of generality, we work with the interval [-1 ,1 ], although 

what we have to say about polynomial interpolation may be applied to any finite interval 

by making a linear change of variable.

In this study, we assume that the values of a function are known a priori at some points. 

The interpolating polynomial is then constructed from this information.

2.1.1 Lagrange form

For n e  N, let

X =  { xj : j  =  0 ,1 , . . . ,n} (2.1)

be a set of n +  1 distinct interpolation points (or nodes) on the real interval [-1 ,1] such 

that

— 1 <  x0 <  x1 <  ••• <  Xn <  1. (2.2)

Let the function f  e  C ([—1,1]). When approximating f  by an element from a finite

dimensional vector space Vn =  span {fy0, , . . . ,  fyn} and if fy0, , . . . ,  are a Chebyshev 

system with e  C ([—1,1]) for 0 <  i <  n, it is well known that there exists a unique 

generalized polynomial

n
Pn(x) =  £  ai fyi(x) 

i=0

such that

n
Pn(xj ) =  £  aifyi(xj ) =  f  (xj ^  j  =  ^ . . ^  n. (2.3)

i=0

5



Let P n be the (n +  1) - dimensional vector space of polynomials of degree at most n,

P n =  span {1, x , . . . ,  xn } .

The operator that associates with f  its polynomial interpolant pn(x) can be expressed as

Pn[xo, . . . ,  Xn] : C ([-1 ,1 ]) ^  P n  :

f(x) ^  Pn(x) =  £  f  (xi)£i(x) 
i=0

where the basic Lagrange polynomials £i(x) are given by
n

n  (x -  xj )
„ / \ j=0,j=i

n  (xi -  xj )
j=°, j=i

The polynomials £i(x) have the property

(2.4)

(2.5)

£i(xj )
1, i =  j ,

0 , otherwise,
h j  =  0, . . . , n.

2.1.2 Vandermonde system

An alternative method (and a natural approach) to the interpolation problem in (2.3) is to 

consider it directly in matrix form as $ (x 0, . . . , xn)a =  y, where yi =  f  (xi), or in detail as

 ̂ 00(xo) 01 (xo) 02(xo) ••• 0n (xo) ^ H 1 f  (xo) ^

0o(xi) 01(xi) 02(xi) ••• 0n (xi) a1
= f  (x1)

\  0o(xn ) 01 (xn) 02(xn ) ••• 0n (xn ) yi \^an J f (x n)

The n x n matrix $  appearing here is called the generalized Vandermonde matrix. The 

d e t$ (x0, . . . , xn) =  0 for any set of distinct points x0,x1, ••• ,xn in [ - 1, 1], if 0o, 01, . . . ,  0n 

are a Chebyshev system [16] on the interval [-1 ,1].

6



In (2.6), replacing ^  by V gives the special case

f Vo *o ■ ■ ■ VO ^ ( * o ) 1 f  (V0) ^

V1 Vj ■■■ a 1
= f  (V1)

Vn Vn ■ ■ ■ Vnn y an j ^ f  (Vn) )

(2.7)

V
which has a unique solution for the real coefficients a / . These coefficients can be com

puted by solving a structured linear system of equations, the so-called Vandermonde sys

tem, with a coefficient matrix given by

/  1 x2 . . . v-n \

Vn(xo, ••• ,Vn) =

Vo Vo ■ Vn■ ■ Vo

V1 V1 ■■■ V?

Vn Vn ■ Vn■■ n

(2.8)

2.2 Interpolation error

2.2.1 Explicit formula

When we interpolate the function f  G C(n+1) ([-1 ,1 ]) over the interval [-1 ,1] at the (n +  

1) distinct points v /, the error associated with f  (v) and its polynomial interpolant p n (v) 

at a non-interpolation point v, can be expressed as

f  (V) -  A .W  =  Ô  (V -  Vj ) (2.9)

where the point G (vo, Vn) and f  (n+1)(£v) is the (n +  1) -st derivative of f  (v) evaluated 

at £*. The point depends on the function f , the points V/ and the evaluation point V. 

In most cases, the value of is not known exactly and the following estimate becomes

important [17, pp. 56-57]:

| | f  - p „ ||„  <  max ( 7 2 T M )  max |x - xV|.
< * [ - i , i ]V (" +  1)! ) x 6 [ - i , i ] 1 j 1 

Here and throughout this chapter, except where indicated otherwise, 

imum norm -norm or uniform norm) on [-1,1] defined by

(2.10) 

denotes the max-

II f  II max 1 f  (v)| ,
1 <v< 1

f  G C ([-1 ,1 ]).

7



In many cases, of course, the actual error is much smaller than predicted by (2.10). 

This inequality indicates that any influence on the interpolation error can only be ex

pected from controlling the location of the points xj because the behavior of f  (and 

its derivatives) is fixed by the problem. Therefore, it is natural to look for xj such that 

|| (x — x0) ■ ■ ■ (x — xn) ||^ is minimized.

It is well known that

II (x -  xo) ••• (x -  x„)||c

is minimized on [—1,1] with minimum value 2—n, by choosing x0, . . . , xn as the zeros of 

the (n +  1) - th degree Chebyshev polynomial of the first kind Tn+1 (x) =  cos ((n +  1) arccos x), 

in other words [18]

n  (x -  j = 4 w x)-
j=0 2

Then we obtain the following upper bound for the maximum error 

1
II f  -  P n L  < max f  (n+1)(x)

2n (n +  1 ) ! / xe[—1,1]

If we choose equidistant interpolation points x0 =  — 1, xn =  1, x* =  — 1 +  2 , then we obtain 

the following estimate [19, pp. 266-267]

(2n)!
22n+1n!

<  || (x -  xo) ••• (x -  Xn) || c

On comparing 2 n and (2n) ! 
22n+1n! ’ using Stirling’s formula for large n, it follows that

2-n ^  , (2n)\  =  ~n= (0.6796.. .)n.22n+1n! y/2

This indicates that the ratio of the maximum error factors decreases at least exponentially.

2.2.2 Mini-max polynomial approxim ation

A best polynomial approximation p*n in terms of the maximum norm is called a mini-max 

approximation because

||f  — p*n L < 11f  — Pn!„ , Pn G P n.

8



Mini-max approximations are important because of the famous Weierstrass approxima

tion theorem [20] stating that every continuous function over a closed interval can be 

approximated to arbitrary accuracy by polynomials.

Theorem 2.2.1 (W eierstrass) Given f  e  C ( [ - 1,1]) and e >  0, there exist n and a poly

nomial p n of degree n, such that

IIf  — pn L  =  ma x . 1 f  (x) -  pn (x)l <  e .

The first constructive proof of this theorem was given by Bernstein (1912). A detailed 

explanation of this proof can be found in [17, pp. 108-111] (or in [21, pp. 66-69]). Addi

tionally, it is known that for every continuous function f  over a closed interval, a mini-max 

approximation of a given degree n exists and is unique [17, pp. 140-146].

The mini-max polynomial approximation is characterized completely by the equioscilla- 

tion property. The error curve takes on extreme values in at least n +  2 points with alter

nating signs. As an example, since 2-nTn+1 (x) equioscillates on n +  2 points belonging 

to [-1 ,1 ], it follows that xn+1 — 2-nTn+1 (x) is the mini-max polynomial approximation 

of degree at most n for xn+1 on [—1, 1].

The equioscillation property indicates that there exist n +  1 points x0, . . . ,  x„ 

where p* interpolates f . If we apply these points for the error formula (2.9) 

with the upper bound (2.10), then we obtain the two-sided estimate

1 min f  {n+1](x)

(n +  1)! <11 f  — p*nL <
1 max f  (n+1)(x)

2n (n + 1)!
— 1 <  x <  1.

2n

in [—1 1] 

combined

Another bound for the interpolation error is given by

I l f  —  pn ||~ <  ( 1 +  l|Pn |l) I l f  —  p m u ,  ||P» || =  sup ||P„ f | U
\\f ||~<1

where Pn :=  Pn [x0, . . . ,xn] is the linear operator defined by (2.4) and p *n is the best uniform 

polynomial approximation to f . It is easy to show how to obtain this inequality. From the 

uniqueness of the interpolating polynomial, we have p n =  Pn( f ) and p*n =  Pn(p*n) .  Now

9



by employing this, it follows that

II f  -  Pnl|„ =  B f  -  p'„ +  p'n -  Pnl|„

< bf  -  k i l  +  iw p n  -  f ) i l

< (1 +  l|Pn||) B f  -  PnB«.

As the computation of the best approximation is more complicated than that of the inter

polant (2.3), there is interest in interpolating polynomials that are near-best approximants. 

Indeed, in most cases, the small difference between the approximation errors of p*n and 

p n is easily compensated by increasing the degree of the interpolation polynomial. There

fore, in practice, interpolation polynomials are often used instead of best approximating 

polynomials.

2.3 Lebesgue Function and Constant

2.3.1 Definition and Properties

Recall from (2.4) that

pn(x) =  £  f  (xiKi(x) 
i=0

where p n(x) is the Lagrange form for the polynomial that interpolates f  in the interpo

lation points x0,xi, ■ ■ ■ ,xn defined by (2.2) and the basic Lagrange polynomials £i(x) are 

defined by (2.5).

For fixed n and given x0, ■ ■ ■ , xn, the Lebesgue function is defined by

n
Ln (x) :=  Ln (xo, ■ ■ ■,xn;x) =  £  |£i(x) |

i=0

and the Lebesgue constant is defined by

n
An :=  An (xo, ■ ■ ■ ,xn) =  max £  |4 (x) | .

- 1<x<1 i=o

It is clear that both Ln (x) and An depend on the location of the interpolation points xj (and 

also the degree n) but not on the function values f  (xj-). Note that the operator norm of Pn

10



defined by (2.4) is equal to the ^  -norm of its Lebesgue function:

IIPn L  =  An =  max Ln (x ).—1<x<1

Here and in the following, with the set X defined by (2.1), we sometimes write Ln (X ;x ) := 

Ln (xo, ■ ■ ■ ,xn ;x) and An (X) :=  An (x0, ■ ■ ■ ,xn) to simplify the notations.

The following presents some basic properties of Lebesgue functions for Lagrange inter

polation (see e.g., [22, 23]):

(i) For any set X , with n >  2, Ln (X;x) is a piecewise polynomial satisfying Ln (X;x) > 

1 with equality only at the interpolation points x j , j  =  0, . . . ,  n.

(ii) On each subinterval (xj —1, xj) for 1 <  j  <  n, Ln (X; x) has precisely one local max

imum that is denoted by Xj (X). If the endpoints —1 and +1 are not interpolation 

points, i.e. —1 <  x0 and xn <  1, then there are two other subintervals and thus, two 

other local maxima that are at —1, and +1. We denote the latter two local maxima 

by Xo (X) and Xn+1 (X).

(iii) The greatest and the smallest local maxima of Ln (X;x) are denoted correspond

ingly by M n (X) and mn (X) and let <5n (X) denote the maximum deviation among 

the local maxima <5n (X) =  M n (X) — mn (X). We also denote the position of the 

Lebesgue constant (by taking one of the greatest local maxima) by x* (X) for the set 

of interpolation points X.

(iv) The equality Ln (X; x) =  Ln (X; —x ) , x G [—1,1] holds if and only if xn—j =  —x j, j  =  

^ . . ^  n.

(v) The Lebesgue constant is invariant under the linear transformation tj =  axj +  b , j  =  

0 , . . . ,  n, (a =  0). Interpolation sets that include the endpoints of the interval as in

terpolation points are called canonical interpolation sets. Let XL denote a canonical 

interpolation set. In particular, we may construct a set XL, obtained from X by map

ping [x0, xn] onto [— 1, 1] by the unique linear transformation ti =  axi +  b , i =  0, . . . ,  n 

where a and b are determined by — 1 =  ax0 +  b , 1 =  axn +  b. Here the set XL is also 

called the canonicalization of the set X . It can be seen that the Lebesgue constant

11



for X is [22, 24, pp. 104-105]

An (to, ■■■ , tn ) =  max Ln (xo, •••, Xn; x) <  max Ln (xo, ••• , x ) .xo <x<xn — 1 <x< 1

We use these properties in the sequel.

2.3.2 Importance of Lebesgue constants

One motivation for investigating the Lebesgue constant is that another upper bound for 

the interpolation error (2.9) is given by (see, e.g., [25, 2, 24])

II f  — Pn \L <  (1 +  An) IIf  — p n L  (2.11)

where p*n is the best polynomial approximation to f  on [—1,1] and therefore An quantifies 

how much larger the interpolation error | | f  — p n ||^ is compared to the smallest possible 

error | |f  — p*||^ in the worst case. In this study, we call this inequality the Lebesgue 

inequality or the second error formula. As a simple consequence of this inequality, it 

is obvious that p n ^  f  whenever the factor An | |f  — p*n IÎ  ^  0. Namely, the Lebesgue 

inequality indicates that for the interpolation of a fixed function f  on [—1, 1], convergence 

can be expected only if f  is smooth enough such that | | f  — p*||^ decreases as n ^  <̂ , 

faster than An increases.

Another motivation for investigating the Lebesgue constant is that the Lebesgue constant 

also expresses the conditioning of the polynomial interpolation problem in the Lagrange 

basis. Let p n(x) denote the polynomial interpolant of degree n for the perturbed function 

f  in the same interpolation points:

pn(x) =  £  f ( x i)l i(x).
i=0

Since ||pn|U  >  maxi=0,...,n | f  (xi)| we have

II pn — p n||c
11 pn!U

< maxxg[—1,1] £ = 0 1 f  (xi) — f ( x i) 1 !^j(x) 1
maxi=0,...,n | f  (xi )|

maxi=0,...,n | f  (xi) — f  (xi) |
<  An(x0, . . . , xn) maxi=0,...,n | f  (xi) |

(2.12)

This indicates that if we are able to choose interpolation points such that An is small, 

then we have found the Lagrange interpolant that is less sensitive to errors in the function
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values. For this reason, numerical interpolation in floating-point arithmetic will generally 

be useless, even for smooth functions f , whenever the Lebesgue constant An is larger than 

the inverse of the machine precision, which is typically about 1016.

2.3.3 Some specific sets of points

This subsection gives a summary of some results for particular sets of interpolation points 

for which the behavior of the Lebesgue function has been investigated [23, 7, 26] and the 

references therein for more detailed results.

Equidistant nodes E :

There are many studies on the behavior of the Lebesgue function corresponding to the set 

of equidistant points, although this set is a bad choice for polynomial interpolation owing 

to the Runge phenomenon.

For the set of equidistant points 

E  =  { xj =  - 1  +  — , j  =  0 ,1 , . . . ,  n (2.13)

the Lebesgue constant An(E), grows exponentially with the asymptotic estimate [8, 9] 

2n+1
An (E) ~

where

en (log n +  y )’
n —> (2.14)

1
Y =  lim V  t  — log n =  0.577.

n — V oo 1 1 Il

is Euler’s constant (or the Euler-Mascheroni constant). Also, an asymptotic expansion 

that improves (2.14) (with unknown explicit general formula for the series coefficients) is 

found in [27].

For An(E), the upper and lower bounds 

2«—2 2«+3
< An (E) < ------, n >  1 (2.15)n2 n

have been suggested [28]. In [8], an upper bound is given for the smallest local maxima
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mn (E) :

mn (E) <  (log(n +  2) +  log2 +  7)
n
2

(2.16)

From (2.15) together with (2.16), it follows that An (E) and mn (E) are of different orders 

of magnitude and hence, the maximum deviation <5n (E) of the local maxima tends to 

infinity exponentially fast. As Figure 2.1 (left) illustrates, the Lebesgue function Ln (E;x) 

has wild oscillations near the endpoints, like the Runge phenomenon in the error curve. 

The local maxima of Ln (E; x) decrease strictly from the outside towards the midpoint 

of the interval [— 1,1] [29]. This behavior suggests that the location of the Lebesgue 

constant is in the first subinterval (or due to symmetry in the last subinterval). Numerical 

observation shows that the location of the Lebesgue constant occurs near the midpoint of 

the last (or first) subinterval, i.e., x* (E) «  (n — 1) / n for the interval [ - 1,1].

Figure 2.1 Graphs of L5 (E ;x) (left), L5 (T ;x) (center), L5 (T ;x) (right).

From the Lebesgue inequality (2.11), it is known that equidistant points with this very fast 

growth of the Lebesgue constant give very poor approximations as n increases. Indeed, 

numerical experiments show that for degree n >  65, the Lebesgue constant An (E) reaches 

the inverse of the machine precision.

Chebyshev nodes of the first kind T :

The literature describes numerous investigations for the behavior of the Lebesgue function 

corresponding to the set of Chebyshev nodes. They are a very good choice of points 

for polynomial interpolation and as was discussed in Section 2.2, they give the smallest 

upper bound for the first error formula (2.9) of polynomial interpolation. As mentioned in
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Section 2.2, they are the zeros of the (n +  1) - th degree Chebyshev polynomial of the first 

kind and their explicit formula is known by (2.17), below. The set of Chebyshev points

T = { x;.= - 2  f + y ) , j = o , 1, - , » }  (217)

are distributed more densely towards the endpoints of the interval [-1 ,1 ], as illustrated in 

Figure 2.2 for n =  32.

Figure 2.2 Graphs of sets of 33 nodes; (* )r , (o)U, ( • ) ! )  (o)T , ( x ) U , (□ )E from top to

bottom.

The Lebesgue constant An (T), for polynomial interpolation, grows logarithmically with

the asymptotic expression [5]

2 (  8 \  n
An(T) =  -  log(n +  1) +  y  +  log — +  an, 0 <  an < —  -------2 , n >  1

n )  72 (n +  1)2

from which, the upper and lower bounds

2 2
— log(n +  1) +  0 .9625 . . .<  An(T) < - log(n +  1) +  0.9734 ..., n >  1 (2.18)
n  n

can be deduced.

For An(T), an asymptotic series expansion, which is valid for all finite n, is given by 

[30 ,3 1 ,5]

a „(t ) = -  ( i ° g (n + 1) + y+ log - )  + 1  j n A v j S , n > 1 

where the coefficients A v have alternating signs and can be calculated as

A  =  ( - 1 ) v-1
4 1 -  21-2v 
n  (2n )2v

(2v -  1)! Z (2v) 1 +  E
j=v+1

Z (2 j) 
(2)2J-1

2 j  -  1

2v — 1
?

where
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is the Riemann zeta function.

z (s) =  I
k=l

1

Using the little-o notation defined by e (n) =  o(e(n)) when e (n)/e(n) ^  0 ,n ^  Brut- 

man showed [32] that

mn (T) =  A^nj (T) +  o (1), n >  2

from which the lower bound

2 2 /  4 \
-  log(n +  1) +  -  log -  +  y <  mn (T)
n  n  \  n  J

'---------v---------'
0.521251...

is obtained. Later, this bound was improved [33] as follows

2 A / , 4  \  n  49n3 . ,
-  log(n +  1) +  log -  +  y  +---------------2 -------------------- 4 <  mn (T).
A  n  7  18 (n +  1)2 10800 (n +  1)4

(2.19)

A comparison of (2.18) and (2.19) shows that the deviation between any two local maxima 

of the Lebesgue function Ln (T ;x) does not exceed 0.4522. This result was improved in 

[5] to

2
5n (T) =  Mn (T) -  mn (T) <  -  log 2 =  0.44127.

n

As Figure 2.1 (center) suggests, the local maxima of Ln (T ;x) are decreasing strictly from 

the outside towards the midpoint of the interval [-1 ,1], which was proven in [32]. The 

figure also shows that the location of the Lebesgue constant occurs at ±1 , i.e. xn (T) =  ±1 

[4, 34].

We know from the first error formula (2.9) that the Chebyshev points are a good choice 

for polynomial interpolation. Now, this slow growth of the Lebesgue constant confirms 

that they are also a good choice for the second error formula (2.11), which becomes

II f  -  Pn\L <  (  2 lo g (n +  1 )+  2)  II f  -  P*n\L

for the Chebyshev nodes. For example, for n =  100, the interpolation error based on the
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Chebyshev points is

IIf  — Pn|L  < (4.9 x 10°) IIf  -  r f | | „ ,

i.e., even in the worst case, the interpolation error | |f  — p n ||^ is only 4.9 times larger than 

the smallest possible error. For comparison, if we choose equidistant points for the same 

degree, then the upper bound for the interpolation error is

II f  — PnIL <  (1.8 x 1027) I f —pni | „ .

Extended Chebyshev nodes T :

The extended Chebyshev nodes T are defined by 

n  (2j +  1)T = Xj =  — cos
2 (n +  1)

cos
n

2 (n +  1)
, j  =  ° , 1, . . . , n (2.20)

where the division by cos ( n / 2 (n +  1)) guarantees that x° =  —1 and xn =  1, the set T 

is obtained from the set T by the linear transformation, which maps [x°, xn] onto [—1,1]. 

Therefore, the set T is the canonicalization of the Chebyshev set T (see Figures 2.3 and

2.2).

Figure 2.3 6 Chebyshev (o) and extended Chebyshev (•) nodes.

From the monotonicity result for the local maxima of Ln (T ; x) and the property (v) given 

in Section 2.3.1 [22, 34],

max Ln (x°, ••• , xn ; x) <  max Ln (x°, •••, xn ; x)
x°<x<x„ — 1<x<1
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it follows that the Lebesgue constant An (T) is equal to the second local maximum X1 (T), 

(or An (T)) [32, 35, 34]. By using this characterization, an asymptotic expression for the 

Lebesgue constant for the extended Chebyshev nodes is given by [5]

A n (T )
2
n

log(n +  1) +  y  +  log
8
n

4
3n +  ^

0 <  fin  <
0.01

log ((n +  1)/ 4) ’
n >  4. (2.21)

Hence one can derive the upper and lower bounds, 

2 2
— log(n +  1) +  0.5381... <  An(T) <  — log(n +  1) +  0.5829. . . ,  n >  4. 
n  n

Also, an asymptotic expansion of fin (with unknown explicit general formula for the series 

coefficients, in contrast to the Chebysev nodes) can be found in [35].

As for the maximum deviation M n (T) — mn (T) of the extended Chebyshev nodes, the 

following estimate is given [5],

an(T) =  M n (T) -  mn (T) <  0.0196, n >  70.

From (2.21) together with (2.19), it follows that this maximum deviation converges to 

lim 8n (T) =  0 .016858....

Chebyshev extrema U:

The Chebyshev extrema U are the zeros of the polynomial (1 — x2) Tn' (x) and are given 

in explicit form as

U ^ xj =  — co^ J~nP) , j  ^  1, . . . , .

The Lebesgue constant An(U) for polynomial interpolation is [4, 36]:

I An—1 (T), n odd
A n(U) =  <

I An—1 (T) — an, 0 <  an <  n2 , n even.

It is shown in [32] that the smallest local maxima mn (U) are bounded (in contrast to the
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case of the Chebyshev nodes T) by

mn (U) <  1.57079....

Thus, as in the case of the set E , An(U) and mn (U) are of different orders of magnitude 

and the maximum deviation of the local maxima 8n (U) tends to infinity logarithmically.

As was proven in [32], the local maxima of Ln (U ;x) increase strictly monotonically from 

the outside towards the midpoint of the interval [-1 ,1]. This behavior suggests that the 

Lebesgue function Ln (U ;x) achieves its maximum value on the subinterval (xn/2, X(n+2)/2) 

(or its mirror) for even degrees and on the subinterval (x(n-1)/2, X(n+1)/2) for odd degrees.

Numerical observation indicates that the location of the Lebesgue constant occurs at 

x* (U) «  (or its mirror) for (large) even degrees and at x* (U) =  0 for odd degrees.

Chebyshev nodes of the second kind U :

The Chebyshev nodes of the second kind U are the zeros of the (n +  1) -th degree Cheby

shev polynomial of the second kind

Un+1 (x)
sin((n +  2) arccos(x)) 

sin(arccos(x))

and are given in closed form by

U =  < Xi =  — cos ( j  +  1)n j  =  0 , 1^ . ^  n
'J n +  2

For the Lebesgue constant, it is known that An(U)

exact expression for An(U) is given by

O (n) [37, pp. 335-339]. In [32], an

An(U ) =  n +  1,

and a lower bound for mn(U) is given by

2
— log(n +  1) +  0.3259... <  mn(U). 
n

Thus, as in the cases of the sets E  and U, An(U) and mn (U) are of different orders of 

magnitude. In this case, the maximum deviation of the local maxima 8n (U) has a linear 

growth.
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Note that these interpolation points can be obtained from the zeros of the polynomial 

(1 — x2) T +  (x) by deleting the zeros ±1.Thus, it follows that the Lebesgue constants 

are sensitive to the deletion of the endpoints.

Fekete nodes F :

The nodes F  are the zeros of the polynomial (1 — x2) Qn (x), where Qn is the Legendre 

polynomial of degree n. There is no explicit expression for these nodes.

It is well known that Fekete points maximize the Vandermonde determinant, | V (x0, ••• , xn) |

defined by (2.8) on the interval [—1,1]. Since the basic Lagrange polynomials ¿¿(x) may

be expressed with V (x0, ••• , xn) in the form

p ( ) =  lV(xo,••• ,xi - 1,x,xi+1, ••• ,x»)|
"i(^  |V (xo, ••• , x»)| ,

we have ||£i(x ) |^  <  1, for 0 <  i <  n and thus, the corresponding Lebesgue constant is 

bounded by (at most) the dimension of the interpolation space,

An(F) =  max £  \ii(x) |<  n +  L
— \< x< 1 “ r,— — i=0

Moreover [38], the Fekete points minimize max £ = 0 (¿¿(x))2 and for these points
—1<x<1

n 2max £ = 0 (¿¿(x )) =  1. From this, by applying the Cauchy-Schwartz inequality,
—1<x<1

An(F) <  Vn +  1.

This upper bound, however, is very pessimistic. In [6], an improved upper bound for 

An(F) is given by

An(F) <  clog(n +  1)

with the positive constant c not determined. In addition [7], based on numerical experi

ments, the estimate

2
An(F ) <  — log(n +  1) +  0.685 

n

was conjectured. Accordingly, this confirms the conjecture in [22] that

An(T) <  An(F) <  An(T), n >  3.
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Optimal nodes X *:

The set of interpolation points is said to be optimal if it minimizes the Lebesgue constant. 

We denote the set of optimal nodes by X * (or the Lebesgue-optimal point set in [-1,1]):

An (X *) =  min An (X).
X

Owing to the second error formula (2.11) and also formula (2.12) (for sensitivity to per

turbations in the function values), it is desirable to minimize the Lebesgue constant. How

ever, the set of optimal nodes on the interval [ - 1, 1] is known explicitly only for degrees 

less than four [39], although their characterization is known from the Bernstein-Erdos 

conjectures.

In 1931, Bernstein [40] conjectured that the greatest local maxima of the Lebesgue func

tion is minimal when Ln (x) equioscillates,

¿1 (X *) =  ¿2 (X *) =  ••• =  An (X*) .

Later, Erdos [41, 42] added to this conjecture that there is a unique canonical set X * for 

which the smallest local maxima achieve its maximum. This is the case when the local 

maximum values are equal, or in other words

mn (X) <  mn (X*) =  An (X*) =  M n (X*) <  M n (X), for every set X . (2.22)

These conjectures were proven by Kilgore [43, 44] and by de Boor and Pinkus [45]. They 

showed that for degree n, the optimal canonical interpolation set is unique, symmetric and 

that its Lebesgue function must necessarily equioscillate. By using these basic properties 

of the optimal nodes, a numerical procedure based on a nonlinear Remez search and 

exchange algorithm is given to compute the optimal nodes for polynomial interpolation 

on [-1 ,1] [46]. Moreover, many authors [7, 47] have investigated (near) optimal point 

sets (in different norms) defined by the solution of certain optimization problems.

The first sharp estimate for the optimal Lebesgue constant is given by Vertesi [1]. By 

constructing the following modification of the Chebyshev nodes, asymptotically optimal
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u p p e r  a n d  lo w e r  b o u n d s  a re  g iv e n  [1 , 4 8 ,  2 , p p . 1 1 0 -1 2 1 ] .  L e t  u s  d e n o te  th is  s e t  b y

f x j
cos

cos

n
2(n+1)

n (2j + ! ) \  
2 (n+ l) J

1 +_____ 1____
1 +  4log(n+1)

j  =  1 , . . . ,  n  -  1, Xn =  - X 0

T h e  L e b e s g u e  c o n s ta n t  A n ( T ) s a t is f ie s

c  ( lo g  lo g  (n  +  1) x 2 

\  lo g  (n  +  1)

2
>  A „ ( T ) -  -  

n
^log (n +  1) +  Y +  log

f  n
+  o {

' 1 ^ n odd
>  J 18(n+1)2 v. (n+1)4 /

| 2 +  O li  1 ^ n even^ n(n+1) l(«+1)V
w h e r e  c  is  a  a n  u n d e te r m in e d  p o s i t iv e  c o n s ta n t .

A n  a p p l ic a t io n  o f  th e  E rd o s  in e q u a l i ty  (2 .2 2 )  c o m b in e d  w i th  th e  lo w e r  b o u n d  f o r  mn (T ) 

( 2 .1 9 )  a n d  th e  u p p e r  b o u n d  f o r  A n ( T ) ,  g iv e s

n  /  1 \  2 /  4
7"77------ 772 +  O  7------ 774 <  A n ( X *) -  ~  l o g (n  +  1) +  Y +  lo g  ~
18 (n  +  1) 2 \ ( n  +  1) y n \  n

<  /  (  l o g lo g (n  +  1)

l o g ( n + 1)

F r o m  th is ,  o n e  c a n  d e d u c e  th a t  th e  p r e c is e  g r o w th  f o r m u la s  f o r  A n ( X *) a n d  A n ( T )  a re , 

r e s p e c t iv e ly ,

A n  ( X *) =  2  f l o g ( n  +  1) +  Y +  lo g  +  o ( 1)
n  \  n  /

a n d

7) + o ( 1 )

A s  A n ( r )  a n d  A n ( X *) h a v e  th e  s a m e  a s y m p to t ic  g r o w th ,  o n e  c a n  c o n c lu d e  th a t  th e  s e t  T 

h a s  a s y m p to t i c a l ly  m in im a l  L e b e s g u e  c o n s ta n ts .

A n  { T ) =  2  ( lo g ( n  +  1) +  Y  +  lo g

A t  th is  p o in t ,  s o m e  r e m a r k s  a r e  u s e fu l .  T h e  p r e c is e  g r o w th  f o r m u la  f o r  A n ( T ) ,

2
A n (T ) =  -  lo g  (ft +  1) +  0 . 5 3 8 1 . . .  +  o (1 )  

n

c a n  b e  d e r iv e d  f ro m  ( 2 .2 1 ) . O n  c o m p a r in g  A n ( T ) a n d  A n ( T ) ,  i t  c a n  b e  s e e n  th a t  th e  s e t 

T is  b e t te r  th a n  th e  s e t  T in  m in im iz in g  L e b e s g u e  c o n s ta n t .  I n d e e d ,  n u m e r i c a l  r e s u l t s  

c o n f i r m  th is  ( s e e  T a b le  2 .1  a n d  a ls o  F ig u r e  2 .4 ) . T h e  m a x im u m  d e v ia t io n  o f  th e  n o d a l  s e t
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T c o n v e r g e s  to  ( s e e  [4 8 , (3 9 )] )

l im  8n T  =  0 . 0 8 9 2 4 5 . . . .

T a b le  2.1  T h e  v a lu e s  o f  th e  m a x im u m  d e v ia t io n s  a n d  L e b e s g u e  c o n s ta n t s  f o r  s e ts  T , T

a n d  X  *.

n s e t  T s e t  T s e t  X  *

8n ( T ) An ( T  ) 8n ( T ) An ( T  ) An ( X *)

10 0 .0 5 0  7 8 1 2 .0 5 6  0 8 7 0 .0 1 9  4 7 1 2 .0 6 8  7 4 4 2 .0 5 1  7 0 6

20 0 .0 5 6  9 9 5 2 .4 6 3  1 2 9 0 .0 1 9  3 4 0 2 .4 7 9  193 2 .4 6 0  7 8 8

4 0 0 .0 6 1  8 2 7 2 .8 8 7  0 6 7 0 .0 1 8  9 5 2 2 .9 0 4  4 4 1 2 .8 8 5  8 0 9

A A
i f A A I T A /I

T 1

F ig u r e  2 .4  G r a p h s  o f  L 10 ( T ;x ) , L 10 ( T ;x ) , L 10 ( X * ;x )  f ro m  le f t  to  r ig h t .

T h e  n o d a l  s e ts  s tu d ie d  in  th is  s e c t io n  c a n  b e  o r d e r e d  w i th  r e s p e c t  to  th e i r  m a x im u m  d e v i 

a t io n  8n ( X ) =  M n — m n ( X ) a n d  th e i r  L e b e s g u e  c o n s ta n t  A n ( X ) ,  in  th e  f o l lo w in g  w a y

8n ( E ) >  8n ( U ) >  8n ( U ) >  8n ( T ) >  8n ( T ) >  8n ( T ) >  8n ( X *) =  0

a n d

A n ( E ) >  A n ( U ) >  A n ( T ) >  A n ( U ) >  A n ( F ) >  A n  ( T ) >  A n  ( T ) >  A n  ( X *) .
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2.4 Vandermonde Condition num ber

R e c a l l  ( 2 .8 ) ,

Vn (x 0 j ' ' ' jx n )

f 1 xo x2 ■■■ x0 ^

1 Xi x2 ••• xj

\  1 x n x 2 ••• x n /

w h ic h  is  th e  c o e f f ic ie n t  m a t r ix  o f  th e  V a n d e rm o n d e  s y s te m  (2 .7 )

n

£  a ix j  =  f  ( x j ) j j  =  0 j . . . n
i=0

w h e r e  x 0 , x 1, • • • ,  x n a r e  th e  in te r p o la t io n  p o in ts .

T h e  c o n d i t io n  o f  th e  V a n d e rm o n d e  s y s te m  (2 .7 )  in  te rm s  o f  a  s u i ta b le  m a t r ix  n o r m  (e .g .,  

th e  p  - n o rm , p  =  1 ,2 ,  x  o r  th e  F r o b e n i u s  - n o rm )  is  g iv e n  b y  th e  c o n d i t io n  n u m b e r

Kp (Vn) : =  Kp (Vn;x 0, ' ' ' ,x n) =  || Vn(x 0, ' ' ' ,x n) ||p || Vn (x 0, ' ' ' ,x n) ||p

I n  th e  f o l lo w in g ,  s o m e t im e s  w e  u s e  Kp (Vn) : =  Kp (Vn;x 0, ■ ■ ■ ,x n) to  s im p l i f y  th e  n o ta t io n s .

I t  is  o b v io u s  th a t  Kp (Vn) d e p e n d s  o n  th e  lo c a t io n  o f  th e  in te r p o la t io n  p o in ts  x j a n d  th e  

n o r m  ( a n d  a ls o  th e  n u m b e r  o f  p o in ts  n ) .  B u t  a n y  tw o  c o n d i t io n  n u m b e rs ,  e .g .,  Kpi (■) a n d  

Kp2 (■) a r e  e q u iv a le n t  in  th a t  p o s i t iv e  c o n s ta n t s  c 1 a n d  c 2 ( d e p e n d in g  o n ly  o n  n )  c a n  b e  

f o u n d  f o r  w h ic h

c iKpi ( A )  <  Kp2 ( A )  <  C2 Kpi ( A ) , A  e  Rnx n. (2 .2 3 )

F o r  e x a m p le ,  k1 (■) a n d  Kx  (■) s a t is f y

Ki (A ) <  Kx (A ) <  n 2Ki ( A ) .n 2

L e t  th e  v e c to r  a  d e n o te  th e  c o e f f ic ie n ts  a  f o r  th e  in te r p o la n t  o f  th e  v e c to r  y  o f  th e  p e r 

tu r b e d  f u n c t io n  v a lu e s  f ( x j ) in  th e  s a m e  in te r p o la t io n  p o in ts  o n  th e  in te r v a l  [— i , i ] :

n
£  a ix  j =  f ( x j ) , j  =  0 , . . .  n , Vna  =  y .
i=0
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T h e n

\a—a\\p <  \\Vn \ y —y i

C o m b in in g  th is  w i th <  IIVn\p \\a\\p y ie ld s

^  <  Kp (Vn) .
Ila \ p  b l i p

F r o m  th is ,  th e  c o n d i t io n  n u m b e r  in d ic a te s  b y  h o w  m u c h  th e  r e la t iv e  e r r o r  in  th e  s o lu t io n  o f  

th e  c o e f f ic ie n ts  a 0 , a \  ••• , a n is ,  c o m p a r e d  w i th  th e  r e la t iv e  c h a n g e  in  th e  f u n c t io n  v a lu e s  

f  ( x j ) .  I f  th e  c o n d i t io n  n u m b e r  is  v e r y  la rg e ,  th e n  th e  s o lu t io n  a  o f  (2 .7 )  is  c o n s id e r e d  

u n r e l i a b le  a n d  th e  s y s te m  is  s a id  to  b e  i l l - c o n d i t io n e d .  N o te  th a t  o w in g  to  th e  e q u iv a le n c e  

p r o p e r ty  g iv e n  a b o v e , i f  a  s y s te m  is  i l l - c o n d i t io n e d  in  th e  p i - n o r m ,  th e n  i t  is  a l s o  ill -  

c o n d i t io n e d  in  th e  p 2-n o rm . T h e r e f o r e ,  th e  s m a l le r  th e  c o n d i t io n  n u m b e r s  Kp  (Vn ) ,  th e  

b e t te r  th e  c o n d i t io n  o f  th e  V a n d e rm o n d e  s y s te m .

i

F o r  Xj G [— 1, i ] ,  w e  f in d  in  [4 9 , 5 0 ]  th a t  f o r  th e  V a n d e rm o n d e  m a t r ix  in  th e  i - n o r m ,

K<~ (Vnr ) =  K1 (Vn) <  max £0<i<n j=0
x  j  m a x

0<i<n . n
i  + 1 x  j

j=0, j=i\ 1xi x j

w ith  e q u a l i ty  i f  th e  Xj  a l l  l ie  in  [0 ,1 ] o r  [— 1 ,0 ] .  T h u s ,  in  th e  l a t te r  c a s e ,  c o n d i t io n  n u m 

b e r s  K1 (Vn ) c a n  b e  c o m p u te d  d i r e c t ly  w i th o u t  r e q u ir in g  m a t r ix  in v e rs io n .  M o r e o v e r ,  a n y  

r e s u l t s  o f  c o n d i t io n  n u m b e r s  Kp  (Vn ) in  th e  c a s e  Xj G [0 ,1 ] h o ld  in  th e  c a s e  Xj G [— 1 ,0 ]  as  

w e ll .

2.4.1 Condition num ber for some specific sets of points

H e r e  w e  s u m m a r iz e  s o m e  r e s u l t s  f o r  th e  c o n d i t io n  n u m b e r  o f  th e  V a n d e rm o n d e  m a t r ix  o f  

s iz e  n  +  1. I t  is  w e l l  k n o w n  th a t  V a n d e rm o n d e  m a tr ic e s  w i th  r e a l  n o d e s  a r e  i l l - c o n d i t io n e d ,  

e v e n  f o r  n o t  v e r y  h ig h  o r d e r s  [5 1 , p p . 4 2 8 ] .  T h e  i l l - c o n d i t io n in g  is  a  c o n s e q u e n c e  o f  th e  

m o n o m ia ls .  F o r  la r g e  n , th e  m o n o m ia ls  a r e  le s s  d i s t in g u is h a b le  f ro m  o n e  a n o th e r  a n d  th is  

c a u s e s  th e  c o lu m n s  o f  th e  V a n d e rm o n d e  m a t r ix  to  b e c o m e  n e a r ly  l in e a r ly  d e p e n d e n t  in  

th is  c a s e .

L e t  u s  d e n o te  f  (n )  ~  g ( n ) ,  n  ^  w h e n  l im n^ ^  f  ( n ) / g ( n )  =  1. F o r  th e  C h e b y s h e v  n o d e s  

o n  ( — 1 , 1 )  d e f in e d  b y  ( 2 .1 7 ) , th e  c o n d i t io n  n u m b e r  o f  th e  V a n d e rm o n d e  m a t r ix  o f  s iz e
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n +  1 in the 1-norm satisfies [50]

k  (Vn ; T ) -  ^  +  V 2 )
-\ n+1

n —> <*>. (2.24)

For equidistant nodes on [-1 ,1 ], it satisfies [50]

V2
K (Vn ; E ) -  —  ( y 2 e ̂  , n —̂ ^ . (2.25)

For nonnegative equidistant nodes on [0,1], it satisfies [52]

, . 2V2 n
K1 (Vn; E ) -  —  8n, n ^  ~. 

n
(2.26)

Comparing (2.24) and (2.25), it is easy to see that the growth rate of the condition number 

for Chebyshev nodes is smaller than that for the equidistant nodes. Comparing (2.25) and 

(2.26) reveals that the rate of growth can be reduced by using symmetric nodes.

2.4.2 Optimally conditioned Vandermonde m atrices

We introduce the notation Kp (Vn; [a ,p ]) :=  inf Kp (Vn) , where [a , ft] denotes the real
xo,...,xne[a ,p ]

interval. While the exact growth formula of the minimal condition number is not known, 

for any Vandermonde matrix of size n +  1 the lower bound for the condition number is 

of exponential order of growth [53]. More precisely, for symmetric real nodes (xj =  

- x n- j , j  =  0 ,1 ,. . . ,  n) it is proven that

Kj (Vn;R) >  2(n+1)/2, n >  1

and for nonnegative ones (xj >  0), it is proven that 

Ki (V„;R+) >  2n, n >  1.

It is also shown in [53, 54] that these lower bounds can be improved slightly.

In [55], lower and upper bounds for the condition number k|  (Vn; [-1 ,1 ]) of the Vander

monde matrix for the interval [-1 ,1] are given by

V 2 ( 1  +  V i ) "

V n  +  1
<  K i (Vn;  [ - 1 , 1]) <  (n  +  1) V 2 ( 1  +  ” 1 n 1.

26



For the interval [0,1], they are given by

(1 +  +  (1 +  V 2 )

2 V n  + 1

—2n

<  k * (Vn ; [0, 1]) < (n +  1)
(1 +  V 2) 2n +  (1 +  V 2 )

2n

, n >  1.
2

These are asymptotically optimal condition number estimations for real Vandermonde 

matrices. Related results involving condition numbers in the 1-norm, using Chebyshev 

nodes mapped onto the real interval [a , p ] with —a  =  ft or aft >  0, are given by [56]

min k* (Vn; [a ,p ]) <
33/4 /  2 \  V2/ 4 ^1 +  V 2 )

n+1

a=p 2 U J 2 (n + 1 ) V2/ 4’

min k* (Vn; [a ,p ]) < 
0=a <p

V 2 ( 1  +  V 2
2(n+1)

4 ((n +  1) n )V2/4 ’

— a  =  p  >  0 ,

0 =  a  <  p .

For fixed n the value for p  that minimizes the aforementioned condition numbers is always 

close to 1 [57]. Asymptotically, the best interpolation interval with respect to k- (Vn) is in 

the symmetric case [—1,1] and in the non-symmetric (for nonnegative nodes) case [0,1] 

[56]. From the exponential growth of k* (Vn; [a ,p ]) together with equivalence property 

(2.23), it follows that

limn-a <x min Kp (Vn ;R)Y ■ *

1/ («+1)
?

/  \  1/(n+1) ( ) 2
„'“ j  KP (V»;R +q  =  0 + V2) .

From these formulas, it can be concluded that for the best possible conditioned Vander

monde matrix Vn, without restriction on the nodes Xj, k* (Vn; R) still goes to ^  as fast as 

^1 +  v/ 2^ and that subject to all being nonnegative nodes, Kp (Vn; R+) goes to ^  as
( 1—)2 (n+V

fast as i 1 +  V 2) . I t  was proven in [53] that subject to all Xj being nonnegative, the 

best possible condition number goes to ^  at least as fast as 2n, whereas with symmetric 

nodes, it goes to ^  at least as fast as 2 j  .

The problem of finding the location of nodes minimizing the 1- condition number of the 

Vandermonde matrices has been solved analytically in [58] for symmetric nodes for n <  5 

(for nonnegative ones for n <  2). In addition, assuming that the optimally conditioned Vn 

is unique, Gautschi showed that the optimally conditioned Vn must have symmetric nodes
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(with respect to the origin).

Table 2.2 The condition numbers Kx (Vn) for the monomial, Chebyshev and Legendre

basis.

n Basis KV (^n ; E ) K» (Vn ; T )

Monomial 5.3333 E+1 4.6951 E+1

4 Chebyshev 6.6667 E+0 4.7336 E+0

Legendre 1.2190 E+1 9.6909 E+0

Monomial 2.0562 E+3 6.7024 E+3

9 Chebyshev 7.5880 E+1 8.7616 E+0

Legendre 1.1243 E+2 2.8058 E+1

Monomial 1.7511 E+9 6.3678 E+7

19 Chebyshev 3.4032 E+4 1.6857 E+1

Legendre 3.8688 E+4 8.0575 E+1

Monomial 1.2084 E+19 4.1684 E+15

39 Chebyshev 1.9360 E+10 3.3064 E+1

Legendre 2.1448 E+10 2.2984 E+2

Monomial 5.6019 E+38 1.1415 E+23

79 Chebyshev 1.2224 E+22 6.5484 E+1

Legendre 1.3143 E+22 6.5300 E+2

Owing to the exponential growth of the condition number when the number of interpola

tion points increases, the Vandermonde system (2.7) becomes ill-conditioned. Changing 

the monomial basis to an orthogonal basis is necessary to improve the conditioning of the 

system.

2.4.3 Vandermonde-like m atrices

In (2.6), substituting by polynomials p i(x) of exact degree i, i =  0 ,1 , . . . ,n, gives a 

special case for the matrix $ ,
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Vn (x 0 , ' ' ' , x n )

P o(xo) P l (xo) P 2 (Xo) ••• p n ( x o) 

P o(x i ) P l ( x i ) P 2 (Xi ) ••• P n (X i )

/ \

P o(Xn) P l (Xn) P 2 (Xn) ••• Pn(Xn)

w h ic h  is  c a l le d  a  V a n d e rm o n d e - l ik e  m a tr ix .  T h e s e  Pi(x) a r e  o f te n  o r th o g o n a l  p o ly n o m i

a ls ,  s u c h  a s  C h e b y s h e v  p o ly n o m ia ls ,  L e g e n d r e  p o ly n o m ia ls  a n d  J a c o b i  p o ly n o m ia ls ,  a n d  

o f te n  th e  n o d e s  Xj  a r e  th e  z e r o s  o f  Pn+1 (x) in  th e  o r th o g o n a l  fa m ily . R e g a r d in g  th e  c o n 

d i t io n in g  o f  Vn(xo, ••• , xn) , th e  V a n d e rm o n d e - l ik e  m a tr ic e s  w i th  C h e b y s h e v  p o ly n o m ia ls  

a n d  p o in ts  a r e  p e r f e c t ly  c o n d i t io n e d  [5 9 ] w i th  r e s p e c t  to  th e  F r o b e n iu s  n o r m  a n d  th e i r  

c o n d i t io n  n u m b e r s  s a t is f y  kf (Vn) =  n.

T h e r e f o r e ,  c h a n g in g  th e  m o n o m ia l  b a s is  to  a n  o r th o g o n a l  b a s is  im p r o v e s  th e  c o n d i t io n in g  

o f  th e  s y s te m . W e  s h o w  th is  in  T a b le  2 .2  a n d  in  F ig u r e  2 .5  f o r  in c r e a s in g  v a lu e s  o f  n , f o r  

th e  s e ts  E  a n d  T  d e f in e d  b y  (2 .1 3 )  a n d  ( 2 .1 7 ) , r e s p e c t iv e ly .

40 

30

lo8lo(V->)
20 

10

10 20  30  40 50  60 70  80 90 100

F ig u r e  2 .5  C o n d i t io n  n u m b e r s  o f  V a n d e rm o n d e  m a tr ic e s  ( □ ) k1 (Vn ; E ) ,  ( o) ki  (Vn ; T ) 

u s in g  th e  m o n o m ia l  b a s is .  C o n d i t io n  n u m b e r s  o f  V a n d e rm o n d e - l ik e  m a tr ic e s  

(o) ki  (Vn ; E ) , ( * ) ki  ( Vn ; T ) u s in g  th e  C h e b y s h e v  b a s is .  N o te  th e  lo g a r i th m ic  sc a le .
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CHAPTER 3

RATIONAL INTERPOLATION WITH FIXED POLES

3.1 Problem  statem ent

W h e n  m o v in g  to  r a t i o n a l  in te r p o la t io n ,  th e  c o n c lu s io n s  in  C h a p te r  2  d o  n o t  h o ld  a n y m o re .  

F o r  in s ta n c e ,  r a t io n a l  in te r p o la t io n  u s in g  th e  C h e b y s h e v  n o d e s  m a y  y ie ld  w o rs e  r e s u l t s  

th a n  u s in g  e q u id is ta n t  in te r p o la t io n  p o in ts .  A s  a n  e x a m p le  w e  m e n t io n  f  (x) =  a r c ta n ( 3 x )  

o n  [- 1 ,1 ] w i th  th e  n u m e r a to r  a n d  d e n o m in a to r  d e g r e e s  o f  th e  r a t i o n a l  in te r p o la n t  r e s p e c 

t iv e ly  e q u a l  to  5 a n d  4 . I n  a d d i t io n ,  th e  a p p r o x im a t io n  a n d  in te r p o la t io n  p r o b le m s  b e c o m e  

n o n l in e a r  u n le s s  o n e  c o n s id e r s  th e  c a s e  o f  a  p r io r i  f ix e d  p o le s  a s  w e  d o  in  th is  c h a p te r .  S o  

l e t  qm (x) =  n m=o ( 1 -  x / k k ) w i th  kk  G [- 1 ,1 ] a n d  in te r p o la te

Pn (xj  ) =  f  (xj  ) qm (xj ) ,  j  =  0 , . . . ,  n (3 .1 )

w i th  p n (x ) G s p a n { 1 , . . . ,  x n }. I n  th e  s e q u e l  w e  r e s t r ic t  o u r s e lv e s  to  p o ly n o m ia ls  q m (x) 

h a v in g  r e a l  c o e f f ic ie n ts ,  in  o th e r  w o rd s  h a v in g  p o le s  th a t  a r e  r e a l  o r  a p p e a r  in  c o m p le x  

c o n ju g a te  p a i r s .

3.2 M inimizing the interpolation e rro r bound

W ith  Xj G [- 1, 1]  a n d  k k G [- 1 ,1 ]  th e  r a t io n a l  in te r p o la t io n  e r r o r  is  b o u n d e d  a b o v e  b y

f
Pn
qm

<  m a x
xG [-1,1]

l( f q m) (n+1)( x ) l \  x r r  lx  x j I
(n  +  1) ! y U - u j - O  |q m( x ) | .

(3 .2 )

T h e  f a c to r  (x  -  x 0 ) ■ ■ ■ (x  -  x n ) / q m (x ) h a s  m in im a l  a b s o lu te  v a lu e  i f  th e  x j  a r e  th e  C h e b y s h e v -  

M a r k o v  n o d e s  [ 6 0 ] . A s  d e f in e d  a s  fo l lo w s  [ 6 1 ] , th e s e  a re  a l s o  th e  z e r o e s  o f  th e  o r th o g o n a l
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r a t i o n a l  f u n c t io n  T ^ + i  (x ) w i th  n u m e r a to r  o f  d e g r e e  n  +  1, d e n o m in a to r  e q u a l  to  q m (x)  a n d  

s a t is f y in g  [62 ]

"  T „ + 1( x ) Pk (x ) =  0 , k  =  0 , . . . ,  n.
i qm (x ) V 1 -  x 2

I f  n  >  m  th e n  w e  f ir s t  c o m p le m e n t  th e  s e t  o f  p o le s  £k w i th  £m =  . . .  =  £n =  <*>. C o n s id e r  

th e  J o u k o w s k i  t r a n s f o r m

J : C ^  C : z  ^  J ( z )  =  z  +  ^  .

F o r  x  =  J ( z )  a ls o  x  =  J ( 1 / z )  a n d  so  w e  r e s t r ic t  th e  in v e r s e  o f  th e  J o u k o w s k i  t r a n s f o r m  to  

|z | <  1. N o w  ta k e  Zk , 0 <  k  <  n  s u c h  th a t  £ k =  J ( Z k) a n d  d e f in e

B 0 (z ) =  1, B k (z ) =  z  ^ k - 1 B k - 1(z ) , k  =  1 , . . . , n ,
1 -  Z k -  1z

TO (x) 1 ,

T n +1 (x)  =
1 -  |Zn|2 /  zBn(z)

+
1

2n V1 -  ZnZ (z -  Zn )Bn (z)

T h is  o r th o g o n a l  C h e b y s h e v  r a t i o n a l  f u n c t io n  h a s  th e  p r e a s s ig n e d  p o le s  Zk ^  [ - 1 ,1 ] a n d

so  is  d i f f e r e n t  f ro m  th e  c l a s s ic a l  C h e b y s h e v  r a t io n a l  f u n c t io n  w i th  c o in c id in g  p o le s  in  — 1: 

T n+1 (x ) is  o f  th e  f o rm  p n+1 ( x ) / q m (x ).

I f  th e  p o le s  £k a re  r e a l  o r  a p p e a r  in  c o m p le x  c o n ju g a te  p a i r s ,  th e n  th e  z e r o e s  o f  T n + 1 (x ) 

a r e  in d e e d  r e a l ,  s im p le  a n d  b e lo n g  to  th e  o p e n  in te r v a l  ( —1 , 1) [ 6 2 ] .

3.3 M inimizing the Lebesgue constant

T h e  r a t io n a l  in te r p o la n t  c a n  a ls o  b e  s e e n  a s  a n  e le m e n t  o f  s p a n { 1 / q m (x ) , x / q m ( x ) , . . . ,  

x n / q m (x )} .  S in c e  Zk ^  [— 1 , 1 ] , 0  <  k  <  m  — 1 th e s e  f u n c t io n s  f o rm  a  C h e b y s h e v  s y s te m  

a n d  h e n c e  th e  e x i s te n c e  o f  th e  u n iq u e  b e s t  a p p r o x im a n t  a n d  o f  th e  in te r p o la n t  a r e  b o th  

g u a r a n te e d .  T h e  o p e r a to r  th a t  a s s o c ia te s  w i th  f  th e  r a t io n a l  in te r p o la n t  p n / q m w ith  

p r e a s s ig n e d  p o le s  is  l in e a r  a n d  so  w e  c a n  d e f in e  th e  L e b e s g u e  c o n s ta n t

M n :— ^ n C ^ m  . . . ,x n ; ^ , . . . , 1) — 1 |R n 11,

Mn sup ||Rnf  11
Ilf ||~<1

£  |qm (x ,-)^f(x )|
m a x  )  — :— — —  

xe [- 1,1] , t 0 |q m (x ) |
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I n  [6 3 ] th e  a u th o r s  d e te r m in e  th e  lo c a t io n  o f  th e  p o le s  ^ k , 0  <  k  < n  — 1 th a t  m in im iz e  th e  

L e b e s g u e  c o n s ta n t  M n f o r  g iv e n  in te r p o la t io n  p o in ts  Xj , 0  <  j  < n.  I n  [1 0 ] th e  a s y m p to t ic  

b e h a v io r  o f  th e  L e b e s g u e  c o n s ta n t  M n is  g iv e n  f o r  e q u id is ta n t  n o d e s  Xj a n d

g n ( x ) =  £ ( — 1)i  n  (x  — Xj ) ( 3 3 )
i=° j =0,i=j

a ls o  d e f in e d  in  te rm s  o f  th e  n o d e s .  In  b o th  s tu d ie s  m  =  n  a n d  q n( x)  h a s  r e a l  c o e f f ic ie n ts .  

W h e n  u s in g  r a t i o n a l  in te r p o la n ts  w i th  p r e a s s ig n e d  p o le s ,  n o n e  o f  th e  a b o v e  s i tu a t io n s  is  

v e r y  p r a c t ic a l .  T h e  lo c a t io n  a n d  th e  n u m b e r  o f  th e  p o le s  is  u s u a l ly  d e t e r m in e d  b y  th e  

n a tu r e  o f  th e  f u n c t io n  f  th a t  o n e  is  m o d e l l in g .  H e n c e  o p t im a l  in te r p o la t io n  p o in ts  n e e d  to  

b e  f o u n d  in  te rm s  o f  th e  p o le s  a n d  n o t  v ic e  v e rs a .

A n o th e r  p r a c t ic a l  d r a w b a c k  is  th e  f o l lo w in g .  T h e  v a lu e s  f o r  M n o b ta in e d  in  [6 3 ] a r e  o p t i 

m a l  in  th e  s e n s e  th a t  th e y  a r e  m in im a l  f o r  th e  c o n s id e r e d  (x0, . . . , x n ; £ 0, . . . ,  £n—1) c o m b i

n a t io n :  c h a n g in g  e i th e r  th e  p o le s  o r  th e  in te r p o la t io n  p o in ts  m a y  in c r e a s e  M n . H e n c e  th e s e  

v a lu e s  p r o v id e  th e  r a t io n a l  a n a lo g u e  o f  th e  m in im a l  g r o w th  b e h a v io r  in  th e  p o ly n o m ia l  

c a s e .  N o te  th a t  n e i th e r  th e s e  o p t im a l  p o le s  ^ 1, . . . ,  ^ n—1 n o r  th e  m in im a l  v a lu e  f o r  M n a re  

k n o w n  b y  a n  e x p l ic i t  f o rm u la .  A l l  a r e  o b ta in e d  f ro m  th e  s o lu t io n  o f  a  h e f ty  o p t im iz a t io n  

p r o b le m .

O u r  a im  is  to  p r e s e n t  a  n o d e  s e t  th a t  d o e s n ’t  s u f f e r  f ro m  th e  m e n t io n e d  d r a w b a c k s :  w e  

g iv e  in te r p o la t io n  p o in ts  th a t  a r e  n e a r ly  o p t im a l  f o r  g iv e n  a r b i t r a r y  p o le s  o u ts id e  th e  in 

te r v a l  o f  in te r p o la t io n  in s te a d  o f  v ic e  v e r s a ,  a n d  o u r  p o in ts  c a n  e a s i ly  b e  o b ta in e d  f ro m  a  

g e n e r a l iz e d  e ig e n v a lu e  p r o b le m  [ 6 2 ] . W e  m a k e  u s e  o f  th e  f o r m u la s  f ro m  S e c t io n  3 .2

I f  th e  p r e a s s ig n e d  f in i te  p o le s  ^ k a r e  r e a l  o r  a p p e a r  in  c o m p le x  c o n ju g a te  p a i r s ,  th e n  f o r  

n  +  1 >  m  th e  z e r o e s  o f  Tn+ 1 (x ) a r e  r e a l ,  s im p le  a n d  b e lo n g  to  ( — 1, 1) [ 6 1 ] . T h e s e  z e r o e s  

a r e  th e  r a t i o n a l  c o u n te r p a r t  o f  w h a t  th e  C h e b y s h e v  n o d e s  a r e  in  th e  p o ly n o m ia l  c a s e  a n d  

h e n c e  a r e  s u i ta b le  in te r p o la t io n  p o in ts  f o r  ( 3 .1 ) . A n d  a s  w i th  o th e r  o r th o g o n a l  f u n c t io n s ,  

th e y  c a n  b e  o b ta in e d  f ro m  a  g e n e r a l iz e d  e ig e n v a lu e  p r o b le m . U n le s s  th e r e  is  a  p o le  ^ k a t  

a  v e r y  s m a ll  d is t a n c e  o f  th e  in te r v a l  [— 1, 1] ,  th e  m a x im u m  v a lu e  o f  th e  L e b e s g u e  f u n c t io n

£ = 0 |g m(x i-) l i-( x ) |
|q m (x ) |
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is  n o t  o b ta in e d  n e a r  th e  e n d p o in ts  o f  th e  in te r v a l .  H e n c e  e x te n d in g  th e  p o in ts  a s  in  th e

p o ly n o m ia l  c a s e  to  p la c e  x 0 in  — 1 a n d  x n in  + 1  u s u a l ly  m a k e s  n o  s e n s e .

I n  F ig u r e  3 .1  w e  c o m p a r e

•  ( fu l l  l in e )  th e  n e a r ly  o p t im a l  L e b e s g u e  c o n s ta n t  A n (x0 , . . . ,  x n ) f o r  p o ly n o m ia l  in te r 

p o la t io n  u s in g  th e  e x te n d e d  C h e b y s h e v  n o d e s  ( 2 .2 0 ) ,

•  ( o) th e  L e b e s g u e  c o n s ta n t  M n( x 0 , . . . ,  x n ; £0 , . . .  £n—1) f o r  th e  C h e b y s h e v  n o d e s  x j =  

— c o s ( ( 2 j  +  1 ) n / ( 2 n  +  2 ) )  w i th  q n( x)  a n d  th e  £k g iv e n  b y  ( 3 .3 ) ,

•  (□) th e  L e b e s g u e  c o n s ta n t  M n (x 0 , . . . , x n ; £ 0 , . . .  £n—1) f o r  e q u id is ta n t  in te r p o la t io n  

p o in ts  x j  =  — 1 +  j / n  a n d  w i th  q n (x ) a n d  d e te r m in e d  b y  ( 3 .3 ) ,

•  ( + )  th e  o p t im a l  L e b e s g u e  c o n s ta n t  o b ta in e d  in  [6 3 ]  f o r  th e  c a s e  o f  e q u id is ta n t  in 

te r p o la t io n  p o in ts  a n d  o p t im a l ly  a s s o c ia te d  p o le s  £k,

•  a n d  o u r  a p p r o a c h  (* ) ,  w h e r e  w e  ta k e  th e  f ro m  th e  s a m e  p o ly n o m ia l  (3 .3 )  to  b e  

c o m p a r a b le ,  b u t  ta k e  th e  in te r p o la t io n  p o in ts  f o r  (3 .1 )  f ro m  T n + 1 (x ) =  0.

F ig u r e  3 .1

I n  F ig u r e  3 .2  w e  p r e s e n t ,  f ro m  le f t  to  r ig h t ,  th e  L e b e s g u e  f u n c t io n s  f o r  n  =  10  a s s o c ia te d  

w i th  th e  L e b e s g u e  c o n s ta n t s  in d ic a te d  b y  + ,  * ,  □ r e s p e c tiv e ly .

N o te  th a t  th e  r a t io n a l  in te r p o la n ts  w i th  p r e a s s ig n e d  p o le s  a l l  g e n e r a te  L e b e s g u e  c o n s ta n ts  

th a t  a r e  v e r y  c o m p a r a b le  to  th e  o n e  f ro m  th e  ( a lm o s t )  o p t im a l  p o ly n o m ia l  in te r p o la n t .  

T h is  c o m e s  in  a d d i t io n  to  th e  w e l l - k n o w n  e a s e  o f  r a t io n a l  in te r p o la t io n  to  fit s te e p  c h a n g e s
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a n d  a s y m p to t ic  b a h a v io u r  a n d  i ts  t e n d e n c y  to  o s c i l la te  le s s  in b e tw e e n  in te r p o la t io n  p o in ts  

th a n  p o ly n o m ia ls .  A n d  th e  n e w  te c h n iq u e  a l lo w s  to  d e te r m in e  g o o d  in te r p o la t io n  p o in ts  

f o r  a n y  s e t  o f  p r e a s s ig n e d  p o le s  | ^ 0 , . . . ,  a l s o  f o r  m  <  n  a n d  n o t  o n ly  f o r  th o s e

d e t e r m in e d  b y  ( 3 .3 ) . A ls o ,  th e  n e w  te c h n iq u e  le a d s  to  s m a l le r  L e b e s g u e  c o n s ta n t s  M n 

th a n  th e  o n e s  f ro m  [ 10] .

T h e  la t te r  is  b e t te r  i l lu s t r a te d  in  th e  T a b le s  3 .1  a n d  3 .2  w h e r e  w e  s h o w  th e  v a r ia t io n  b e 

tw e e n

•  o n  th e  o n e  h a n d  th e  L e b e s g u e  c o n s ta n t s  o f  th e  l in e a r  r a t io n a l  in te r p o la t io n  (3 .1 )  

u s in g  e q u id is ta n t  ( M ° ) ,  C h e b y s h e v  ( M ,)  o r  e x te n d e d  C h e b y s h e v  n o d e s  (M n ), a n d

•  o n  th e  o th e r  h a n d  th e  L e b e s g u e  c o n s ta n t  f ro m  o u r  t e c h n iq u e  (M * ) th a t  ta k e s  th e  

in te r p o la t io n  p o in ts  f ro m  T n+ 1 (x)  =  0 .

I n  T a b le  3 .1  w e  p la c e d  tw o  p o le s  a t  ± 1 .0 0 1  a n d  w e  c h o o s e  th e  r e m a in in g  p o le s  r a n d o m ly  

in  [- 5 0 , — 1 [U] 1 ,5 0 ] .  F o r  M *  w e  e x te n d e d  th e  z e r o e s  to  p u t  x 0 in  —1 a n d  x n in  + 1 .  In  

T a b le  3 .2  a l l  p o le s  w e r e  c o m p le x  c o n ju g a te  p a i r s  w i th  r e a l  p a r t  in  [—1, 1]  a n d  im a g in a r y  

p a r ts  ± 0 .0 1 . H e r e  w e  d id  n o t  u s e  e x te n d e d  n o d e s  f o r  M * . T h e  d is p la y e d  r e s u l t s  a r e  

ty p ic a l .  T h e  r a te  o f  g r o w th  is  d i f f e r e n t  b e tw e e n  th e  s i tu a t io n  i l lu s t r a te d  in  T a b le  3 .1  a n d  

th e  o n e  i l lu s t r a te d  in  T a b le  3 .2 . I n  th e  f o r m e r  th e  e x te n d e d  C h e b y s h e v  n o d e s  m a in ta in  a  

r a th e r  m o d e s t  r a te  o f  g r o w th  w h i le  th e  C h e b y s h e v  n o d e s  g e n e r a te  a  c l e a r ly  f a s te r  g r o w th  

a n d  th e  e q u id is ta n t  n o d e s  c a u s e  a n  e x p lo s io n  o f  th e  L e b e s g u e  c o n s ta n t .  I n  th e  l a t te r  b o th  

C h e b y s h e v  se ts  p e r f o r m  e q u a l ly  b a d . W e  s tr e s s  th a t  in  [1 0 ]  a n d  [6 3 ] th e  p o le s  a re  

p r e a s s ig n e d  b u t  d ic ta te d  b y  th e  in te r p o la t io n  p r o c e d u re .  In  o u r  a p p r o a c h  th e  p o le s  a re
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Table 3.1

M o 2.491 x 10o M20 3.006 x 100

M o 2.017 x 101 M 0 7.743 x 101
M°0 3.586 x 102 M20 4.846 x 102

4.943 x 102 M 0 5.354 x 105

Table 3.2

M10 3.515 x 100
M*0 2.714 x 104
M°0 2.971 x 104

1.702 x 109

freely preassigned and the interpolation points are adapted as in Section 3.2. In this more 

general setting our method offers a clear advantage.

In Figure 3.3 we graph the Lebesgue functions for n =  10 associated with the Lebesgue 

constants M*0,M[0,M^0 of Table 3.1 respectively.

3.4 Maximizing the determ inant of the H aar system

The rational interpolant p n/q m is a linear combination of the =  xi/q m(x),0  <  i <  n and

therefore can be expressed as

qm i=0

Figure 3.3
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w h e r e  th e  b a s ic  r a t io n a l  in te r p o la n ts  X i (x)  e q u a l  th e  q u o t ie n t  o f  d e te r m in a n ts

k(x) =
| H  ( x0 , . . . ,  X i - 1, x,  Xi+1 , . . . ,  Xn)|

|H  ( x o , . . . ,  Xn)| ,

( l / q m (xo) . . .  x 0 / q m ( x o ) \

H  ( x o , . . . ,  x i . . . ,  xn)  = 1/q m ( x i)  . . .  xn /q m (xi) (3.4)

y l / q m (x n) . . .  / q m (x n )y

T h e  r a t io n a l  f u n c t io n  ^ - ( x )  s a t is f ie s  X i ( x j ) =  S ij  a n d  f u r th e r  e q u a ls  q m ( x i) £ i ( x ) / q m (x ) .  

M a x im iz in g  th e  v a lu e  o f  | H ( x o , . . . , x n | is  a n  u n s o lv e d  p r o b le m  th a t  m a y  p r o v id e  a n o th e r  

e x p l ic i t ly  k n o w n s  n o d e  se t.
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CHAPTER 4

SHARP BOUNDS FOR LEBESGUE CONSTANTS OF 
BARYCENTRIC RATIONAL INTERPOLATION

4.1 Lebesgue constants for barycentric rational interpolation

W h e n  m  =  n  in  ( 3 .1 ) , th e  o p e r a to r  th a t  a s s o c ia te s  w i th  f  i ts  r a t i o n a l  in te r p o la n t  p n / q n 

s a t is f y in g  (3 .1 )  is  s t i l l  l in e a r  a n d  g iv e n  b y

R n : C ( M ,  1 ) ^  V  : f  (x )  ^  p n H  =  £  f  ( x )

I n  th e  s a m e  w a y  a s  in  S e c t io n  2 .3 , w e  o b ta in  th a t  th e  e r r o r  in  r a t io n a l  in te r p o la t io n  w i th  

p r e a s s ig n e d  p o le s  is  b o u n d e d  a b o v e  b y

f _ p n

qn
<  (1 +  l|R n ||)

f _  p n
qn

, | |R n |1 =  m a x  £
|qn  (x ,- )4 (x ) |

xe[ - 1,1] -=0 M x ) |

w h e r e  p *  is  th e  b e s t  p o ly n o m ia l  a p p r o x im a n t  o f  d e g r e e  n  to  f q n . H e r e  M n : =  M n (x 0 , 

. . . ,  x n ; ^ , . . . ,  £n ) =  | |R n || is  th e  L e b e s g u e  c o n s ta n t  o f  r a t i o n a l  in te r p o la t io n  in  th e  p o in ts  

x 0 , . . . , x n w i th  p r e a s s ig n e d  p o le s  a t  ^ , . . . ,  £n . T h e  f u n c t io n

ha f  \  .   ha ( . e e \   V" |q n (x i) ^ i (x ) 1
M n (x ) :=  M n (x0 , . . . , x n ; ^ 1, . . . , ^ n ;x )  =  ^  i

i=0 |q n (x ) |

is  c a l le d  th e  L e b e s g u e  f u n c t io n  o f  r a t io n a l  in te r p o la t io n  w i th  p r e d e te r m in e d  p o le s .

I n  [6 4 ] th e  b e h a v io u r  o f  M n is  in v e s t ig a te d  in  c a s e  th e  x j  a r e  th e  e x te n d e d  C h e b y s h e v -  

M a r k o v  n o d e s  f o r  s o m e  p r e d e te r m in e d  q n (x ) . T h e  n o t io n  e x te n d e d  is  a g a in  to  b e  u n d e r 

s to o d  in  th e  w a y  a s  in  ( 2 .2 0 ) . I t  is  im p o r ta n t  to  n o te  th a t  T n + 1 (x ) is  th e  r a t i o n a l  f u n c t io n  

w i th  m o n ic  n u m e r a to r  o f  d e g r e e  n  +  1 a n d  d e n o m in a to r  q m (x ) h a v in g  m in im a l  n o r m  | | - | | ^  

o n  [ — 1 , 1] .  S o  T n + 1(x ) m in im iz e s  th e  b o u n d  (3 .2 )  in  th e  s a m e  w a y  a s  T n+1(x ) m in im iz e s  

(2 . 10) .
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I n  [6 3 ] th e  p o le s  a re  d e te r m in e d  in  o r d e r  to  m in im iz e  M n in  th e  c a s e  o f  e q u id is ta n t  

in te r p o la t io n  p o in ts  X j . S o  th e r e  th e  lo c a t io n  o f  th e  p o le s  is  a d a p te d  to  th e  g iv e n  e q u id is 

t a n t  in te r p o la t io n  p o in ts ,  w h i le  in  [6 4 ] th e  lo c a t io n  o f  th e  in te r p o la t io n  p o in ts  is  o p t im iz e d  

f o r  g iv e n  p o le s .  I t  d e p e n d s  o n  th e  n u m e r ic a l  a p p l ic a t io n  o f  c o u r s e ,  w h e th e r  i t  is  m o r e  

im p o r ta n t  to  h a v e  e q u id is ta n t  d a t a  a v a i la b le  th a n  to  m a k e  u s e  o f  p r e d e te r m in e d  p o le s  th a t  

d ic ta te  th e  s h a p e  a n d  th e  b e h a v io u r  o f  th e  in te r p o la n t .

H e r e  w e  w a n t  to  g iv e  s h a rp  b o u n d s  o n  th e  g r o w th  o f  th e  L e b e s g u e  c o n s ta n t  M n in  th e  c a s e  

o f  n  +  1 e q u id is ta n t  in te r p o la t io n  p o in ts  Xj a n d  n  p o le s  f ix e d  b y  e i th e r  [65 ]

4n ( x ) =  £  ( - 1)  n  (x  -  Xj ) (4 1)
i=0 j=0,  j=i

a s  in  S e c t io n  4 .2 ,  o r  b y  [66 ]

s (d)n (X) =  £  ( - 1 ) i o
i=0 n  (x -  xj ) >

=0, j =i
Oi =

min(i,n-d)
£

i=max(i-d,0)

d

i -  j

n  >  2 d ,  d  =  1 , 2 , . . .  (4 .2 )

a s  in  S e c t io n  4 .3 .  I t  is  w e l l - k n o w n  th a t  n e i th e r  th e  p o ly n o m ia l  q n (x ) [6 5 ] n o r  th e  p o ly n o 

m ia l  snd ) (x ) [66 ] h a v e  z e r o e s  o n  th e  r e a l  l in e .  H e n c e  in  b o th  c a s e s  ^  [ - 1 , 1 ] .

A  f ir s t  a n a ly s i s  o f  M n f o r  e q u id is ta n t  in te r p o la t io n  p o in ts  a n d  p o le s  p r e a s s ig n e d  b y  (4 .1 )  

o r  (4 .2 )  is  g iv e n  in  [1 0 ] a n d  [1 1 ] r e s p e c t iv e ly .  W e  d e n o te  th e  f o r m e r  L e b e s g u e  c o n s ta n t  

b y

M 0) : =  M n (x 0 , . . . , x n ; 4 n ( ^ 0  =  0 )

a n d  th e  l a t te r  b y

M-nd) : =  M n (x 0 , . . . , x n ; ) =  0 ) ,  d  >  1 .

I n  b o th  c a s e s  w e  d e n o te  th e  L e b e s g u e  f u n c t io n  b y  M n (x ) , a s  i t  is  c l e a r  f ro m  th e  c o n te x t  in
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w h ic h  c a s e  w e  a re .

4.2 Precise growth form ula in case of B erru t’s rational interpolation

F o r  q n (x)  in  | | Rn || g iv e n  b y  ( 4 .1 ) , th e  e x p r e s s io n  f o r  th e  L e b e s g u e  f u n c t io n  M n (x) c a n  b e  

s im p lif ie d  to

M n ( x )
L n= o 1 / |x  -  x  I 

\L n= o ( - 1) 7 (x  -  x i ) \ '
(4.3)

I n  [1 0 ]  c r u d e  lo w e r  a n d  u p p e r  b o u n d s  a r e  g iv e n  f o r  M ,[0 ):

------- j l n ( n  +  1) <  M n0) <  2 +  l n ( n ) .
n  +  n

W e  i l lu s t r a te  th e s e  in  F ig u r e  4 .1 ,  w h e r e  m! ^ °  , f o r  s u b s e q u e n t  v a lu e s  o f  n, is  in d ic a te d  w i th  

th e  s y m b o l  □.

F ig u r e  4 .1  B o u n d s  f o r  a s  in  [ 1 0 ] .

A s  p r o v e d  in  S e c t io n  4 .4 ,  th e  g r o w th  r a te  o f  M (o) is  g iv e n  m o r e  p r e c is e ly  b y

2 (ln(n +  1) +  ln 2 +  7) <  m (o) ^  2 (ln(n +  1) +  In 2 +  Ï  +

n  +  n+3 n -
(4 .4 )

n+2
(o)

T h is  is  th e  e x a c t  a s y m p to t i c  g r o w th  o f  th e  L e b e s g u e  c o n s ta n t  M n . T h e  n e w  b o u n d s  a re
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i l lu s t r a te d  in  F ig u r e  4 .2 .

F ig u r e  4 .2  S h a r p e n e d  b o u n d s  f o r  M ^ .

T h e  f in e  p r o o f  is  b a s e d  o n  n u m e r ic a l  e x p e r im e n ts  c a r r ie d  o u t  in  e x a c t  a r i th m e t ic  u p  to  

n  =  O ( 1 0 1000)! T h e  a d v a n ta g e  o f  e x a c t  a r i th m e t ic  h e r e  ( b e s id e s  th e  a b s e n c e  o f  r o u n d in g  

e r r o r s )  is  th a t ,  in  c o m p u te r  a lg e b r a  s o f tw a r e ,  th e r e  is  a  n ic e  c o m p a c t  e x p r e s s io n  f o r  th e  

e v a lu a t io n  o f  M n (x)  h a l f w a y  b e tw e e n  tw o  n e ig h b o u r in g  in te r p o la t io n  p o in ts  in  te r m s  o f  

th e  d ig a m m a  f u n c t io n  ¥ ( x ) .  T h is  e x p r e s s io n  a l lo w s  u s  to  e v a lu a te  i t  f o r  v e r y  h ig h  v a lu e s  

o f  n . W h e n  m a k in g  th e  d e ta i l e d  a n a ly s i s ,  th e  t r u e  p r o b le m  to  o b ta in  a n  a c c u r a te  b o u n d  

b e c o m e s  c le a r .  T h e  m a x im u m  v a lu e  o f  th e  L e b e s g u e  f u n c t io n  M n (x ) is  n o t  ta k e n  n e a r  a  

f ix e d  lo c a t io n ,  in d e p e n d e n t  o f  n ,  l ik e  th e  m id p o in t  o r  th e  e n d p o in ts  o f  th e  in te r v a l :  f o r  

n  e v e n , th e  lo c a t io n  o f  th e  p o s i t iv e  m a x im u m  is  a  f u n c t io n  o f  l o g 10 n . M o r e  p r e c is e ly  

: i t  c h a n g e s  w i th  n  m o d  4  a n d  m o v e s  u p  w i th  l o g 10 |_ n /4 j w h e n  n  is  e v e n !  T o  i l lu s t r a te  

th is ,  w e  s h o w  th e  v a lu e  o f  M n (x)  n e a r  th e  m a n y  lo c a l  m a x im a  ( s e e  a ls o  F ig u r e  4 .5 ) . F o r  

n  =  4  x 1 0 100 a n d  x  =  ( 2 0 i  +  9 ) / n ,  i =  0 , . . . ,  9  th e  v a lu e s  c a n  b e  f o u n d  in  T a b le  4 .1 : 

a  g lo b a l  m a x im u m  is  ( n o t  e v e n  a t, b u t)  n e a r  x  =  1 4 9 /n  (w e  a ls o  s h o w  th e  v a lu e s  o f  

M n (x)  a t  x  =  1 4 5 / n  a n d  x  =  1 5 3 /n  f o r  c o m p a r is o n ) .  F o r  n  =  4  x 1 0 1000 +  2  a n d  x  =  

( 2 0 0 i  +  6 7 ) / n ,  i =  0 , . . . ,  7  th e  v a lu e s  c a n  b e  f o u n d  in  T a b le  4 . 2 : a  g lo b a l  m a x im u m  is  

v e r y  n e a r  x  =  1 4 6 7 / n  ( c o m p a r e  w i th  th e  v a lu e  o f  M n (x)  a t  x  =  1 4 6 3 / n  a n d  x  =  1 4 7 1 / n ) .
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T a b le  4 .1  L o c a l  n e a r - o p t im a  o f  M n ( x ) , n  =  4  x  1 0 100, 2 0 9  d ig i t s

Mn ( 1 8 9 / n)

Mn ( 1 6 9 / n)

1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  1 3 4 7 1 4 1 0 7 0
1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  1 3 7 1 5 8 8 5 4 2

Mn ( 1 5 3 / n)

Mn ( 1 4 9 / n)

Mn ( 1 4 5 / n)

1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  1 3 7 9 6 8 7 3 6 4

1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  1 3 8 0 1 2 0 5 2 0

1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  1 3 7 9 9 1 7 0 5 6

M„ ( 1 2 9 / n)
Mn ( 1 0 9 / n) 

M n  ( 8 9 / n) 

M n  ( 6 9 / n) 

M n  ( 4 9 / n) 

M n  ( 2 9 / n) 
M n ( 9 / n )

1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  1 3 7 2 7 3 7 0 0 4

1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  1 3 4 9 4 3 7 9 9 3

1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  1 3 1 0 2 2 3 4 8 8

1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  1 2 5 5 0 9 3 4 8 9

1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  1 1 8 4 0 4 7 9 9 5

1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  1 0 9 7 0 8 7 0 0 7

1 4 8 .2 7 8 4 0 0 2  (1 8 9  d ig i t s )  0 9 9 4 2 1 0 5 2 5

T a b le  4 .2  L o c a l  n e a r - o p t im a  o f  M n ( x ) ,n  =  4  x  1 0 1000 +  2 , 2 0 1 2  d ig i ts

M n ( 1 4 7 1 / n )

M „ ( 1 4 6 7 /n )

M n ( 1 4 6 3 / n )

1 4 6 7 .5 6 2 4 7 8  ( 1 9 8 7  d ig i t s )  7 0 0 0 4 7 0 3 5 5 4 7 1 6 9

1 4 6 7 .5 6 2 4 7 8  ( 1 9 8 7  d ig i t s )  7 0 0 0 4 7 0 5 8 4 2 6 0 3 8

1 4 6 7 .5 6 2 4 7 8  ( 1 9 8 7  d ig i t s )  7 0 0 0 4 7 0 1 7 6 4 2 9 3 0

M „ ( 1 2 6 7 /n )

M n ( 1 0 6 7 / n )

M n ( 8 6 7 / n )

M n ( 6 6 7 / n )

M n ( 4 6 7 / n )

M n ( 2 6 7 / n )

M n ( 6 7 / n )

1 4 6 7 .5 6 2 4 7 8  ( 1 9 8 7  d ig i t s )  6 9 9 9 6 7 0 3 3 3 4 8 5 1 1

1 4 6 7 .5 6 2 4 7 8  ( 1 9 8 7  d ig i t s )  6 9 9 7 2 7 8 5 3 3 2 7 8 9 2

1 4 6 7 .5 6 2 4 7 8  ( 1 9 8 7  d ig i t s )  6 9 9 3 2 9 5 1 8 3 6 4 1 8 1

1 4 6 7 .5 6 2 4 7 8  ( 1 9 8 7  d ig i t s )  6 9 8 7 7 2 0 2 8 4 5 7 3 7 8

1 4 6 7 .5 6 2 4 7 8  ( 1 9 8 7  d ig i t s )  6 9 8 0 5 5 3 8 3 6 0 7 4 8 3

1 4 6 7 .5 6 2 4 7 8  ( 1 9 8 7  d ig i t s )  6 9 7 1 7 9 5 8 3 8 1 4 4 9 6

1 4 6 7 .5 6 2 4 7 8  ( 1 9 8 7  d ig i t s )  6 9 6 1 4 4 6 2 9 0 7 8 4 1 8

4.3 Growth formulas in case of F loater and H orm ann’s rational interpolation

F o r  q n (x)  in  | | Rn || g iv e n  b y  ( 4 .2 ) , th e  e x p r e s s io n  f o r  th e  L e b e s g u e  f u n c t io n  M n (x) s im p li-

f ie s  to

M n ( x )
Ui=0 ° i / \x -  xi (4 .5 )

\Ll=0( - 1 )i° i / (x -  x¿)\’

T a k in g  a  c lo s e r  lo o k  a t  th e  Oi, i =  0 , . . . ,  n , w e  s e e  th a t

i <  d

2d d  <  i <  n  — d

&n-ij i >  n  — d .
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T h e  o b s e r v a t io n  in  [1 1 ] th a t  w i th  n  o d d  f o r  d  =  1, th e  m a x im u m  o f  th e  L e b e s g u e  f u n c t io n  

o c c u r s  a t  th e  o r ig in ,  is  im p r e c is e .  W e  i l lu s t r a te  th is  in  F ig u r e  4 .3 : w i th  n  =  11 , d  =  1 th e  

L e b e s g u e  f u n c t io n  M n (x ) a c h ie v e s  i ts  m a x im u m  n e a r  ± 2 / 1 1 .  A  c o r r e c te r  s ta te m e n t  is  

th a t  f o r  n  m o d  4  =  1 th e  m a x im u m  is  a t  x* =  0  a n d  f o r  n  m o d  4  =  3 th e  m a x im u m  is  n e a r  

± 2 / n .  F o r  d  =  1 w i th  n  e v e n , th e  m a x im u m  is  n e a r  1 /n .

F ig u r e  4 .3  G r a p h  o f  M n  (x ).

B u t  th e  s a m e  s h a rp  lo w e r  a n d  u p p e r  b o u n d  e s t im a te s  a s  g iv e n  in  (4 .4 )  a p p ly  to  M ^  w ith  

d  =  1 in  ( 4 .2 ) . A n  i l lu s t r a t io n  is  g iv e n  in  F ig u r e  4 .4 ,  w h e r e  M ^ 1 is  in d ic a te d  b y  o .

F ig u r e  4 .4  S h a r p e n e d  b o u n d s  f o r  M ^ 1.
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W h e n  d  >  1, th e n  a n  im p r o v e d  ( b u t n o t  y e t  f in e )  u p p e r  b o u n d  is  g iv e n  b y :

M (i f ) <  2 d - 1 -
2

n - n+2
ln ( n  +  1) +  l n 2 +  y +

1
2 4 n

d  >  1. (4 .6 )

T h e  r e s u l t s  m e n t io n e d  in  S e c t io n  4 .3  f o r  d  >  1 c a n  b e  p r o v e d  in  a  s im i la r  w a y  a s  w e  p r o v e  

(4 .4 )  in  S e c t io n  4 .4 .

4

4.4 Proof of sharp  growth estimates for M ^

L e t  th e  in te r p o la t io n  p o in ts  Xj b e  e q u id is ta n t ,  Xj =  — 1 +  2 j / n ,  j  =  0 , . . . ,  n  a n d  l e t  th e  

p o le s  i)1, . . . , ^ n l ie  o u ts id e  [— 1, 1] .  T h e  L e b e s g u e  f u n c t io n  M n (x) g iv e n  b y  (4 .3 )  ta k e s  

th e  ( m in im u m )  v a lu e  1 a t  th e  in te r p o la t io n  p o in ts  X j, j  =  0 , . . . ,  n  a n d  h a s  n  lo c a l  m a x im a  

in b e tw e e n  e a c h  p a i r  o f  c o n s e c u t iv e  in te r p o la t io n  p o in ts .  I t  is  c l e a r  th a t  th e  L e b e s g u e  

f u n c t io n  M n (x ) is  s y m m e tr ic  w i th  r e s p e c t  to  th e  o r ig in :  M n ( —x ) =  M n (x ) . T h e  g r a p h  o f  

M n (x ) e s s e n t i a l ly  ta k e s  4  d i f f e r e n t  s h a p e s ,  d e p e n d in g  o n  th e  v a lu e  o f  n , a n d  th e  p r o o f  o f  

th e  g r o w th  r a te  d is t in g u is h e s  th e s e  4  d i f f e r e n t  c a s e s .  I n  F ig u r e  4 .5  w e  s h o w  M n (x ) f o r  

n  =  4 k , 4 k  +  1 , 4 k  +  2 , 4 k  +  3 w i th  k  =  1.

A s  w e  p r o v e  f u r th e r  d o w n  a n d  a s  is  c l e a r ly  v is ib le  f ro m  F ig u r e  4 .5 ,  th e  p o s i t io n  o f  a  

g lo b a l  m a x im u m  x* o f  M n (x) c h a n g e s  w i th  n  m o d  4  a n d  is  ( e x c e p t  f o r  n  =  4 k + 3 )  lo c a te d  

n e a r  ( n o t  p r e c is e ly  a t! )  a  m id p o in t  o f  tw o  in te r p o la t io n  p o in ts  (n o te  th a t  2 / n  is  th e  d i s 

ta n c e  b e tw e e n  tw o  c o n s e c u t iv e  in te r p o la t io n  p o in ts ) .  A ls o ,  b e c a u s e  o f  th e  s y m m e tr y  o f  

M n (x ) , w h e n e v e r  x* is  a  m a x im u m , so  is  — x*. W e  f o c u s  o n  th e  p o s i t iv e  a r g u m e n t  o f  th e  

m a x im u m .

F o r  s m a ll  n  >  3 ( fo r  n  

r a th e r  p r e c is e :

n  m o d  4  =  0  :x*

n  m o d  4  =  2  :x*

1
,

n
2

n , 
3

n  m o d  4  =  3 :x* =  0.

n  m o d  4  =  1 :x  ~

n

1 , x* =  0 a n d  f o r  n  =  2 , x* «  1/ 2) th e  s ta te m e n t  c a n  b e  m a d e

n <  24,

n  <  7 1 8 ,

(4 .7 )
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F ig u r e  4 .5  G ra p h s  o f  M 4 ( x ) ,M 5 ( x ) ,M 6 ( x ) ,M 7 (x)  f r o m  le f t  to  r ig h t  a n d  to p  to  b o t to m . 

A n d  m o r e  g e n e r a l ly ,  f o r  k  =  |_ n /4 j >  1:

n  m o d  4  =  0 : x * G]x2k , x 2k+ [log10 k ]+ 2 [=  

2

0, 2 ( [ l o g 10 k ] +  2 )

n
n  m o d  4  =  1 : x* ~

n  m o d  4  =  2 : x * e ]x2k + 1, x 2k+ [log10 k] +  1 [ =

n  m o d  4  =  3 : x* =  0.

0, 2 Tlog10 k]
(4 .8 )

T o  d e te r m in e  th e  lo c a t io n  o f  th e  m a x im u m  w e  f u r th e r  m a k e  u s e  o f  s o m e  s im p le  ru le s .

n

n
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Rules

N  A  

D  <  B

D  <  N  

D  <  N , B  <  D  

D  <  N , B  <  A

N  N  +  A

D  <  D  +  B ,
N  +  C  ^  N  

D  +  C  <  D ,
N  +  A  ^  N  +  B  

D  +  A  “  D  -  B , 
N  +  A  ^  N  +  B  

D  +  A  “  D  +  B ,

N , D ,A ,  B  >  0 ,

N , D , C  >  0 ,

N ,  D ,  A , B  >  0 , 

N , D ,A ,  B  >  0.

(4 .9 a )

(4 .9 b )

(4 .9 c )

(4 .9 d )

T o  p r o v e  th e  e s t im a te s ,  o n c e  th e  lo c a t io n  o f  a  m a x im u m  is  k n o w n , w e  a ls o  n e e d  a  le m m a  

[3 5 ]  a n d  b o u n d s  o n  th e  p a r t i a l  s u m s  o f  th e  L e ib n iz  s e r ie s .

Lem m a

n

E
k=0

1
2k + 1

1 Y 1
<  ~  ln ( n  +  1) +  l n 2 +  — +  .------ —-2 .

2  v 7 2  4 8 ( n + 1 ) 2
(4 .1 0 )

Series

n  1 "  ( - 1) k n  1
4  2 n  +  3 k=0 2 k  +  1 4  2 n  +  3

N o w  l e t ’s s ta r t  b y  p r o v in g  ( 4 .8 ) . I n  o r d e r  to  s im p l i f y  th e  c o m p u ta t io n s ,  w e  m a k e  a  c h a n g e  

o f  v a r ia b le ,  f ro m  x  e  [ - 1 , 1] to  y  e  [0 ,1 ] b y  y  : =  (x  +  1 ) / 2 .  T h is  w a y  w e  a re  d e a l in g  

o n ly  w i th  p o s i t iv e  v a lu e s  in  th e  s u b s e q u e n t  s u m s . T h e  in te r p o la t io n  p o in ts  x ; a r e  th e n  

m a p p e d  to  e q u id is ta n t  p o in ts  y ; a t  a  d is t a n c e  1 / n  o f  e a c h  o th e r . B e c a u s e  th e r e  is  n o  

r i s k  o f  a m b ig u ity ,  w h e n  c o n s is te n t ly  u s in g  y - v a lu e s  w i th  e v a lu a t io n s  e x p r e s s e d  in  th e  

t r a n s f o r m e d  v a r ia b le  a n d  x - v a lu e s  w i th  e v a lu a t io n s  e x p r e s s e d  in  th e  o r ig in a l  v a r ia b le ,  th e  

s a m e  n o ta t io n  M n is  u s e d  f o r  th e  L e b e s g u e  f u n c t io n  in  th e  v a r ia b le  x  a n d  th e  f u n c t io n  a f te r  

th e  t r a n s f o r m a t io n  o f  x  to  y .

W e  n o w  in v e s t ig a te  th e  v a lu e  o f  th e  L e b e s g u e  f u n c t io n  M n (y) a t  th e  m id p o in ts  y ; =  (y i-1  +  

y ; ) / 2 ,  i =  1 , . . . ,  n  w h ic h  a r e  lo c a l  n e a r - m a x im a  ( th e  v a lu e s  d is p la y e d  in  T a b le  4 .1  a re  f o r  

in s ta n c e  M n (y 2k+^) f o r  i  =  1 0 i +  5 , i =  0 , . . . ,  9 ) . I t  is  e a s y  to  v e r i f y  th a t
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i =  1 , . . . ,  nM n ( y  i)
Nn (y i) 

Dn(y i ) ’

w h e r e

Nn (y i) =
i— 1 1

E 0 2 . i + 1

n i

* -E
j=o

1

2 /  +  I  ’

D n (y i)  =
E  ( - 1 y

/=o2 j  + 1

n i

r E
j=o

( - 1) j  

2 j  +  1 .

W e  w r i te  n  =  4 k  +  (n  m o d  4 ) .  F o r  n  m o d  4  =  1 a n d  n  m o d  4  =  2  w e  h a v e

(4 .1 1 a )

( 4 .1 1 b )

Nn(y1 ) <  Nn (y2) <  . . . <  Nn (y2k+1)

a n d

Dn (y 2i+1) >  Dn (y2i+2),  i =  0 , . . . , k -  1 ,

Dn (y 2i+1) >  Dn (y2i+3),  i =  0 , . . . , k -  1 .

F o r  n  m o d  4  =  0 , th e  s ta te m e n ts  a b o u t  N n a n d  Dn a t  y 2k+ 1 a r e  d r o p p e d ,  a n d  f o r  n  m o d  4  =  

3 , s im i la r  s ta te m e n ts  a t  y 2k+ 2 a r e  a d d e d . F ro m  th e  a b o v e  w e  c a n  d e d u c e  th a t  f o r  n  m o d  4  =  

1 a n d  n  m o d  4  =  2 ,

Mn($ 2i+1) <  Mn (y2i+2),  i =  0 , . . . ,  k -  1 ,

M n (y 2i+ 1) <  Mn (y2i+3),  i =  0 , . . . ,  k  -  1 ,

w i th  a  s im i la r  a d ju s tm e n t  f o r  n  m o d  4  =  0  a n d  n  m o d  4  =  3 a s  b e f o r e .  N o w  w e  t r e a t  th e  

c a s e s  n  o d d  a n d  n  e v e n  s e p a ra te ly .

W h e n  n  is  o d d  w e  f in d  th a t  f o r  n  m o d  4  =  1,

Mn (y2i) <  Mn (y 2k) ,  i =  1 , . . . , k -  1 (4 .1 2 )

b y  c o m b in in g  (4 .9 a )  f o r  N  =  Nn (y2i ) , D =  Dn (y2i) w ith

Nn (y2k ) - N n (y 2i) < Nn (y2k ) - Nn (y2i+2) 

Dn (y2k ) -  Dn (y2i) < Dn (y2k ) -  Dn (y2i+2) ,
i =  1 , . . . ,  k -  2.

A n a lo g o u s ly ,  f o r  n m o d  4  =  3 , th e  s ta te m e n t  ( 4 .1 2 )  h o ld s  f o r  i =  1 , . . . ,  k w ith  y2k in  th e  

r ig h t  h a n d  s id e  r e p la c e d  b y  y2k+ 2.
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T h e  s i tu a t io n  is  m o r e  c o m p l ic a te d  w h e n  n  is  e v e n  th o u g h .  B u t  f o r tu n a te ly  th e  f o l lo w in g  

in e q u a l i t ie s  f o r  th e  n e a r - m a x im a  a t  y 2k, a n d  th e  o th e r  lo c a l  m a x im a  n e a r  y 2i, h e lp  u s  o u t. 

U s in g  (4 .9 a )  w e  f in d

M 4k+ 1(x 2k) <  M 4k+ 3(x2k+ 2) .

F r o m  (4 .9 b )  w e  o b ta in

M 4k+ 2 (x2i) <  M 4k+ 1 (x2i) , i =  1 , . . . ,  k .

A n d  f in a l ly  (4 .9 c )  g iv e s

M 4k(x2i) <  M 4k+ 2 (x2i) , i =  1 , . . . , k .

T h e  q u e s t io n  th a t  r e m a in s  is  n o w  w h e th e r  in  c a s e  n  m o d  4  =  1 o r  n  m o d  4  =  2  th e  m a x i 

m u m  is  n e a r  M n ( y 2k) o r  n e a r  M n(y 2k+ 1) . U s in g  (4 .9 c )  w e  o b ta in

M 4k+ 1 (x 2k+ 1) <  M 4k+ 1 (X2k)

a n d  a t  l a s t  f ro m  (4 .9 d )

M 4k+2(x 2k+1) <  M 4k+2( x 2k).

S in c e  w e  k n o w  th a t  w h e n  n  m o d  4  =  3 , a  m a x im u m  is  e x a c t ly  a t  M n(x 2k+2) , w e  c a n  u s e  

th is  v a lu e  to  c o m p u te  a n  u p p e r  b o u n d  e s t im a te  f o r  th e  L e b e s g u e  c o n s ta n t  M , ^ . L ik e w is e  

a  lo w e r  b o u n d  f o r  M ,(0) c a n  b e  o b ta in e d  b e c a u s e  M 4k( x 2k) <  M 4° <  M ,(0) f o r  g e n e r a l  n . 

T o  c o n c lu d e :

m a x  m a x  M n (x ) «  M 4k+ 3 (0 )  
n xe [- 1,1]

a n d

m in  m a x  M n (x ) >  M 4k(1 In ) .
n xe [- 1,1]

I n  o th e r  w o rd s ,  a  s h a rp  u p p e r  b o u n d  f o r  M 4k+ 3 (0 )  is  a n  a c c u r a te  e s t im a te  f o r  M n (x *) ,  n  =  

4 k  +  i , 0  <  i <  3 , a n d  a  lo w e r  b o u n d  f o r  M 4k( 1 / n )  is  a  lo w e r  b o u n d  f o r  M n( x * ) ,n  — 4 k  +  

i , 0  <  i <  3.

T o  p r o v e  th e  a c tu a l  b o u n d s ,  w e  m a k e  u s e  o f  th e  t r a n s f o r m e d  v a r ia b le  y  a g a in .  F o r  th e
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u p p e r  b o u n d  w e  h a v e :

M  ( 1 / ) N 4k+3 ( 1/ 2)

M4‘ + 3 ( / 2  ) =  D 4 k + 3 c> /2 ) -
2k+1 i

N 4k+3( 1 /2) =  2 £  2 7 + 7  
j =0 2 7 +  1

-  l n ( 8k  +  8 ) +  y +

-  l n ( 2n  +  2 ) +  y +

2 4 ( 2 k  +  2 ) 2 
1

2 4 n

1

D 4k+3( 1 /2) =  2
2k+1

£
7=0

( — 1) 7+ 2k+ 1 

2 j  + 1

n  2
> -------------- .

2 n  +  2

F r o m  th e s e  in e q u a l i t ie s  i t  fo l lo w s  th a t  ( s ta te d  in  th e  v a r ia b le  x  a g a in )

2
m a x  m a x  M n (x ) ~ -------- j

n x e [ - 1,1] n  — 4n+2
ln ( n  +  1) +  l n 2 +  y +

1
2 4 n

F o r  th e  lo w e r  b o u n d ,  e x p r e s s e d  in  th e  t r a n s f o r m e d  v a r ia b le  y ,  w e  u s e  th e  f a c t  th a t  th e  

n u m e r a to r  o f  M 4k(n+1/ 2n) c a n  b e  e x p r e s s e d  u s in g  th e  d ig a m m a  f u n c t io n  ¥ ( x )  w h e r e  f o r  

x  >  0 i t  h o ld s  th a t  ln ( x )  — 1/ x  <  ¥ ( x ) :

M 4k (n+ 1/ 2n)
N 4k (n + 1/ 2n) 

D 4k(n+ 1/ 2n) ’

N4k (n+ 1/2n ) =
2k+2

£  1
j=0 2 j  +  1

2k+1

£
j =0

1
2 j + r

>  l n ( 8k  +  2 ) +  y  =  l n ( 2n  +  2 ) +  y ,

D k ( n+ 1/ 2n) <  2
2£ 2 ( — 1)7 

j i -0 2T + T

n  2
<  -  +-----------
-  2  n  +  3

f ro m  w h ic h  (4 .4 )  fo l lo w s .
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CHAPTER 5

RADIAL ORTHOGONALITY AND LEBESGUE CONSTANTS ON
THE DISK

I n  p o ly n o m ia l  in te r p o la t io n ,  th e  c h o ic e  o f  a  p o ly n o m ia l  b a s is  a n d  th e  lo c a t io n  o f  th e  in te r 

p o la t io n  p o in ts  g r e a t ly  in f lu e n c e  th e  n u m e r ic a l  c o n d i t io n in g  o f  p o ly n o m ia l  in te r p o la t io n ,  

a n d  h e n c e  th e  q u a l i ty  o f  th e  c o m p u te d  in te r p o la n t .  M o r e o v e r ,  s o m e  se ts  o f  in te r p o la t io n  

p o in ts  d e l iv e r  n e a r - b e s t  p o ly n o m ia l  a p p r o x im a n ts ,  w h i le  o th e r s  le a d  to  d iv e rg e n c e  o f  th e  

in te r p o la t io n  s c h e m e .  F o r tu n a te ly ,  a  u n iv a r ia te  p o ly n o m ia l  b a s is  is  a lw a y s  a  C h e b y s h e v  

s y s te m , th e r e b y  g u a r a n te e in g  th e  e x i s te n c e  a n d  u n ic i ty  o f  th e  p o ly n o m ia l  in te r p o la n t  f o r  

a  s e t  o f  d i s t in c t  in te r p o la t io n  p o in ts .  In  th e  m u l t iv a r ia te  c a s e ,  th e  s i tu a t io n  is  m u c h  m o r e  

d if f ic u lt .  T h e  lo c a t io n  o f  th e  in te r p o la t io n  p o in ts  a ls o  n e e d s  to  b e  s u c h  th a t  i t  g u a r a n te e s  

u n is o lv e n c e  o f  th e  in te r p o la t io n  p r o b le m  b e c a u s e  n o  p o ly n o m ia l  b a s is  is  a  C h e b y s h e v  

s y s te m . A n d  b e c a u s e  o f  th e  c u r s e  o f  d im e n s io n a l i ty  f a c e d  in  p o ly n o m ia l  in te r p o la t io n ,  

a l te r n a t iv e  te c h n iq u e s  l ik e  r a d ia l  b a s is  in te r p o la t io n  h a v e  b e c o m e  v e r y  p o p u la r .  B u t  th e n  

th e  la t te r  a r e  p r o n e  to  i l l - c o n d i t io n in g .  H e r e  w e  p r o p o s e  a n  e x t r e m e ly  w e l l - c o n d i t io n e d  

a l te r n a t iv e  to  r a d ia l  b a s is  in te r p o la t io n  o n  th e  d is k  ( s e e  S e c t io n s  5 .1  a n d  5 .2  ). A t  th e  

s a m e  t im e  w e  id e n t i f y  s e ts  o f  in te r p o la t io n  p o in ts  th a t  g u a r a n te e  a  v e r y  s m a ll  L e b e s g u e  

c o n s ta n t  a n d  c o n s e q u e n t ly  in te r p o la n ts  th a t  a r e  n e a r - b e s t  p o ly n o m ia l  a p p r o x im a n ts  ( s e e  

S e c t io n s  5 .3  a n d  5 .4  ). B o th  r e s u l t s  f o l lo w  f ro m  a  d e ta i l e d  s tu d y  o f  r a d ia l  o r  s p h e r ic a l  

o r th o g o n a l i ty  o n  th e  d is k .

5.1 Radial orthogonality

L e t  B d ,p (0 ; 1) d e n o te  th e  c lo s e d  u n i t  b a l l  c e n te r e d  a t  th e  o r ig in  in  R d e q u ip p e d  w i th  th e  

£p -n o rm . F o r  e a c h  £p - n o rm  th is  b a l l  is  a  d - v a r ia t e  a n a lo g u e  o f  th e  c lo s e d  in te r v a l  [ - 1 , 1 ] .
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F o r  p  =  ™ a n d  d  =  2  i t  is  th e  u n i t  s q u a re  [ - 1 , 1 ]  x  [ - 1 , 1 ] ,  f o r  p  =  2  a n d  d  =  2  th e  u n i t  d is k  

{ ( x ,y ) ;0  <  x 2 + y 2 <  1} a n d  f o r  p  =  1 a n d  d  =  2 i t  is  th e  s im p le x  { (x , y ) ;0  <  |x | +  |y | <  1}.

F o r  th e  d e f in i t io n  o f  o u r  m u l t iv a r ia te  o r th o g o n a l  p o ly n o m ia ls  w e  r e p la c e  th e  c a r te s ia n  

c o o r d in a te s  X  =  ( x 1, . . . ,  x d) G Rd b y  th e  n e w  s p h e r ic a l  c o o r d in a te s  X  =  (x 1, . . . ,  x d) =  

( A 1z , . . . , Adz) w i th  A =  (A 1, . . . , Ad) b e lo n g in g  to  th e  i p  u n i t  s p h e re  S d,p (0 ; 1) C  Rd a n d

z  G R . W h i le  A c o n ta in s  th e  d i r e c t io n a l  in f o r m a t io n  o f  X , th e  r a d ia l  v a r ia b le  z  c o n ta in s  

th e  s ig n e d  d is t a n c e  in f o r m a t io n .  A  s ig n e d  d is t a n c e  f u n c t io n  is  d e f in e d  b y

s d ( X ) =  s g n ( x fe) | | X | | p , k  =  m i n { j  : x j =  0 } . (5 .1 )

S in c e  A is  n o t  u n iq u e ,  w e  c h o o s e  i t  s u c h  th a t  f o r  g iv e n  X  w e  h a v e  z  =  s d ( X ). W e  d e n o te  

b y  R [A] =  R [A1, . . . , A d] th e  l in e a r  s p a c e  o f  d - v a r ia t e  p o ly n o m ia ls  in  th e  Ak w ith  r e a l  

c o e f f ic ie n ts ,  b y  R (A ) =  R (A 1, . . . ,  Ad) th e  c o m m u ta t iv e  f ie ld  o f  r a t io n a l  f u n c t io n s  in  th e  

Ak w ith  r e a l  c o e f f ic ie n ts ,  b y  R [A] [z] th e  l in e a r  s p a c e  o f  p o ly n o m ia ls  in  th e  v a r ia b le  z  w i th  

c o e f f ic ie n ts  f ro m  R [A] a n d  b y  R (A )[z] th e  l in e a r  s p a c e  o f  p o ly n o m ia ls  in  th e  v a r ia b le  z 

w i th  c o e f f ic ie n ts  f ro m  R ( A ).

I n  th e  b iv a r ia te  c a s e  w e  m o s t ly  u s e  th e  n o ta t io n  X  =  (x , y )  in s te a d  o f  X  =  ( x 1, x 2) a n d  

A =  ( a , p ) in s te a d  o f  A =  (A 1, A2).

W e  in t r o d u c e  d - v a r ia t e  f u n c t io n s  Vm( X ) th a t  a r e  p o ly n o m ia ls  in  z  w i th  c o e f f ic ie n ts  f ro m

R [A ]:

m
Vm(X  ) =  Vm(A  ;z )  =  Y .  b mi - i (A ) z ‘.

i=0

T h e  b m̂ ¿(A ) a r e  h o m o g e n e o u s  p o ly n o m ia ls  in  th e  Ak o f  d e g r e e  m 2 — i. N o te  th a t  th e  

f u n c t io n s  Vm( X ) d o  n o t  b e lo n g  to  R [ X ] b u t  th e y  b e lo n g  to  R [A ][z ]. T h e r e f o r e  th e  Vm( X ) 

c a n  b e  v ie w e d  a s  s p h e r ic a l  p o ly n o m ia ls :  f o r  e v e r y  A G S d,p (0 ; 1) th e  f u n c t io n  Vm( X ) =  

Vm( A ; z)  is  a  p o ly n o m ia l  o f  d e g r e e  m  in  th e  r a d ia l  v a r ia b le  z  =  s d ( X ) .  In  a d d i t io n ,  th e  

f u n c t io n s

Am (A; A1X1 + . . .  +  Adxd )

a r e  p o ly n o m ia l  in  th e  xk, th e y  b e lo n g  to  R [A ] [X ] a n d  p la y  a  c r u c ia l  r o le  in  th e  s e q u e l .
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On the Vm (X ) we impose the orthogonality conditions

d \ l / d  \
Y  Xk h )  V m \  A ; Y  Xk h )  w (z) dX =  0 , i =  0 , . . . ,  m  -  1 

||X Vk=1 /  V k=1 )

w h e r e  w (z) is  a  n o n - n e g a t iv e  w e ig h t  f u n c t io n  w ith

(5 .2 )

. . .  w ( z ) d X  <  t t .
J  J \ \X \L< 1

T h e  c o e f f ic ie n ts  b mi _ ¿( A) a re  o b ta in e d  f ro m  th e  ( s y m b o l ic /p a r a m e te r iz e d )  l in e a r  s y s te m

y  Ci+j  (A  ) bm2- j  (A  ) =  0 , i =  0 , . . . ,  m  -  1 (5 .3 )
j=0

w h e r e  c i (A  ) a r e  th e  m o m e n ts  g iv e n  b y

ci (A ) =  f . . . !  I y  Xk Ak 
J J iix iip < n  k“ 1

w ( z )  d X , i =  0 , . . . , 2m  — 1 . (5 .4 )

T h e  c i (A ) a re  h o m o g e n e o u s  p o ly n o m ia ls  in  th e  Ak o f  d e g r e e  i. T h is  r a d ia l  o r  s p h e r ic a l  

o r th o g o n a l i ty  w a s  a l r e a d y  in t r o d u c e d  in  [6 7 ]  a n d  [68 ] a l th o u g h  i t  w a s  n o t  y e t  te r m e d  l ik e  

th a t  in  th e  e a r ly  r e f e r e n c e s .  A n  e x p la n a t io n  w h y  b m2 _ i ( A ) n e e d s  to  b e  o f  d e g r e e  m 2 — i is  

a l s o  g iv e n  th e re .

F o r  a  f ix e d  d i r e c t io n a l  v e c to r  A =  A *, th e  p r o je c te d  s p h e r ic a l  p o ly n o m ia ls  V m ( A * ; A * x 1 +  

. . .  +  A * x d ) a r e  u n iv a r ia te  p o ly n o m ia ls  in  th e  v a r ia b le  z  =  A1x 1 +  . . .  +  Adx d , o r th o g o n a l  

o n  th e  in te r v a l  [A ,B] c  s p a n {A *} w ith

A = min (A* X1 +  . .• . +  Adx d)
(X1,...,Xd ) eBd>p(0;1)

B = max (A* X1 +  . .■ . +  Adx d)
(X1,...,Xd ) eBd>p(0;1)

a n d  A * e  S d ,p (0;  1 ) . N o te  th a t  th e  w e ig h t  f u n c t io n  is  m u l t iv a r ia te  in s te a d  o f  u n iv a r ia te .  

I n  a d d i t io n ,  th e  w e ig h t  a t  X  =  ( x i , . . . , x d ) e  B d ,p (0;  1) is  w ( s d ( X ) )  w i th  z  =  s d ( X ) a n d  

— 1 < z  < 1 a n d  n o t  w (A 1 x 1 +  . . .  +  Adx d ) w h ic h  h a s  a  d i f f e r e n t  s u p p o r t .

W e  p o in t  o u t  th e  s im i la r i ty  o f  th e  'Vm (A ; A1x 1 +  . . .  +  Adx d ) w ith  r a d ia l  b a s is  f u n c t io n s .  

T h e  v a r ia b le  o f  o u r  m u l t id im e n s io n a l  f u n c t io n  is

(X , A ) =  A1x 1 +  . . .  +  Adx d ( 5 .6 )

w h ic h  is  th e  p r o je c t io n  o f  X  o n to  a  d i r e c t io n a l  u n i t  v e c to r  A e  S d ,p (0; 1) a n d  th is  f o r
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c o n t in u o u s ly  v a r y in g  X . W h e n  X  E s p a n jX  } , th e n  {X , X } =  z \\X  I n  th e  c a s e  o f  r a d ia l

b a s is  f u n c t io n s  th e  v a r ia b le  is  a  w e ig h te d  \\X  — C \ \p f o r  a  s e t  o f  d i s t in c t  v e c to r s  C . S o  

f o r  th e  u s e r  th e  c h o ic e  is  b e tw e e n  s p h e r ic a l  o r th o g o n a l i ty  o r  r a d ia l  f u n c t io n s  f o r m in g  a  

C h e b y s h e v  se t. M o r e  o n  th e  c o m p a r is o n  w i th  r a d ia l  b a s is  f u n c t io n s  is  to  b e  f o u n d  in  

S e c t io n  5 .5 .

F o r  s y m m e tr ic  w e ig h t  f u n c t io n s  w ( z ) ,  th e  z e r o e s  Zi,m(X ) , i =  1 , . . . , m  o f  th e  s p h e r ic a l  

o r th o g o n a l  p o ly n o m ia ls  Y m ( X ; z) a p p e a r  in  s y m m e tr ic  p a i r s ,  w i th  o n e  z e ro  d e s c r ib in g  a  

c u r v e  in  th e  r ig h t  h a l f p la n e  b e c a u s e  o f  (5 .1 )  a n d  th e  o th e r  z e r o  t r a c k in g  th e  s a m e  c u r v e  in  

th e  le f t  h a l f p la n e  b u t  m ir r o r e d  w i th  r e s p e c t  to  th e  o r ig in .  I n  F ig u r e  5 .1  w e  s h o w  th e  z e r o e s  

f o r  th e  c a s e  d  =  2 , p  =  <*>,m  =  3 a n d  w ( z )  =  1: £ 1,3 (X ) l ie s  in  th e  l e f t  h a l f  p la n e ,  Z2,3 (X ) 

e q u a ls  z e r o ,  Z3,3 (X ) l ie s  in  th e  r ig h t  h a l f  p la n e .  F o r  X * =  ( 1 , 1 )  f o r  in s ta n c e ,  th e  z e r o e s  

Z1,3 ( X *),  Z2,3 ( X *),  Z3,3 ( X *) l ie  in  th e  in te r v a l  [—2 , 2] w h ic h  is  th e  s u p p o r t  o f  o r th o g o n a l i ty  

in  s p a n { ( 1 , 1) } .

F ig u r e  5 .1  Z e r o  c u r v e s  o f  V 3 (X ; z) o r th o g o n a l  o n  B 2, ^ ( 0 ;  1) f o r  w ( z )  =  1.

I n  th e  c a s e  o f  T h e o r e m  5 .2  b e lo w , e a c h  c u r v e  Zi,m (X ) is  a  h a l f  c i rc le .  S o  a  s y m m e tr ic  p a i r  

o f  z e r o e s  d e s c r ib e s  a  f u l l  c i r c le .  W e  th e n  s im p ly  s a y  th a t  th e  r a d iu s  o f  th e  c i r c le  e q u a ls  

th e  z e r o  o f  th e  s p h e r ic a l  o r th o g o n a l  p o ly n o m ia l ,  a n d  th is  is  to  b e  u n d e r s to o d  a s  a  p o s i t iv e  

a n d  a  n e g a t iv e  z e r o  e a c h  d e s c r ib in g  h a l f  a  c i r c le .  A  u s e  o f  th is  c a n  b e  f o u n d  in  S e c t io n  

5 .3 .
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N o te  th a t  f o r  th e  m o m e n t  th e  f u n c t io n s  Vm ( X ) =  T m ( A ; z )  a r e  u n n o r m a l iz e d .  W e  u s u a l ly  

n o r m a l iz e  th e m  b y  r e q u i r in g  th a t  g c d ( b m2_ m ( A ) , . . . , b m2 ( A ) )  =  1, th u s  d e c r e a s in g  th e  

d e g r e e  o f  th e  b m2 _ i (A ) w i th  th e  s a m e  a m o u n t  f o r  e a c h  i. W h e n  th e  b m2 _ i (A ) r e d u c e  to  a  

c o n s ta n t ,  th e n  th e  Vm ( X ) =  T m ( A ; z )  c a n  b e  m a d e  m o n ic .  E x a m p le s  o f  Vm ( X ) =  T m ( A ; z) 

f o r  d i f f e r e n t  w e ig h t  f u n c t io n s  a re  g iv e n  in  [ 6 9 ] .

5.2 Bivariate orthogonal cartesian basis

N o w  a s s u m e  th a t  d  =  2 , in  o th e r  w o rd s  w e  a r e  c o n s id e r in g  th e  £p - b a l l  B 2,p ( 0 ; 1 ) ,  a n d  

d e n o te  A 1 =  a  a n d  A2 =  p . W h e n  s u b s t i tu t in g  a c tu a l  v a lu e s  f o r  th e  Ak th e n  th e  f u n c t io n  

Vm ( A ; A 1x 1 +  . . .  +  A dx d ) b e c o m e s  a  p o ly n o m ia l  f u n c t io n  in  th e  x k . T h e  q u e s t io n  th a t  

a r is e s  is  w h e th e r  th e s e  r a d ia l ly  o r th o g o n a l  f u n c t io n s  c a n  b e  u s e d  to  c o n s t r u c t  a  c a r te s ia n  

o r th o g o n a l  b a s is  f o r  th e  l in e a r  s p a c e  R [ X ]. T h e  a n s w e r  is  a f f i r m a tiv e  a n d  th e  c o n s t r u c t io n  

g o e s  in  th r e e  s te p s .  T h e o r e m  5 .1  a p p l ie s  to  g e n e r a l  w e ig h t  f u n c t io n s  w (z )  a n d  a l l  i p - 

n o r m s .  T h e o r e m  5 .2  h o ld s  f o r  s p e c if ic  w e ig h t  f u n c t io n s  a n d  th e  c lo s e d  E u c l id e a n  d -b a l l  

B d ,2 ( 0 ;1 ) .  T h e o r e m  5 .3  is  o n ly  v a l id  f o r  th e  s p e c if ic  w e ig h t  f u n c t io n  w (z )  =  1 o n  th e  

E u c l id e a n  d is k  B 2,2 (0 ; 1 ).

Theorem 5.1 T h e  s e t  { T m ( a m ,k , p m ,k ; a mjkx  +  p m ,ky ) ,  0  <  k  <  m ,  m  e  N }  i s  a  b a s i s  f o r  

R [x , y] i f

a m
um,0

a  m-1 p 
wm,0 rJm,0

a  p m-1
■ ' u'm,0Pm,0

pm
m,0

a m
a m,1 a m-1P !m,1 m,1 ■a  m-1wm,Wm,1

pm
m, 1 =  0 , m e  N .

a mw“m,m a  m-1 pum,m Pm,m a  pm-1 m, m m, m pmHm,m

proof 5.1 It suffices to prove that for each m the (am }kx +  Pm,ky)m with k =  0 , . . . ,  m are 

a basis for the homogeneous polynomials of degree m in x and y. So let us assume that a 

nontrivial vector (y0, . . . ,  ym ) exists such that

m

Yk (am ,kx +  Pm ,ky ') °.
k=0
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T h e n

i=0
I ( " V ' T - M  £ » < ? « , =  o

k=0

a n d  h e n c e

I  Yka m - i p L ,k  =  0  * =  0 , . . .> m .
k=0

B u t  th e  la t t e r  is  im p o s s ib le  b e c a u s e  o f  th e  r e g u la r i ty  o f  th e  c o e f f ic ie n t  m a tr ix

A  =  (a i+1 ,k+ l)o< i,k< m  =  ( a m -  fim ,k
0< i,k<m

A  s u i ta b le  s e le c t io n  f o r  th e  v a lu e s  a mjk a n d  f m ,k is  f o r  in s ta n c e

k  _ m  — k

Um,k | | ( k m  — k ) | | p  ’ m ’k | | ( k , m  — k ) | | p  ’

S o  w i th  y m ( f ; z )  c o m p u te d  f o r  a  g e n e r a l  w e ig h t  f u n c t io n  w ( z ) ,  th e  f u n c t io n s  

1

V i ( ( 1 , 0 ) ; x )

V i  ( ( 0 , 1) ; y )

V2 ( ( 2 , 0 ) / | | ( 2 , 0 ) | |  p ; x )  (5 .7 )

V2 ( ( 1, i ) / | | ( i ,  i ) | l  p; ( x + y ) / | | ( i ,  i ) | | p )

V2 ( ( 0 , 2 ) / | | ( 0 , 2 ) | |  p ; y )

p r o v id e  a  b a s is  f o r  th e  b iv a r ia te  p o ly n o m ia ls ,  b u t  n o t  y e t  a n  o r th o g o n a l  b a s is .  W e  n o w  

in d ic a te  h o w  th is  c a n  b e  a c h ie v e d . In  th e  s e q u e l  w e  f o c u s  o n  th e  E u c l id e a n  n o r m  (p  =  2) 

a n d  w e  c o n s id e r  w e ig h t  f u n c t io n s  o f  th e  f o rm

w (z )  =  (1 — z 2) v—1/2 (5 .8 )

b e c a u s e  th is  c la s s  is  la r g e  e n o u g h  f o r  o u r  p u r p o s e .  T h e  f o l lo w in g  r e s u l t  h o ld s  in  d  d im e n 

s io n s .

T h e o r e m  5 .2  F o r w ( z )  g iv e n  b y  (5 .8 )  th e  r a d ia l  p o ly n o m i a l s  y m ( f ; z )  a r e  in d e p e n d e n t  o f
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A an d  w e have the add ition a l orth ogonality

|X ||2 <1

d

•; £  x k  iik
k=1

Vm

d

• ; x k A k
k=1

w ( z )  d X  =

0 , i =  0 , . . . ,  m  — 1,

n  d /2 (2 v  +  d  — 1) r ( v  +  1 /2 ) ^

(2 v  +  2m  +  d  — 1) r ( v  + ( d  +  1) / 2 ) Vm

d

•; ^  Ak Mk 
k=1

i =  m .

p r o o f  5 .2  F o r  th e  p o ly n o m ia l s  V / ( A  ; A 1x 1 + . . .  +  A dx d ) s a t i s fy in g  th e  o r th o g o n a l i ty  c o n 

d i t io n s  ( 5 .2 )  w ith  w ( z )  g iv e n  b y  ( 5 .8 )  a n d  a  c o n t in u o u s  f u n c t i o n  f  d e f in e d  o n  [— 1 ,1 ] th e  

F u n k - H e c k e  f o r m u l a  in  [ 7 0 ]  g iv e s

..  f  (M1X1 + . . .  +  Md Xd  ) V m (A ; A \x \ + . . .  +  Ad x d  ) ( 1 — z2) v 1/2 d X
A lX ||2<1

n (d—i ) /2 r ( v  +  i / 2 )

C v + (d —1)/2)( 1) r ( v + d / 2 )

X V m( A ; A1 + . . .  +  Ad Md ) J  f  ( t  ) d v+(d —11) /2) ( t ) ( 1 — 12) v—1+ d / 2di

w h e r e  C i v  ̂(z) a r e  th e  u n iv a r ia te  G e g e n b a u e r  p o ly n o m i a l s  o r th o g o n a l  w i th  r e s p e c t  to  th e  

w e ig h t  (1  — z 2) v —1/2 o n  [ - 1 , 1 ] .  F o r  th e  m o m e n ts  c i ( A ) d e f in e d  b y  (5 .4 )  w e  th u s  o b ta in  

w ith  f  ( t ) =  t l , p  =  A a n d  m  =  0  th a t

ci (A  ) =  [ . . .  I (A 1X1 +  . . .  +  AdXd  )  (1  — z 2) v 1 /2  d X  =
4 1||X  ||2<1

I  t i (1 — 12) v —1+ d /2d t .

||X ||2<

n  (d —1)/ 2r ( v  + 1/ 2)

r ( v + d  / 2 )

S in c e  th e s e  c i (A  ) d o  n o t  d e p e n d  o n  A , th e  c o e f f ic ie n ts  s o lv e d  f r o m  (5 .3 )  d o  n o t  e i th e r  a n d  

s o  w e  c a n  w r i te

V m (A ; z) =  V m (-; z ) .

A t  th e  s a m e  tim e  w e  s e e  th a t  th e  m o m e n ts  c 0 ( -) , c 1( -) , c 2( - ) , . . .  e q u a l  u p  to  th e  f a c t o r

r ( v  +  1 / 2 )  n (d—1) / 2 

r ( v  +  d / 2 )

th e  m o m e n ts  o f  th e  u n iv a r ia te  G e g e n b a u e r  p o ly n o m i a l s  C i v + (d 1) / 2) (z ). H e n c e  w e  c a n

55



a ls o  w r i te

V m ( ;  z )  =
V ( v  + 1/ 2) n (d—1)/2

d v+ (d—1) /2) (z ) .
r ( v + d / 2 )

T h e  e x p r e s s io n s  f o r  th e  in te g r a l  in  th e  p r o p o s i t io n  f o l l o w  f r o m  th e  F u n k - H e c k e  f o r m u l a  in  

a  s im i l a r  w a y , n o w  w i th

f  ( t  ) =  c V+<d - » / 2 ( ,  ) .

m

T h e  a b o v e  th e o r e m  g u a r a n te e s  th e  o r th o g o n a l i ty  o f  p o ly n o m ia ls  o f  d i f f e r e n t  d e g r e e  i r r e 

s p e c t iv e  o f  th e  c h o ic e  o f  A , w h ic h  m a y  in d e e d  b e  d i f f e r e n t  w h e n  th e  d e g r e e s  d if fe r .  In  

o th e r  w o rd s ,  w i th  th e  V m ( A ; z )  o r th o g o n a l  w i th  r e s p e c t  to  th e  w e ig h t  f u n c t io n  w ( z )  =  

(1  — z 2) v —1/2 o n  th e  E u c l id e a n  d is k ,  e a c h  o f  th e  m  +  1 f u n c t io n s  V m ( ;  a m ,kx  +  ß m,ky ) 

o f  d e g r e e  m  is  o r th o g o n a l  to  e a c h  o f  th e  i +  1 f u n c t io n s  V f ;  a i}kx  +  ß i)ky )  o f  d e g r e e  i. 

S o  th e  f u n c t io n s  V i ( - ;x )  a n d  V i( - ;y )  a r e  o r th o g o n a l  to  th e  f u n c t io n s  V 2 (- ;x ) ,  V 2 ( • ; (x  +  

y ) / s / 2 ) ,  V 2 ( • ;y ) .  L e t  u s  n o w  d e a l  w i th  th e  r e m a in in g  p r o b le m ,  b e in g  th a t  o f  th e  m u tu a l  

o r th o g o n a l i ty  o f  th e  m  +  1 p o ly n o m ia ls  o f  d e g r e e  m  in  th e  b a s is .

T h e o r e m  5 .3  T h e  s e t  { V m (O m ,k ,ß m ,k ; a m ,kx  +  ß m ,k y ) ,0  <  k  <  m , m  E  N }  w ith  a m k  =  

c o s  ( k n / ( m  +  1 ))  a n d  ß mjk =  s in  ( ( k n / ( m  +  1 ))  is  a n  o r th o g o n a l  b a s is  f o r  R [x ,y ]  w ith  

r e s p e c t  to  th e  w e ig h t  f u n c t io n  w ( z )  =  1.

p r o o f  5 .3  T h e  p r o c la im e d  r e s u l t  c a n  b e  o b ta in e d  f r o m  [ 7 0 ] . B u t  a  s e p a r a te  p r o o f  is  

im m e d ia te  n o w  a n d  g o e s  a s  fo l l o w s .  F r o m  T h e o r e m  5 .2  w e  k n o w  th a t  f u n c t i o n s  o f  d i f fe r e n t  

d e g r e e  a r e  o r th o g o n a l  b e c a u s e  th e  w e ig h t  f u n c t i o n  h a s  th e  f o r m  ( 5 .8 )  w ith  v  =  1 /2 .  W e 

a ls o  k n o w  th a t  d i f f e r e n t  f u n c t i o n s  o f  e q u a l  d e g r e e  a re  o n ly  o r th o g o n a l  i f

V m (  •; ^  A k^k j  =  0 .

S in c e  f o r  w ( z )  =  1 th e  V m (-; z )  c o in c id e  u p  to  a  f a c t o r  w i th  th e  G e g e n b a u e r  p o ly n o m ia l s  

Cmi) (z) w e  n e e d  to  h a v e

A lM l +  ^ 2M2 — a m,k a m,£ +  Pm,kPm,£ — c o s  i j n / +  1 )) 

f o r  s o m e  i — 1 , . . . ,  m  a n d  w h a te v e r  0  <  k , i  <  m , k  — i  w h ic h  is  s a t i s f ie d  f o r  th e  a b o v e

a k  ,m a n d  Pk,m.
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S o  w i th  V m (-;z ) o r th o g o n a l  w i th  r e s p e c t  to  th e  w e ig h t  f u n c t io n  w (z )  =  1 o n  th e  E u c l id e a n  

d is k ,  th e  p o ly n o m ia ls

1

V i (■;x )

V i ( ; y )

V2 (■; x )  (5 .9 )

V2 (■;x c o s  n / 3  +  y  s in  n / 3 )

V2 (■; x  c o s 2 n / 3  +  y  s i n 2 n / 3 )

a r e  a  f u l ly  o r th o g o n a l  b a s is  o n  B 2,2 (0 ; 1) f o r  R [x ,y ] .  I n  S e c t io n  5 .5  w e  g iv e  a n  i l l u s t r a t io n  

o f  th e  u s e  o f  th is  b a s is  in  le a s t  s q u a re s  a p p r o x im a t io n .

5.3 Small Lebesgue constants on the disk

W h e n  m o v in g  to  m o r e  v a r ia b le s ,  w e  f a c e  s o m e  im m e d ia te  p r o b le m s  s in c e

s p a n { 1 ,  x , y , x 2 , xy , y 2, . . . }

is  n o t  a  C h e b y s h e v  s y s te m  a n y m o re .  S o  a n  a d d i t io n a l  c o n c e r n  in  p o ly n o m ia l  in te r p o la t io n  

is  th e  u n is o lv e n c e  o f  th e  in te r p o la t io n  p r o b le m . U n le s s  o th e r w is e  in d ic a te d ,  w e  c o n s id e r  

p o ly n o m ia ls  o f  f u l l  h o m o g e n e o u s  d e g r e e .  In  tw o  v a r ia b le s  th is  m e a n s  th a t  a  p o ly n o m ia l  

o f  d e g r e e  n  h a s  th e  f o rm

n
P n  (x , y )  =  £  ü i j x ly ]

i+ j=0

w ith  N  +  1 =  (n  +  1 ) (n  +  2 ) / 2  c o e f f ic ie n ts .  W e  c o n s id e r  th e  in te r p o la t io n  p r o b le m

P n (x k , y k  ) =  f  (xk , y k  ) ,  k  =  0 , . . . ,  N , ( x k , y k )  e  B 2,p (0 ; 1 ) .

L e t  { 0 0 , . . . , 0N } =  { x ly j ;0  <  l +  j  <  n }  a n d  l e t  { (x k , y k) ; 0  <  k  <  N } b e  s u c h  th a t  th e  

m a t r ix

Vn  =  ( ^ + 1,k+0  (N + 1)x (N + 1) , ®£+1,k+1 =  $ k (x£ ,y £) ,  0  <  ^ ,k  <  N
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is  r e g u la r .  T h e  n o d e  s e ts  th a t  w e  c o n s id e r  in  th e  s e q u e l  a lw a y s  g u a r a n te e  th is .  T h e n  th e  

p o ly n o m ia l  in te r p o la n t  c a n  b e  w r i t te n  as

N

P n (x  y ) =  Y  f  (x (, y t ) ¿ t f a  y )
i=0

w ith

t i ( x , y )  =
detVN ,t

detV N ’

w h e r e  th e  m a t r ix  VN ,i e q u a ls  th e  m a t r ix  VN e x c e p t  th a t  th e  i - th  r o w  is  r e p la c e d  b y  

(0 0 ( x ,y ) , . . . ,  0N ( x ,y ) ) .  W i th  th e  f u n c t io n s  i i ( x , y )  w e  d e f in e  th e  L e b e s g u e  c o n s ta n t

N

An2) : =  A n ( ( x o , y o ) , . . . , (x n , y N ))  =  m a x  Y  \ i t ( x , y ) | .
(x,y)eB2,p(0;l) t=o

(2)
T h e  m in im a l  g r o w th  o f  A n  is  d i f f e r e n t  f o r  d i f f e r e n t  £p - b a l ls .  F o r  in s ta n c e ,  o n  th e  s q u a re  

th e  m in im a l  o r d e r  o f  g r o w th  is  O ( l n 2 (n  +  1) )  a n d  th is  o r d e r  is  a c h ie v e d  f o r  th e  c o n f ig u r a 

t io n s  o f  in te r p o la t io n  p o in ts  g iv e n  in  [1 2 ]  a n d  [ 1 3 ] .

O n  th e  d is k  th e  m in im a l  o r d e r  o f  g r o w th  is  q u i te  d i f f e r e n t ,  n a m e ly  O ( V n  +  1 ) ,  a s  p r o v e d  

in  [ 1 4 ] . N o  c o n f ig u r a t io n s  o f  in te r p o la t io n  p o in ts  o b e y in g  th is  o r d e r  o f  g r o w th  a r e  k n o w n . 

W e  a n a ly z e  th e  L e b e s g u e  c o n s ta n t  o n  th e  d is k  f o r  d i f f e r e n t  u n is o lv e n t  c o n f ig u r a t io n s  a n d  

p r e s e n t  th e  b e s t  th a t  c a n  b e  o b ta in e d  so  far.

O n  th e  s im p le x  th e  m in im a l  o r d e r  o f  g r o w th  is  n o t  e v e n  k n o w n . I n s te a d ,  in  [1 5 ]  s o m e  

( n o n  c lo s e d  f o rm )  c o n f ig u r a t io n s  o f  in te r p o la t io n  p o in ts  a r e  o b ta in e d  f ro m  th e  s o lu t io n  o f  

a  m in im iz a t io n  p r o b le m . T h e r e  is  c l e a r ly  a  lo t  o f  in te r e s t  in  th e  p r o b le m .

S e v e r a l  c o n f ig u r a t io n s  o f  in te r p o la t io n  p o in ts  o n  c o n c e n t r ic  c i r c le s  g u a r a n te e  u n is o lv e n c e

o n  th e  d is k .  A m o n g  o th e rs  w e  m e n t io n  [7 1 , 7 2 ,  7 3 ] . W e  t r ie d  a l l  c o n f ig u r a t io n s  b u t  r e p o r t

(2)
h e r e  o n ly  o n  th e  c lo s e d  f o rm  s e t  th a t  g iv e s  th e  s m a l le r  L e b e s g u e  c o n s ta n t  A n o n  th e  d is k .  

A s  c a n  b e  e x p e c te d ,  i t  is  a  c o n f ig u r a t io n  th a t  in c r e a s e s  th e  n u m b e r  o f  in te r p o la t io n  p o in ts  

to w a r d s  th e  b o u n d a ry .

L e t  u s  d iv id e  a  to ta l  o f  |_ n /2 j +  1 c o n c e n t r ic  c i r c le s  w i th  c e n te r  a t  th e  o r ig in  in to  k  g r o u p s ,

n
v i + . . .  +  v k =  2  +  -̂, v i ^  ^ , i =  1 , . . . , ^
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w ith  th e  j - t h  g r o u p  c o n ta in in g  Vj c i r c le s  w i th  r e s p e c t iv e  r a d i i  r ( j ) , . . . ,  . O n  e a c h  c i r c le

in  th e  j - t h  g r o u p  w e  ta k e  th e  s a m e  n u m b e r  o f  2 n j  +  1 e q u id is ta n t  in te r p o la t io n  p o in ts  

w h e r e

n i  =  n  -  Vi +  1 , 

n 2 =  n  -  2 v i  -  V2 +  1 ,

n k =  n  -  2 v i  -  . . .  -  2 v fc- i  -  v k +  1 .

T h e n  i t  is  e a s y  to  s e e  th a t

v i ( 2 n i  +  1) + . . .  +  v k ( 2 n k +  1) =  N  +  1

(2)
a n d  th a t  th e  L e b e s g u e  c o n s ta n t  A n d e c r e a s e s  i f  k  in c r e a s e s ,  f o r  th e  s im p le  r e a s o n  th a t  

th e  p o in ts  b e c o m e  m o r e  u n i f o r m ly  d is t r ib u te d  o v e r  th e  c i r c le s  a s  k  a p p r o a c h e s  |_n /2 j  +  1

w ith  v j  =  1 f o r  j  =  1 , . . . ,  |_ n /2 j +  1. I n  [7 1 ]  i t  is  p r o v e d  th a t  th is  c o n f ig u r a t io n  o f  p o in ts

( 2)
is  u n is o lv e n t  o n  th e  d is k .  F o r  w h ic h  o f  th e  la r g e r  k  e x a c t ly  th e  m in im a l  v a lu e  o f  A n 

is  a t ta in e d ,  d e p e n d s  o n  th e  in te r p la y  b e tw e e n  th e  r a d i i  o f  th e  c o n c e n t r ic  c i r c le s  a n d  th e  

d is t r ib u t io n  o f  th e  in te r p o la t io n  p o in ts  o v e r  th e  d is k .  S m a l le r  L e b e s g u e  c o n s ta n t s  c a n  b e  

e x p e c te d  i f  th e  D u b in e r  d i s t a n c e  b e tw e e n  th e  in te r p o la t io n  p o in ts  v a r ie s  le s s  [ 7 4 ] . W e  

r e tu r n  to  th is  i s s u e  in  S e c t io n  5 .4 .

R e m a in s  th e  p r o b le m  o f  h o w  to  c h o o s e  th e  r a d i i .  I n  th e  F ig u re s  5 .2 - 5 .5  w e  h a v e  ta k e n  

th e  r a d i i  e q u a l  to  th e  e x te n d e d  z e r o e s  o f  th e  s p h e r ic a l  L e g e n d r e  p o ly n o m ia ls ,  w h e r e  th is  

h a s  to  b e  in te r p r e te d  a s  e x p la in e d  a t  th e  e n d  o f  S e c t io n  5 .1 . I n  F ig u r e  5 .6  w e  i l lu s t r a te  

th a t  th e  g r o w th  r a te  o f  th e  L e b e s g u e  c o n s ta n t  A n is  s lo w e s t  f o r  th is  c h o ic e :  w e  c o m p a r e  

th e  L e b e s g u e  c o n s ta n t s  f o r  th e  r a d i i  b e in g  th e  e x te n d e d  z e r o e s  o f  th e  s p h e r ic a l  L e g e n d re ,  

th e  e x te n d e d  z e r o e s  o f  th e  s p h e r ic a l  C h e b y s h e v  a n d  th e  e x te n d e d  z e r o e s  o f  th e  u n iv a r ia te  

C h e b y s h e v  p o ly n o m ia ls ,  th e  la t te r  b e in g  g iv e n  b y  ( 2 .2 0 ) . U n le s s  o th e r w is e  m e n t io n e d  

C h e b y s h e v  p o ly n o m ia ls  a r e  o f  th e  f ir s t  k in d ,  in  o th e r  w o rd s  o r th o g o n a l  w i th  r e s p e c t  to  th e  

w e ig h t  f u n c t io n  w ( z )  =  1 /  V 1 -  z 2 . F o r  e a c h  d e g r e e  n  w e  h a v e  im m e d ia te ly  ta k e n  k  to  b e  

th e  m a x im a l  v a lu e  [ n / 2 j  +  1.
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W e  i l lu s t r a te  th is  f o r  n  =  6 a n d  N  +  1 =  2 8 . W e  p o in t  o u t  th a t  a d d i t io n a l  r o ta t io n s  w i th  

r e s p e c t  to  e a c h  o th e r  o f  th e  c o n c e n t r ic  c i r c le s  c o n ta in in g  th e  in te r p o la t io n  p o in ts ,  h a v e  

a n  e f f e c t  o n  th e  L e b e s g u e  c o n s ta n t  u n d e r  s tu d y , b u t  n e v e r  to  th e  p o in t  th a t  i ts  o r d e r  o f  

m a g n i tu d e  f o r  a  c e r ta in  c o n f ig u r a t io n  (m e a n in g  a  c e r ta in  v a lu e  f o r  k ) is  a l te r e d .  A  d e c r e a s e  

o f  th e  L e b e s g u e  c o n s ta n t  d u e  to  s u c h  r o ta t io n s  is  o n ly  m a rg in a l .  In  F ig u r e  5 .2  o n e  f in d s  

th e  c a s e  k  =  1, so  v 1 =  4  w i th  n 1 =  3 , w h e r e  th e  2 8  in te r p o la t io n  p o in ts  a r e  d is t r ib u te d  

o v e r  4  c o n c e n t r ic  c i r c le s  e a c h  c o n ta in in g  7  e q u id is ta n t  p o in ts .  T h e  L e b e s g u e  c o n s ta n t  in  

th is  c a s e  is  a  w h o p p in g  6 6 4 8 . In  F ig u r e  5 .3  th e  n u m b e r  k  is  in c r e a s e d  to  2  a n d  w e  ta k e  

v 1 =  2 , v 2 =  2 , so  11 p o in ts  o n  e a c h  o f  th e  2  o u te r  c i r c le s  a n d  3 p o in ts  o n  e a c h  o f  th e  2 

in n e r  c i r c le s .  T h is  c l e a r ly  im p r o v e s  th e  L e b e s g u e  c o n s ta n t  to  a b o u t  5 1 .1 7 .  I n  F ig u r e  5 .4  

w e  ta k e  k  =  3 w i th  v 1 =  1, v 2 =  1, v 3 =  2 , so  13 in te r p o la t io n  p o in ts  o n  th e  o u te r  c i r c le ,  

a n o th e r  c i r c le  w i th  7  p o in ts  a n d  3 in te r p o la t io n  p o in ts  o n  e a c h  o f  th e  2  in n e r  c i r c le s .  T h e  

L e b e s g u e  c o n s ta n t  is  f u r th e r  g o in g  d o w n  to  a p p r o x im a te ly  1 0 .5 8 . F in a l ly  w i th  k  =  4  

a n d  a l l  Vj  =  1 f o r  j  =  1 , . . . ,  4  th e  L e b e s g u e  c o n s ta n t  is  s m a lle s t ,  n a m e ly  4 .6 8 .  W e  h a v e  

r e s p e c t iv e ly  13 , 9  a n d  5 in te r p o la t io n  p o in ts  o n  3 c o n c e n t r ic  c i r c le s  a n d  th e  l a s t  p o in t  a t  

th e  o r ig in .  W e  r e p e a t  th a t  th e  r a d i i  in  th e  F ig u r e s  5 .2 - 5 .5  a r e  ta k e n  a s  th e  e x te n d e d  z e r o e s  

o f  th e  s p h e r ic a l  L e g e n d r e  p o ly n o m ia ls  o f  r e s p e c t iv e  d e g r e e s  8 , 8 , 8 a n d  7 .

6000

5000

4000

3000

2000

1000

; : f f r | | IT ■■■■m
/ f  1 i\

ft '; : § § §
0.5

0

- 0.5
0

F ig u r e  5 .2  C a s e  k  =  1.
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F ig u r e  5 .3  C a s e  k  =  2 .

F ig u r e  5 .4  C a s e  k  =  3.

5.4 Exploring other configurations on the disk

T h e  c o n f ig u r a t io n s  le a d in g  to  L e b e s g u e  c o n s ta n t s  w i th  m in im a l  g r o w th  o n  th e  s q u a re  

B 2,™(0 ; 1) a r e  s l ig h t ly  d i f f e r e n t  f ro m  th e  a b o v e . L e t  u s  a n a ly z e  w h e th e r  s im i la r  c o n f ig u 

r a t io n s  to  th e  o n e s  o n  th e  s q u a re  c a n  b e  c o n s id e r e d  o n  th e  d is k  a n d  w h e th e r  th e y  a re  a n y  

g o o d . O u r  p o in t  o f  d e p a r tu r e  a r e  th e  s o - c a l le d  P a d u a  p o in ts  [ 7 4 ] .

A  f ir s t  o b s e r v a t io n  is  th a t  th e  N  +  1 P a d u a  in te r p o la t io n  p o in ts  a r e  d is t r ib u te d  o v e r  th e  

u n i t  s q u a re  o n  n  c o n c e n t r ic  s q u a re s  w i th  in c r e a s in g  r a d iu s  a n d  w i th  ( f ro m  th e  c e n te r  to
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F ig u r e  5 .5  C a s e  k  =  4 .

F ig u r e  5 .6  G r o w th  o f  A ^2) f o r  k  =  [ n / 2 \  +  1.

th e  b o u n d a r y )  i p o in ts  o n  th e  i- th  s q u a re  f o r  i =  1 , . . . ,  n  — 1 a n d  2n  +  1 p o in ts  o n  th e  n - th  

s q u a re ,  b e in g  th e  b o u n d a r y  o f  B 2, ^ ( 0 ;  1 ). A ls o ,  w e  s h o w  th a t  th e  r a d i i  o f  th e  in n e r  n  — 1 

c o n c e n t r ic  s q u a re s  a r e  th e  z e r o e s  o f  th e  u n iv a r ia te  C h e b y s h e v  p o ly n o m ia ls  o f  th e  s e c o n d  

k in d  Un (z )  a n d  Un—1( z ) ,  e x c lu d in g  z e r o ,  w h e r e  th e  s y m m e tr ic  z e r o e s  a r e  in te r p r e te d  as  

in  th e  S e c t io n s  2 .3 .3  a n d  5 .2 . T o  s e e  th is  w e  o r g a n iz e  th e  P a d u a  in te r p o la t io n  p o in ts  f o r  

d e g r e e  n , e x p l ic i te d  in  [ 12]  a s

x ( j ’k) =  ( — 1) j + k c o s , y ' j 'k) =  ( — 1) j + k c o s  -  
n  +  1 n

, 0 <  j  +  k  <  n
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in  th e  f o l lo w in g  w a y . F i r s t  w e  n o te  th a t  th e  p o in ts  in

s - i n ) , , * (  - i + i

( ™  ( “ ) ■ • « (

: i  =  0 , . . . , n  >U

(5 .1 0 )

=  ^ . . ^  -

l ie  o n  th e  b o u n d a r y  o f  th e  u n i t  s q u a re .  T h e n  w e  ta k e  th e  c o l le c t io n  o f  p o in ts  c o n s is t in g  o f

S n - i  =  < ( - 1 )
i+m +1 i n \  f  m n

c o s  ( —  , c o s  --------
1 n  J  V -  +  1

: m  =  ri / 2 i ,

i  =  m , . . . , n  — m  >, 1 <  i <  n  — 1 , i o d d

Sn ( — i) i+m +1 / m ncoK V , c o s
i n

n  + 1 : m  =  ri / 2 i ,

i  =  m  +  1 , . . . , n  — m  >, 1 <  i <  n  — 1 , i e v e n

l ie  o n  th e  s a m e  s q u a re  o f  r a d iu s

( — | ) i+ m+ |  ( c o s ( i n / n ) , c o s ( m n / (n  +  1) ) )  

( — | ) i+ m+ |  ( c o s ( m n / n ) , c o s ( i n / (n  +  1) ) )

c o s ( m n / ( n  +  1) ) ,  i o d d , 

c o s ( m n / n ) ,  i e v e n .

I n  F ig u r e  5 .7  th is  is  i l lu s t r a te d  f o r  n  =  6 . T h e s e  r a d i i  a r e  th e  z e r o e s  o f  

Un (z) =  s in  ( ( n  +  1) a r c c o s ( z ) ) s in  ( a r c c o s ( z ) ) ,

Un—i( z )  =  s in  (n  a r c c o s ( z ) ) s in  ( a r c c o s ( z ) ) .

T h is  e x p la in s  w h y  th e  r a d i i  a r e  tw o  b y  tw o  r a th e r  s im ila r ,  e x c e p t  f o r  th e  in n e r m o s t  s q u a re  

th a t  c o n ta in s  o n ly  o n e  p o in t .

W h e n  c a r r y in g  th is  c o n f ig u r a t io n  to  th e  d is k ,  r e p la c in g  c o n c e n t r ic  s q u a re s  b y  c o n c e n t r ic  

c i r c le s ,  c o p y in g  th e  d is t r ib u t io n  o f  th e  p o in ts  a n d  th e  v a lu e s  o f  th e  r a d i i ,  th e n  w h a t  r e m a in s  

to  s p e c i f y  is  th e  d is t r ib u t io n  o f  th e  p o in ts  o n  th e  i - th  c i r c le  f o r  i =  1 , . . . ,  n . H e r e  w e  

c a n  f o l lo w  th e  s im p le  r u le  th a t  th e  p o in ts  o n  th e  b o u n d a r y  o f  th e  u n i t  d i s k  a r e  ta k e n  

e q u id is ta n t ly  a n d  th e n  ( f ro m  th e  b o u n d a r y  to  th e  c e n te r )  th e  u n io n  o f  th e  p o in ts  o n  e a c h  

p a i r  o f  c o n c e n t r ic  c i r c le s  is  a ls o  d is t r ib u te d  e q u id is ta n t ly  a s  i f  th e  p o in ts  w e r e  ly in g  o n

63



F ig u r e  5 .7  P a d u a  p o in ts  in  B 2, ^ ( 0 ;  1) f o r  n  =  6 .

o n ly  o n e  c i r c le .  F ig u r e  5 .8  f o r  n  =  6 i l lu s t r a te s  th is  b e s t .  T h e  a c c o m p a n y in g  L e b e s g u e

(2)
c o n s ta n t  A n =  7 .7 6 .  A n o th e r  v a r ia t io n  o n  th is  th e m e  is  to  p la in ly  ta k e  th e  s e t  o f  th e

7

6

5

4

3

2

F ig u r e  5 .8  P a d u a - l ik e  c o n f ig u r a t io n  o n  th e  d is k  f o r  n  =  6 .

P a d u a  p o in ts  a n d  m a p  th e  s q u a re  o n  th e  d is k  u s in g

t ( x , y ) = (  x , y J | ( x ' y ) | | ‘ ( x , y )  e  # 2, « ( 0 ; 1).
| | ( x , y ) |1^  | | ( x , y ) | | 2 .

F o r  n  =  6 th is  le a d s  to  th e  c o n f ig u r a t io n  in  F ig u r e  5 .9  w i th  a  m a tc h in g  L e b e s g u e  c o n s ta n t

(2)
o f  A 6 =  1 2 .5 0 . R e m e m b e r  th a t  s m a l le r  L e b e s g u e  c o n s ta n t s  a r e  to  b e  e x p e c te d  f ro m  se ts

w i th  a  s m a l le r  v a r ia t io n  in  th e  D u b in e r  d i s t a n c e  a m o n g  th e  in te r p o la t io n  p o in ts  [ 7 4 ] . T h e
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F ig u r e  5 .9  P a d u a  p o in ts  f o r  n  =  6  m a p p e d  to  th e  d is k .

z e r o e s  o f  th e  C h e b y s h e v  p o ly n o m ia ls  Tn+1 (x ) ,  f o r  in s ta n c e ,  a r e  e q u id is ta n t  w i th  r e s p e c t  to  

th e  D u b in e r  d is ta n c e .  F ro m  th is  i t  is  e a s y  to  c o n c lu d e  f ro m  F ig u r e  5 .1 0  f o r  n  =  3 3 , th a t  th e  

l e f tm o s t  c o n f ig u r a t io n  w h ic h  is  th e  o n e  d e s c r ib e d  in  S e c t io n  5 .3 , g iv e s  a  s m a l le r  L e b e s g u e  

c o n s ta n t  th a n  th e  c o n f ig u r a t io n  in  th e  m id d le ,  w h ic h  is  s im i la r  to  th a t  in  F ig u r e  5 .8 , o r  th e  

r ig h tm o s t  o n e ,  w h ic h  is  s im i la r  to  th a t  in  F ig u r e  5 .9 . I n  th e  r ig h tm o s t  c o n f ig u r a t io n  th e r e  

a r e  c le a r ly  a c c u m u la t io n s  o f  in te r p o la t io n  p o in ts ,  w h i le  in  th e  c o n f ig u r a t io n  in  th e  m id d le  

th e  in te r p o la t io n  p o in ts  a r e  a  b i t  to o  m u c h  p u s h e d  o u t  o f  th e  c e n te r  r e g io n .  H e n c e  o u r  

c o n c lu s io n  th a t  th e  s e ts  o f  in te r p o la t io n  p o in ts  le a d in g  to  th e  b e t te r  L e b e s g u e  c o n s ta n ts  

o n  th e  d is k  a r e  f o r  th e  m o m e n t  th e  o n e s  g iv e n  in  S e c t io n  5 .3 .

F ig u r e  5 .1 0  P o in t  c o n f ig u r a t io n s  a s  in  F ig u re s  5 .5 , 5 .8  a n d  5 .9  f o r  n  =  3 3 .
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5.5 Illustration

L e t  f  (x , y )  b e  th e  m a t la b  p e a k s  f u n c t io n  ( F ig u r e  5 .1 1 )  o n  th e  E u c l id e a n  d is k  # 2,2 (0 ; 1 ) ,

f  ( x , y ) =  3 (1  -  3 x ) 2 e x p  ( - 9 x 2 -  (3 y  +  1 )2)

-  1 0 ( 3 x /5  -  2 7 x 3 -  2 4 3 y 5) e x p ( - 9 ( x 2 +  y 2))

-  ( 1 / 3 ) e x p  ( - (3 x  +  1 )2 -  9 y 2) , ( x ,y )  e  # 2,2 ( 0 ; 1).

F ig u r e  5 .1 1  G r a p h  o f  p e a k s  f u n c t io n .

W e  i l lu s t r a te  th e  u s e f u ln e s s  o f  th e  n e w  o r th o g o n a l  c a r te s ia n  b a s is  d e r iv e d  in  S e c t io n  5 .2  

a n d  th e  c o n f ig u r a t io n  o f  in te r p o la t io n  p o in ts  d e s c r ib e d  in  S e c t io n  5 .3  w i th  k  =  |_ n /2 j +  1, 

b y  c o m p u t in g  o n  th e  o n e  h a n d  th e  le a s t  s q u a re s  a p p r o x im a n t  to  f  (x , y )

n m
q n ( x ,y ) =  £  £  Vm,kVm (■;x c o s ( k n / ( m  +  1 ) ) +  y  s i n ( k n / ( m  +  1 ) ) ) ,

m=0 k=0

vm,k
/ / b 2j2(0;1) f  ( x ,y )V m ( • ;x c o s ( k n / ( m  + 1 ) ) +  y s i n ( k n / ( m  + 1) ) )

| |V m (■;x c o s ( k n / ( m  +  1 ))  +  y s i n ( k n / ( m  +  1 ) ) )  ||2

d X

a n d  o n  th e  o th e r  h a n d  th e  p o ly n o m ia l  in te r p o la n t  o f  th e  s a m e  f o rm  w i th  vm,k s o lv e d  f ro m  

th e  s y s te m  o f  in te r p o la t io n  c o n d i t io n s

P n  (x j , y j  ) =  f  (x j , y j ) ,  j  =  0 , . . . , N ,  ( 5 . 11)

w h e r e  th e  V m a r e  th e  s p h e r ic a l  L e g e n d r e  p o ly n o m ia ls  o n  th e  E u c l id e a n  u n i t  d i s k  a n d  th e  

in te r p o la t io n  p o in ts  ( x j , y j ) a r e  c h o s e n  a s  in  F ig u r e  5 .5 . F ro m  T h e o r e m  5 .2  w e  e a s i ly  f in d  

th a t
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| | V m (■;x c o s ( k n / ( m  +  1 ) ) +  y s i n ( k n / ( m  +  1 ) ) )  | | 2 =

V m  (■;x c o s ( k n / ( m  +  1 ) ) +  y  s i n ( k n / ( m  +  1 ) ) )  d X  =  n .
J J b 2,2 (0;1)

T h e  p o ly n o m ia l  q n (x , y )  is  th e  b e s t  i 2 p o ly n o m ia l  a p p r o x im a n t  f o r  f  (x , y )  o n  th e  d is k  

B 2,2 ( 0 ;1 ) .  D u e  to  th e  m u tu a l  o r th o g o n a l i ty  o f  a l l  b a s is  f u n c t io n s  V m ( - ;x c o s ( k n / ( m  +  

1 ))  +  y s i n ( k n / (m  +  1 ) ) )  th e  c o e f f ic ie n ts  vm,k d o  n o t  h a v e  to  b e  c o m p u te d  f r o m  a  l in e a r  

s y s te m . I n s te a d ,  a n  e x p l ic i t  f o r m u la  f o r  th e  b e s t  p o ly n o m ia l  a p p r o x im a n t  o n  th e  d is k  c a n  

n o w  b e  w r i t te n  d o w n .

B o th  p n a n d  q n a r e  a l s o  c o m p a r e d  w i th  th e  p o p u la r  r a d ia l  b a s is  f u n c t io n  in te r p o la n t  [75 ]

N
rn (x ,  y )  =  £  o k 

k=0

a n d  th e  ( b e t t e r  c o n d i t io n e d  b u t  s lo w e r  c o n v e r g in g )  c o n s t r a in e d  r a d ia l  b a s is  f u n c t io n  in te r 

p o la n t  [7 5 ]

N
S n(x , y )  =  £  Tk | | ( x  -  Xk, y  -  yk ) | | 2 l n ( | | ( x  -  Xk, y  -  y * ) l k )  

k=0

w h e r e  th e  c o n s t r a in t  c o m e s  f ro m  a d d in g  a  q u a d r a t ic  b iv a r ia te  p o ly n o m ia l  a s  d e s c r ib e d  in

[ 7 5 ] . In  T a b le  5 .1  w e  i l lu s t r a te  th e  e r r o r s  || f  -  q n | |^ ,  || f  -  p n | | ^ ,  || f  -  r n | | ^  a n d  || f  -  s n | |^

f o r  d i f f e r e n t  v a lu e s  o f  n . A l l  e r r o r s  w e r e  c o m p u te d  in  h ig h e r  p r e c is io n  ( M a p le )  b e c a u s e

o f  th e  i l l - c o n d i t io n in g  o f  th e  R B F  in te r p o la t io n  p r o b le m s .

T a b le  5 .1  e r r o r s  o f  a p p r o x im a n t  q n ( x ,y ) ,  in te r p o la n t  p n ( x ,y ) ,  a n d  r a d ia l  b a s is

in te r p o la n ts  r n (x , y )  a n d  s n (x , y ) .

a/ 1 +  Il(x -  x k, y  -  yk ) | |

n N  +  1 || f  q n ! L || f  -  p ^ L || f  - || f  s n | |TO

10 6 6 1 .1 6 0 1 .7 4 7 1 .4 1 2 1 .9 6 1

12 91 0 .5 9 6 0 .9 0 9 0 .6 4 8 1 .0 9 1
14 1 2 0 0 .3 2 9 0 .3 3 2 0 .2 2 5 1 .1 1 7

16 153 0 .2 0 2 0 .2 0 2 0 .0 4 3 0 .5 5 9

18 1 9 0 0 .0 5 1 0 .0 5 0 0 .0 0 6 0 .5 0 9

2 0 2 3 1 0 .0 3 0 0 .0 1 8 0 .0 0 1 0 .2 5 5

I n  T a b le  5 .2  w e  g iv e  | | f  — q n | | 2 a n d  | | f  — p n | | 2 a n d  in  F ig u r e  5 .1 2  w e  s h o w  b o th  th e  e r r o r  

c u r v e s  ( q 16 — f ) ( x , y )  a n d  ( p 16 — f ) ( x , y ) .

N o te  th a t  th e  in te r p o la n t  c o m p u te d  f o r  th e  in te r p o la t io n  p o in ts  c o n s t r u c te d  in  S e c t io n  5 .3
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T a b le  5 .2  i 2 e r r o r s  o f  a p p r o x im a n t  q n ( x ,y )  a n d  in te r p o la n t  p n ( x , y ) .

n N  +  1 11/ q n | | 2 11 f  p n | | 2
10 6 6 0 .4 9 4 0 .7 1 7
12 91 0 .2 5 1 0 .3 7 7
14 1 2 0 0 .1 3 4 0 .1 8 2

16 153 0 .0 5 8 0 .0 8 1

18 1 9 0 0 .0 1 4 0 .0 2 5

2 0 2 3 1 0 .0 0 7 0 .0 0 9

0.2

0.15

0.1

0.05

0.2

0.15

0.1

0.05

F ig u r e  5 .1 2  E r r o r  p lo ts  o f  p o ly n o m ia l  a p p r o x im a n t  q 16( x ,y )  ( le f t)  a n d  p o ly n o m ia l

in te r p o la n t  p 16(x , y )  ( r ig h t) .

c a n  in d e e d  b e  c a l le d  a  n e a r - b e s t  p o ly n o m ia l  a p p r o x im a n t ,  a s  o n e  m a y  e x p e c t  f ro m  a  s e t 

o f  g o o d  in te r p o la t io n  p o in ts .

T a b le  5 .3  C o n d i t io n  n u m b e r  u s in g  m u tu a l ly  o r th o g o n a l  b a s is  v e r s u s  te n s o r  p r o d u c t  b a s is

a n d  r a d ia l  b a s is  f u n c t io n s .

n N  +  1 V m (; <, » T i(x )T j  (y ) 1 +  ( - ) 2 ( • ) 2 l n ( . )

10 6 6 6 . 9 9 e + 0 0 4 .6 7 e  +  0 3 1 .0 8 e  +  0 8 3 .0 9 e  +  0 3
12 91 8 . 8 9 e + 0 0 2 .8 8 e  +  0 4 3 . 1 4 e + 0 9 7 .5 9 e  +  0 3
14 120 1 .2 4 e  +  01 1 .7 6 e  +  05 9 .7 0 e  + 1 0 1 .6 7 e  +  0 4
16 153 1 .8 2 e  +  01 1 .0 7 e  +  0 6 2 . 9 5 e + 1 2 3 .3 4 e  +  0 4

18 190 2 .7 8 e  +  01 6 .4 1 e  +  0 6 9 . 1 7 e + 1 3 6 .2 6 e  +  0 4

2 0 2 3 1 4 . 4 2 e + 0 1 3 .8 3 e  +  0 7 3 . 0 4 e + 1 5 1 .1 0 e  +  05

I n  T a b le  5 .3  o n e  f in d s  th e  c o n d i t io n  n u m b e r s  o f  th e  s y s te m  o f  in te r p o la t io n  c o n d i t io n s  

( 5 .1 1 )  w h e n  w r i t te n  d o w n  u s in g  th e  n e w  f u l ly  o r th o g o n a l  b a s is  c o m p a r e d  to  th e  u s e  o f:

•  th e  c la s s ic a l  te n s o r  p r o d u c ts  T ( x )  T j(y )  o f  C h e b y s h e v  p o ly n o m ia ls ,

•  th e  r a d ia l  b a s is  f u n c t io n s  1 +  11(x — ■,y  — -) | | 2,
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•  th e  c o n s t r a in e d  r a d ia l  b a s is  f u n c t io n s  11 (x  — ■, y  -  - ) | | 2 ln  ( || (x  — ■, y  — - ) | | 2 ,

w h e r e  th e  c o n s t r a in ts  c o m e  f ro m  a d d in g  a  q u a d r a t ic  b iv a r ia te  p o ly n o m ia l .  T h e  r e s u l t s  

s p e a k  f o r  th e m s e lv e s :  th e  n e w  b a s is  g iv e s  e x t r e m e ly  w e l l - c o n d i t io n e d  s y s te m s  o f  in te r 

p o la t io n  c o n d i t io n s :  o n  th e  d is k  th e  m u tu a l ly  o r th o g o n a l  p o ly n o m ia ls  in  (5 .9 )  le a d  to  f a r  

b e t te r  c o n d i t io n in g  th a n  th e  o r th o g o n a l  p o ly n o m ia ls  in  (5 .7 )  o f  w h ic h  th e  c o n d i t io n in g  is  

c o m p a r a b le  to  th a t  o f  Ti ( x ) T j ( y )  ! A n d  i t  is  j u s t  a  m a t te r  o f  c h o o s in g  th e  d i r e c t io n s  A  in  

(5 .6 )  w is e ly .
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CHAPTER 6

RESULTS

A f te r  th e  in t r o d u c t io n  in  C h a p te r  1, o u r  in v e s t ig a t io n s  b e g a n  in  C h a p te r  2 , w h e r e  w e  

r e v ie w e d  th e  k n o w n  r e s u l t s  o n  th e  c o n d i t io n in g  o f  u n iv a r ia te  p o ly n o m ia l  in te r p o la t io n .  

W e  n o w  s u m m a r iz e  th e  r e s u l t s  p r e s e n te d  in  th e  C h a p te r s  3 to  5 .

I n  C h a p te r  3 , w e  p r e s e n t  th e  b e s t  L e b e s g u e  c o n s ta n t s  in  e x i s te n c e  f o r  r a t io n a l  in te r p o la t io n  

w i th  p r e a s s ig n e d  p o le s .  T h e  n e w  r e s u l t s  a r e  b a s e d  o n  a  f a i r ly  u n k n o w n  r a t io n a l  a n a lo g u e  

o f  th e  C h e b y s h e v  o r th o g o n a l  p o ly n o m ia ls .

T h e  ( e x te n d e d )  z e r o s  o f  th e  o r th o g o n a l  r a t i o n a l  f u n c t io n  T ^ + i  (x ) w i th  p r e d e te r m in e d  d e 

n o m in a to r  q m (x )  o f  d e g r e e  m  <  n  +  1 a n d  c o n s t r u c te d  in  S e c t io n  3 .2 , p r o v id e  in te r p o la t io n  

p o in ts  f o r  r a t io n a l  in te r p o la t io n  w i th  p o le s  p r e s c r ib e d  b y  q m (x ) =  0 , t h a t  a r e  a s  g o o d  as  

th e  ( e x te n d e d )  C h e b y s h e v  z e r o e s  f o r  p o ly n o m ia l  in te r p o la t io n .  I n  th e  c a s e  o f  p o le s  c lo s e  

to  th e  in te r v a l  o f  in te r p o la t io n ,  th e y  c le a r ly  o u tp e r f o r m  a l l  o th e r  p r o p o s e d  s e ts  o f  in te r p o 

la t io n  p o in ts .  W e  c o m p a r e  w i th  th e  r e s u l t s  o b ta in e d  in  [6 3 ] a n d  [ 1 0 ] .

A  r o u g h  a n a ly s i s  o f  th e  g r o w th  o f  th e  L e b e s g u e  c o n s ta n t  in  th e  c a s e  o f  b a r y c e n t r ic  r a t io n a l  

in te r p o la t io n  a t  e q u id is ta n t  in te r p o la t io n  p o in ts ,  is  m a d e  in  [ 10 , 11] , l e a d in g  to  th e  c o n 

c lu s io n  th a t  i t  o n ly  g ro w s  lo g a r i th m ic a l ly .  I n  C h a p te r  4 , w e  g iv e  a  f in e  a n a ly s i s ,  o b ta in in g  

th e  p r e c is e  g r o w th  f o r m u la

2
-  ( ln ( n  +  1) +  l n 2 +  7) +  o ( 1 )  
n

f o r  th e  L e b e s g u e  c o n s ta n t  u n d e r  c o n s id e r a t io n ,  w i th  7  b e in g  th e  E u le r  c o n s ta n t .  T h e  

s im i la r i ty  b e tw e e n  b a r y c e n t r ic  r a t io n a l  in te r p o la t io n  a t  e q u id is ta n t  p o in ts  a n d  p o ly n o m ia l  

in te r p o la t io n  a t  C h e b y s h e v  n o d e s  ( o r  th e  l ik e )  is  r e m a rk a b le .
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A f te r  in t r o d u c in g  th e  r a t io n a l  in te r p o la t io n  c a s e  in  S e c t io n  4 .1 ,  t ig h t  lo w e r  a n d  u p p e r  

b o u n d  e s t im a te s  a r e  g iv e n  in  S e c t io n  4 .2 . T h e  f in e  r e s u l t s  a r e  o b ta in e d  f ro m  v e r y  h ig h  

o r d e r  n u m e r i c a l  e x p e r im e n ts  in  e x a c t  a r i th m e t ic .  In  S e c t io n  4 .3  w e  in d ic a te  th a t  th e  r e s u l t s  

c a n  b e  e x te n d e d  to  th e  r a t io n a l  in te r p o la n ts  in t r o d u c e d  i n [ 6 6 ] . T h e  p r o o f  o f  th e  n e w  

b o u n d s  is  d e ta i l e d  in  S e c t io n  4 .4 .

I f  th e  c h o ic e  o f  th e  p o ly n o m ia l  b a s is  a n d  th e  lo c a t io n  o f  th e  in te r p o la t io n  p o in ts  p la y  a n  

im p o r ta n t  n u m e r i c a l  r o le  in  u n iv a r ia te  p o ly n o m ia l  in te r p o la t io n ,  th e y  d o  so  e v e n  m o r e  in  

th e  m u l t iv a r ia te  c a s e  d is c u s s e d  in  C h a p te r  5 . I n  S e c t io n  5 .3  w e  e x p lo r e  th e  c o n c e p t  o f  

s p h e r ic a l  o r th o g o n a l i ty  f o r  m u l t iv a r ia te  p o ly n o m ia ls  in  m o r e  d e ta i l  o n  th e  d is k .  W e  f o c u s  

o n  tw o  i te m s :

•  o n  th e  o n e  h a n d ,  th e  c o n s t r u c t io n  in  S e c t io n  5 .4 ,  o f  a  f u l ly  o r th o g o n a l  c a r te s i a n  b a s is  

f o r  th e  s p a c e  o f  m u l t iv a r ia te  p o ly n o m ia ls  s ta r t in g  f r o m  th is  s e q u e n c e  o f  s p h e r ic a l  

o r th o g o n a l  p o ly n o m ia ls ,

•  a n d  o n  th e  o th e r  h a n d ,  th e  c o n n e c t io n  d e s c r ib e d  in  S e c t io n  5 .5 , b e tw e e n  th e s e  o r 

th o g o n a l  p o ly n o m ia ls  a n d  th e  L e b e s g u e  c o n s ta n t  in  m u l t iv a r ia te  p o ly n o m ia l  in te r 

p o la t io n  o n  th e  d is k .

W e  p o in t  o u t  th e  m a n y  l in k s  o f  th e  tw o  to p ic s  u n d e r  d is c u s s io n  w i th  th e  e x is t in g  l i t e r a tu r e  

a n d  p r e s e n t  a  th o r o u g h  d is c u s s io n  in  S e c t io n  5 .6 . In  S e c t io n  5 .7  th e  n e w  r e s u l t s  a r e  

i l lu s t r a te d  w i th  a n  e x a m p le  o f  p o ly n o m ia l  in te r p o la t io n  a n d  a p p r o x im a t io n  o n  th e  u n i t  

d is k .  T h e  n u m e r i c a l  e x a m p le  is  a l s o  c o m p a r e d  w i th  th e  p o p u la r  r a d ia l  b a s is  f u n c t io n  

in te r p o la t io n .
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W ile y  &  S o n s  I n c . .N e w  Y o rk .

[2 0 ] W e ie r s t r a s s ,  K ., ( 1 8 8 5 ) .  “ Ü b e r  d ie  a n a ly t i s c h e  D a r s te l lb a r k e i t  s o g e n a n n te r  

w i l lk ü r l i c h e r  F u n c t io n e n  e in e r  r e e l le n  V e r ä n d e r l ic h e n ” , S i tz u n g s b e r ic h te  d e r  

A k a d e m ie  z u  B e r l in ,  6 3 3 - 6 3 9  a n d  7 8 9 - 8 0 5 .
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[2 1 ] C h e n e y , E . W ., ( 1 9 6 6 ) .  I n t r o d u c t io n  to  a p p r o x im a t io n  th e o ry ,  M c G r a w - H i l l  B o o k  

C o . .N e w  Y o rk .

[2 2 ] L u t tm a n n ,  F. W . a n d  R iv l in ,  T . J . ,  ( 1 9 6 5 ) .  “ S o m e  n u m e r i c a l  e x p e r im e n ts  in  th e  

th e o r y  o f  p o ly n o m ia l  in te r p o la t i o n ” , I B M  J. R e s .  D e v e lo p .,  9 : 1 8 7 - 1 9 1 .

[2 3 ] B r u tm a n ,  L .,  ( 1 9 9 7 ) .  “ L e b e s g u e  f u n c t io n s  f o r  p o ly n o m ia l  in te r p o la t io n — a  s u r 

v e y ” , A n n . N u m e r .  M a th . ,  4 : 1 1 1 - 1 2 7 .

[2 4 ] P h i l l ip s ,  G . M .,  ( 2 0 0 3 ) .  I n te r p o la t io n  a n d  a p p r o x im a t io n  b y  p o ly n o m ia ls ,  

S p r in g e r - V e r la g .N e w  Y o rk .

[2 5 ] R iv l in ,  T . J . ,  ( 1 9 7 4 ) .  T h e  C h e b y s h e v  p o ly n o m ia ls ,  W i le y - I n te r s c ie n c e  [ J o h n  W i

le y  &  S o n s ] .N e w  Y o rk .

[2 6 ] S m ith ,  S . J . ,  ( 2 0 0 6 ) .  “ L e b e s g u e  c o n s ta n t s  in  p o ly n o m ia l  in te r p o la t i o n ” , A n n . 

M a th .  I n fo r m .,  3 3 : 1 0 9 - 1 2 3 .

[2 7 ] M il ls ,  T. M . a n d  S m ith ,  S . J .,  ( 1 9 9 2 ) .  “ T h e  L e b e s g u e  c o n s ta n t  f o r  L a g r a n g e  

in te r p o la t io n  o n  e q u id is ta n t  n o d e s ” , N u m e r .  M a th . ,  6 1 : 1 1 1 - 1 1 5 .

[2 8 ] T re f e th e n ,  L . N . a n d  W e id e m a n ,  J . A . C .,  ( 1 9 9 1 ) .  “ T w o  r e s u l t s  o n  p o ly n o m ia l  

in te r p o la t io n  in  e q u a l ly  s p a c e d  p o in ts ” , J . A p p ro x .  T h e o ry ,  6 5 : 2 4 7 - 2 6 0 .

[2 9 ] T ie tz e ,  H .,  ( 1 9 1 7 ) .  “ E in e  B e m e r k u n g  z u r  I n te r p o la t io n ” , Z .  A n g e w . M a th .  P h y s .,  

6 4 : 7 4 - 9 0 .

[3 0 ] D z ja d ik ,  V. K . a n d  Iv a n o v , V. V ., ( 1 9 8 3 ) .  “ O n  a s y m p to t ic s  a n d  e s t im a te s  f o r  th e  

u n i f o r m  n o r m s  o f  th e  L a g r a n g e  in te r p o la t io n  p o ly n o m ia ls  c o r r e s p o n d in g  to  th e  

C h e b y s h e v  n o d a l  p o in ts ” , A n a l .  M a th . ,  9 : 8 5 - 9 7 .

[3 1 ] S h iv a k u m a r ,  P. N . a n d  W o n g , R .,  ( 1 9 8 2 ) .  “ A s y m p to t ic  e x p a n s io n  o f  th e  L e b e s g u e  

c o n s ta n t s  a s s o c ia te d  w i th  p o ly n o m ia l  in te r p o la t i o n ” , M a th .  C o m p .,  3 9 : 1 9 5 - 2 0 0 .

[3 2 ] B r u tm a n ,  L .,  ( 1 9 7 8 ) .  “ O n  th e  L e b e s g u e  f u n c t io n  f o r  p o ly n o m ia l  in te r p o la t io n ” , 

S IA M  J . N u m e r .  A n a l . ,  15: 6 9 4 - 7 0 4 .

74



[3 3 ] G ü n t tn e r ,  R .,  ( 1 9 9 4 ) .  “ N o te  o n  th e  lo w e r  e s t im a te  o f  o p t im a l  L e b e s g u e  c o n 

s ta n ts ” , A c ta  M a th .  H u n g a r .,  6 5 : 3 1 3 - 3 1 7 .

[3 4 ] P o w e ll ,  M . J . D .,  ( 1 9 6 7 ) .  “ O n  th e  m a x im u m  e r r o r s  o f  p o ly n o m ia l  a p p r o x im a t io n s  

d e f in e d  b y  in te r p o la t io n  a n d  b y  le a s t  s q u a re s  c r i t e r ia ” , C o m p u t .  J ., 9 : 4 0 4 - 4 0 7 .

[3 5 ] G ü n t tn e r ,  R .,  ( 1 9 8 8 ) .  “ O n  a s y m p to t ic s  f o r  th e  u n i f o r m  n o r m s  o f  th e  L a g r a n g e  

in te r p o la t io n  p o ly n o m ia ls  c o r r e s p o n d in g  to  e x te n d e d  C h e b y s h e v  n o d e s ” , S IA M  

J . N u m e r .  A n a l . ,  2 5 : 4 6 1 - 4 6 9 .

[3 6 ] M c C a b e ,  J . H . a n d  P h i l l ip s ,  G . M .,  ( 1 9 7 3 ) .  “ O n  a  c e r ta in  c la s s  o f  L e b e s g u e  

c o n s ta n t s ” , N o rd is k .  T id s k r . I n f o r m a t io n s b e h a n d l in g  (B IT ) ,  13: 4 3 4 - 4 4 2 .

[3 7 ] S z e g o , G .,  ( 1 9 6 7 ) .  O r th o g o n a l  p o ly n o m ia ls ,  A m e r ic a n  M a th e m a t ic a l  S o c i-  

e ty .P ro v id e n c e ,  R .I .

[3 8 ] F e jé r ,  L .,  ( 1 9 3 2 ) .  “ B e s t im m u n g  d e r je n ig e n  A b s z i s s e n  e in e s  I n te r v a l le s ,  f ü r  

w e lc h e  d ie  Q u a d r a t s u m m e  d e r  G r u n d f u n k t io n e n  d e r  L a g r a n g e s c h e n  I n te r p o la 

t io n  im  I n te r v a l le  e in  M ö g l i c h s t  k le in e s  M a x im u m  B e s i tz t” , A n n . S c u o la  N o rm . 

S u p . P i s a C l .  S c i. (2 ) ,  1: 2 6 3 - 2 7 6 .

[3 9 ] R a c k ,  H .- J . ,  ( 1 9 8 4 ) .  “ A n  e x a m p le  o f  o p t im a l  n o d e s  f o r  in te r p o la t i o n ” , I n te r n a t .  

J . M a th .  E d . S c i. T e c h .,  15: 3 5 5 - 3 5 7 .

[4 0 ] B e r n s te in ,  S ., ( 1 9 3 1 ) .  “ S u r  la  l im i ta t io n  d e s  v a le u r s  d ’u n  p o ly n ô m e  Pn (x )  d e  

d e g r é  n  s u r  to u t  u n  s e g m e n t  p a r  s e s  v a le u r s  e n  (n  +  1) p o in ts  d u  s e g m e n t” , Izv . 

A k a d .  N a u k  S S S R , 7 : 1 0 2 5 - 1 0 5 0 .

[4 1 ] E rd ö s ,  P ., ( 1 9 5 8 ) .  “ P r o b le m s  a n d  r e s u l t s  o n  th e  th e o r y  o f  in te r p o la t io n .  I” , A c ta  

M a th .  A c a d .  S c i. H u n g a r .,  9 : 3 8 1 - 3 8 8 .

[4 2 ] E rd ö s ,  P ., ( 1 9 4 7 ) .  “ S o m e  r e m a r k s  o n  th e  th e o r y  o f  g r a p h s ” , B u ll .  A m e r . M a th .  

S o c . ,  5 3 : 2 9 2 - 2 9 4 .

[4 3 ] K i lg o r e ,  T . A .,  ( 1 9 7 7 ) .  “ O p t im iz a t io n  o f  th e  n o r m  o f  th e  L a g r a n g e  in te r p o la t io n  

o p e r a to r ” , B u l l .  A m e r .  M a th .  S o c . ,  8 3 : 1 0 6 9 - 1 0 7 1 .
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[4 4 ] K i lg o r e ,  T . A .,  ( 1 9 7 8 ) .  “ A  c h a r a c te r iz a t io n  o f  th e  L a g r a n g e  in te r p o la t in g  p r o je c 

t io n  w i th  m in im a l  T c h e b y c h e f f  n o r m ” , J. A p p ro x .  T h e o ry ,  2 4 : 2 7 3 - 2 8 8 .

[4 5 ] D e  B o o r ,  C . a n d  P in k u s ,  A .,  ( 1 9 7 8 ) .  “ P r o o f  o f  th e  c o n je c tu r e s  o f  B e r n s te in  a n d  

E rd o s  c o n c e r n in g  th e  o p t im a l  n o d e s  f o r  p o ly n o m ia l  in te r p o la t io n ” , J . A p p ro x .  

T h e o ry ,  2 4 : 2 8 9 - 3 0 3 .

[4 6 ] A n g e lo s ,  J . ,  K a u f m a n ,  E .,  H e n ry ,  M . a n d  L e n k e r ,  T ., ( 1 9 8 9 ) .  “ O p t im a l  N o d e s  f o r  

P o ly n o m ia l  I n te r p o la t io n ” , A p p r o x im a t io n  T h e o r y  V I ,  1 9 8 9 .N e w  Y o rk .

[4 7 ] C h e n ,  Q . a n d  B a b u s k a ,  I .,  ( 1 9 9 5 ) .  “ A p p r o x im a te  o p t im a l  p o in ts  f o r  p o ly n o m ia l  

in te r p o la t io n  o f  r e a l  f u n c t io n s  in  a n  in te r v a l  a n d  in  a  t r i a n g le ” , C o m p u t .  M e th o d s  

A p p l .  M e c h .  E n g rg . ,  1 2 8 : 4 0 5 - 4 1 7 .

[4 8 ] V e r te s i ,  P ., ( 1 9 9 0 ) .  “ O p t im a l  L e b e s g u e  c o n s ta n t  f o r  L a g r a n g e  in te r p o la t io n ” , 

S IA M  J . N u m e r .  A n a l . ,  2 7 : 1 3 2 2 - 1 3 3 1 .

[4 9 ] G a u ts c h i ,  W ., ( 1 9 6 2 ) .  “ O n  in v e r s e s  o f  V a n d e rm o n d e  a n d  c o n f lu e n t  V a n d e rm o n d e  

m a t r ic e s ” , N u m e r is c h e  M a th e m a t ik ,  4 : 1 1 7 - 1 2 3 .

[5 0 ] G a u ts c h i ,  W ., ( 1 9 7 5 ) .  “ N o rm  e s t im a te s  f o r  in v e rs e s  o f  V a n d e r m o n d e  m a t r ic e s ” , 

N u m e r .  M a th . ,  2 3 : 3 3 7 - 3 4 7 .

[5 1 ] H ig h a m ,  N . J . ,  ( 2 0 0 2 ) .  A c c u r a c y  a n d  s ta b i l i ty  o f  n u m e r ic a l  a lg o r i th m s ,  S o c ie ty  

f o r  I n d u s t r ia l  a n d  A p p l ie d  M a th e m a t ic s  ( S I A M ) .P h i la d e lp h ia ,  P A .

[5 2 ] G a u ts c h i ,  W ., ( 1 9 9 0 ) .  “ H o w  ( u n ) s ta b le  a r e  V a n d e r m o n d e  s y s te m s ? ” , A s y m p to t ic  

a n d  c o m p u ta t io n a l  a n a ly s i s  (W in n ip e g ,  M B , 1 9 8 9 ) , 1 9 9 0 .N e w  Y o rk .

[5 3 ] G a u ts c h i ,  W . a n d  I n g le s e ,  G .,  ( 1 9 8 8 ) .  “ L o w e r  b o u n d s  f o r  th e  c o n d i t io n  n u m b e r  

o f  V a n d e r m o n d e  m a t r ic e s ” , N u m e r .  M a th . ,  5 2 : 2 4 1 - 2 5 0 .

[5 4 ] T y r ty s h n ik o v , E . E .,  ( 1 9 9 4 ) .  “ H o w  b a d  a r e  H a n k e l  m a t r ic e s ? ” , N u m e r .  M a th . ,  6 7 : 

2 6 1 - 2 6 9 .

[5 5 ] B e c k e r m a n n ,  B .,  ( 2 0 0 0 ) .  “ T h e  c o n d i t io n  n u m b e r  o f  r e a l  V a n d e r m o n d e ,  K ry lo v  

a n d  p o s i t iv e  d e f in i te  H a n k e l  m a t r ic e s ” , N u m e r .  M a th . ,  8 5 : 5 5 3 - 5 7 7 .
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[5 6 ] L i ,  R .- C .,  ( 2 0 0 6 ) .  “A s y m p to t ic a l ly  o p t im a l  lo w e r  b o u n d s  f o r  th e  c o n d i t io n  n u m 

b e r  o f  a  r e a l  V a n d e rm o n d e  m a t r ix ” , S IA M  J . M a t r ix  A n a l .  A p p l . ,  2 8 : 8 2 9 - 8 4 4 .

[5 7 ] B e c k e r m a n n ,  B .,  ( 1 9 9 6 ) .  O n  th e  n u m e r ic a l  c o n d i t io n  o f  p o ly n o m ia l  b a s e s :  E s t i 

m a te s  f o r  th e  c o n d i t io n  n u m b e r  o f  V a n d e rm o n d e ,  K ry lo v  a n d  H a n k e l  m a tr ic e s ,  

U n iv e r s i t a t  H a n n o v e r ,G e r m a n y .

[5 8 ] G a u ts c h i ,  W ., ( 1 9 7 5 ) .  “ O p t im a l ly  c o n d i t io n e d  V a n d e r m o n d e  m a t r ic e s ” , N u m e r .  

M a th . ,  2 4 : 1 - 1 2 .

[5 9 ] G a u ts c h i ,  W ., ( 1 9 8 3 ) .  “ T h e  c o n d i t io n  o f  V a n d e r m o n d e - l ik e  m a tr ic e s  in v o lv in g  

o r th o g o n a l  p o ly n o m ia ls ” , L in e a r  A lg e b r a  A p p l . ,  5 2 /5 3 :  2 9 3 - 3 0 0 .

[6 0 ] L u k a s h o v ,  A . L .,  ( 2 0 0 4 ) .  “ I n e q u a l i t ie s  f o r  th e  d e r iv a t iv e s  o f  r a t io n a l  f u n c t io n s  o n  

s e v e r a l  in te r v a ls ” , Iz v . R o s s .  A k a d .  N a u k  S er. M a t . ,  6 8 : 1 1 5 - 1 3 8 .

[6 1 ] D e u n ,  J . V ., ( 2 0 0 7 ) .  “ E ig e n v a lu e  p r o b le m s  to  c o m p u te  a lm o s t  o p t im a l  p o in ts  f o r  

r a t io n a l  in te r p o la t io n  w i th  p r e s c r ib e d  p o le s ” , N u m e r .  A lg o r i th m s ,  4 5 : 8 9 - 9 9 .

[6 2 ] D e u n ,  J. V ., ( 2 0 1 0 ) .  “ C o m p u t in g  n e a r - b e s t  f ix e d  p o le  r a t io n a l  in te r p o la n ts ” , J . 

C o m p u t .  A p p l ,  2 3 5 : 1 0 7 7 - 1 0 8 4 .

[6 3 ] B e r r u t ,  J .-P . a n d  M it te lm a n n ,  H . D .,  ( 1 9 9 7 ) .  “ L e b e s g u e  c o n s ta n t  m in im iz in g  l in 

e a r  r a t io n a l  in te r p o la t io n  o f  c o n t in u o u s  f u n c t io n s  o v e r  th e  in te r v a l” , C o m p u t .  

M a th .  A p p l . ,  3 3 : 7 7 - 8 6 .

[6 4 ] C u y t ,  A .,  I b r a h im o g lu ,  B . A . a n d  Y a m a n , I .,  ( 2 0 1 1 ) .  “ G o o d  in te r p o la t io n  p o in ts :  

le a r n in g  f ro m  C h e b y s h e v ,  F e k e te ,  H a a r  a n d  L e b e s g u e ” , I n te r n a t io n a l  c o n f e r e n c e  

o n  n u m e r ic a l  a n a ly s i s  a n d  a p p l ie d  m a th e m a t ic s ,  2 0 1 1 .

[6 5 ] B e r r u t ,  J .-P ., ( 1 9 8 8 ) .  “ R a t io n a l  f u n c t io n s  f o r  g u a r a n te e d  a n d  e x p e r im e n ta l ly  w e ll -  

c o n d i t io n e d  g lo b a l  in te r p o la t i o n ” , C o m p u t.  M a th .  A p p l . ,  15: 1 - 1 6 .

[6 6 ] F lo a te r ,  M . S . a n d  H o r m a n n ,  K ., ( 2 0 0 7 ) .  “ B a r y c e n t r ic  r a t io n a l  in te r p o la t io n  w i th  

n o  p o le s  a n d  h ig h  r a te s  o f  a p p r o x im a t io n ” , N u m e r .  M a th . ,  10 7 : 3 1 5 - 3 3 1 .
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[6 7 ] B e n o u a h m a n e ,  B . a n d  C u y t ,  A .,  ( 2 0 0 0 ) .  “ M u lt iv a r ia te  o r th o g o n a l  p o ly n o m ia ls ,  

h o m o g e n e o u s  P a d e  a p p r o x im a n ts  a n d  G a u s s ia n  c u b a tu r e ” , N u m e r .  A lg o r i th m s ,  

2 4 : 1 - 1 5 .

[6 8 ] B e n o u a h m a n e ,  B . a n d  C u y t ,  A .,  ( 2 0 0 1 ) .  “ P r o p e r t i e s  o f  m u l t iv a r ia te  h o m o g e 

n e o u s  o r th o g o n a l  p o ly n o m ia ls ” , J . A p p ro x .  T h e o ry ,  11 3 : 1 - 2 0 .

[6 9 ] C u y t ,  A .,  B e n o u a h m a n e ,  B .,  H a m s a p r iy e ,  a n d  Y a m a n , I .,  ( 2 0 1 1 ) .  “ S y m b o lic -  

n u m e r ic  G a u s s ia n  c u b a tu r e  r u le s ” , A p p l .  N u m e r .  M a th . ,  6 1 : 9 2 9 - 9 4 5 .

[7 0 ] X u ,  Y ., ( 2 0 0 0 ) .  “ F u n k - H e c k e  f o r m u la e  f o r  o r th o g o n a l  p o ly n o m ia ls  o n  s p h e re  a n d  

o n  b a l l s ” , B u l l .  L o n d o n  M a th .  S o c . ,  3 2 : 4 4 7 - 4 5 7 .

[7 1 ] B o ja n o v , B . a n d  X u ,  Y ., ( 2 0 0 3 ) .  “ O n  p o ly n o m ia l  in te r p o la t io n  o f  tw o  v a r ia b le s ” , 

J . A p p ro x .  T h e o ry ,  1 2 0 : 2 6 7 - 2 8 2 .

[7 2 ] S a u e r ,  T . a n d  X u ,  Y ., ( 1 9 9 6 ) .  “ R e g u la r  p o in ts  f o r  L a g r a n g e  in te r p o la t io n  o n  th e  

u n i t  d i s k ” , N u m e r .  A lg o r i th m s ,  12: 2 8 7 - 2 9 6 .

[7 3 ] X u ,  Y ., ( 2 0 0 4 ) .  “ P o ly n o m ia l  in te r p o la t io n  o n  th e  u n i t  s p h e re  a n d  o n  th e  u n i t  

b a l l” , A d v . C o m p u t.  M a th . ,  2 0 : 2 4 7 - 2 6 0 .

[7 4 ] C a l ia r i ,  M .,  D e  M a rc h i ,  S . a n d  V ia n e l lo ,  M .,  ( 2 0 0 5 ) .  “ B iv a r ia te  p o ly n o m ia l  in te r 

p o la t io n  o n  th e  s q u a re  a t  n e w  n o d a l  s e ts ” , A p p l .  M a th .  C o m p u t . ,  1 6 5 : 2 6 1 - 2 7 4 .

[7 5 ] H u m b e r to ,  R .,  ( 2 0 0 9 ) .  “ O n  th e  s e le c t io n  o f  th e  m o s t  a d e q u a te  r a d ia l  b a s is  f u n c 

t io n ” , A p p l .  N u m e r .  M a th . ,  3 3 : 1 5 7 3 - 1 5 8 3 .
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1 . C u y t ,  A .,  Y a m a n , I .,  I b r a h im o g lu ,  B .A .,  B e n o u a h m a n e ,  B .,  ( 2 0 1 2 ) .  “ R a d ia l  o r 

th o g o n a l i ty  a n d  L e b e s g u e  c o n s ta n t s  o n  th e  d is k ” , N u m e r ic a l  A lg o r i th m s ,6 1 ( 2 ) ,  2 9 1 - 3 1 3 ,  
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