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CHAPTER 1

Krasner's Hyperring

1.1 Preliminaries

The first one who introduced the concept of hyperstructure was the French Mathematician
F. Marty [1]. The theory of hyperstructure algebra is an extension of the theory of classical
algebra. In 1934, Marty defined a hyperoperation o as a relation from a nonempty set H
to P*(H) which is the set of the nonempty subsets of H. It can be written as:

ot HX H — P*(H).
By the definition of a hyperoperation, Marty defined a hypergroup as follows:

If H is a nonempty set and o is a hyperoperation defined on H, such that o satisfies the

following conditions,

1 (xey)ez=xc(yoz),
2. xoH=Hox,
forall x,y,z € H, then (H, o) is a hypergroup where,
xo(yoz)= U Xor, x0H=Ux0h.
r€(yoz) heH

In 1956, Krasner defined a type of hyperrings which is named Krasner Hyperring [1].
According to Krasner, a hyperring is a nonempty set with two operations, addition and
multiplication where the addition is a hyperoperation but the multiplication is a binary

operation as in the classical algebra.

Definition 1.1.1 [1] According to Krasner, the algebraic structure (R,+, -)where R is a

nonempty set is a hyperring if:



1. (R,+) is a canonical hypergroup. i.e.

i. forallx,y,z€R, x+(y+2)=((x+y)+2z
ii. forall x,y€R, x+y=y+x,
iii. there existsa zero element 0 € R, such that x+0=04+x=
{0}, forall x € R,
iv. for each x € R, there exists a unique x’ € R suchthat 0 € x + x', x" is
called the opposite of x, and we write x" = —x,
V. ifzex+y,thenye —x+zandx € -y + z.
2. (R, -)isasemigroup with a 0 as bilaterally absorbing element, i.e.
0-x=x-0=0,forall x €R.
3. The multiplication - is distributive with respect to the hyperaddition +; that is,
x-(y+z)=x-y+x-z
x+y) z=x-y+x-zforall x,y,z €R.

Corollary 1.1.1

I- —(—x) =x,

ii- —(x+y)=—x—y ,where —H = {—h; h € H} forall x,y €R.
Proof. Assume that —x = z,then —(—x) = —zand 0 € x + z, 0 € —(—x) + z but since
the opposite is unique, then —(—x) = x. For the second part, suppose that h € —x — y,
then —y e h + x sothat x € —y —h and —h € x + y, then h € —(x + y). Similarly, if
h € —(x +y) then h € —x — y. Therefore, —(x + y) = —x — y.

Remark 1.1

I. A Krasner hyperring (R,+, -) is called commutative if x -y =y - x,
forall x,y € R.
ii. A Krasner hyperring has a unit element if there exists 1 € R, such that 1 -

x=x-1=x, forall x € R.

Definition 1.1.2 [1] If R is a hyperring such that (R \ {0}, -) is a hypergroup, then R is
called a hyperfield.

Definition 1.1.3 [1] A Krasner hyperring R is called hyperdomain if R is a commutative

hyperring with a unit element and xy = 0 impliesthatx = 0ory = 0 forall x,y € R.



In the second notion of the hyperrings, both addition and multiplication are
hyperoperations. Our work exclusively focuses on hyperrings in sense of Krasner, so
that, from now on, when we mention hyperrings, we mean a commutative Krasner

hyperring with a unit unless otherwise specified.

After Krasner, many of scientists discussed the hyperrings and its applications. They
published many papers. For example, in 2004, Davvaz extended the isomorphism
theorems [2], and in 2006, another paper was published by Davvaz and Salasi [3] about
the Chinese Reminder Theorem for hyperrings. Davvaz and Salasi developed the
concepts of classical algebra and applied these concepts to the hyperrings. In 2010, [4]
Muthusamy Velrajan and Arjunan Asokkumar extended the isomorphism theorems to
hyperrings, where the addition and the multiplication are hyperoperations. Also they
proved that, in order to define a quotient hyperring, the hyperideal concerned need not be
normal. As application of hyperrings in coding theory Davvaz and Tusavi published the
paper titled “Codes over Hyperrings” in 2016 [19].

In this thesis we concentrate on the hyperideals of the commutative Krasner hyperrings
with units. In the next sections, we give some examples of hyperrings, and we use Krasner
construction to construct hyperrings. In Chapter 2 we study the hyperideals, prime
hyperideals and maximal hyperideals and give some examples. After that we discuss the
external direct product of hyperideals. In the third chapter we study the hyperrings
homomorphism, and the hyperring isomorphism theorems. In the fourth chapter, we
concentrate on the primary hyperideals. We extend Zhao Dongsheng's definition about
&-primary ideal expansion of commutative rings in [15] to hyperideals of commutative
hyperrings and commutative semihyperrings. We prove many theorems and give some

examples related to this expansion.



1.2 Examples

In this section we provide some examples of hyperrings, illustrating the variety of
algebraic properties of these hyperrings. The main challenge in each case of examples is

verifying the associativity of hyperaddition.

Example 1.2.1[5] Let H = {0,1,2}, A = {1, 2}, B = {0, 2}, then for each of the following
pair of tables we prove that (H, +, -) is a hyperring.

| + 0 1 2 o 1 2
o | {0y {1} {2} 0 0 0 0
1 | {13y 4 H 1 0o 1 2
2 | {23y H A 2 0 2 0

Proof. We verify the associativity for hyperaddition.
0+(1+2)=0+H=H, O+1)+2=1+4+2=H
0+2+1)=0+H=H  (0+2)+1=2+1=H
14(0+2)=142=H, (1+0)+2=1+2=H
1+4(2+0)=142=H, (1+2)+0=H+0=H
2+(0+1)=2+1=H, 2+0)+1=2+1=H
(241)4+0=H+4+0=H, 2+(1+0)=2+1=H

24+2)+1=A+1={12}+1=AUH =H, 2+R2+1)=2+H=H

1} + [0 1 2 o 1 2
o | {0y {13 {2} 0 0 0 0
11 {1y B {1} 1 |0 1 2
2 | {2+ {13 {0} 2 |0 2 o0




Proof. As in "I" we prove the associativity,
0+(1+2)=0+1=1, O+1D)+2=1+2=1
0+(R2+1)=04+1=1 (0+2)+1=2+1=1
1+(0+2)=14+2=1, 1+0)+2=1+2=1
1+2+0)=142=1, (1+2)+0=140=1
2+(0+1)=2+1=1, 2+0)+1=2+1=1

2+1D+0=1+0=1, 2+(1+0)=2+1=1

Example 1.2.2 [5] Let ={0,1,2, 3}, A={1,2,3}, B={0,2,3},C ={0,1,3}, D =
{0,1,2}. Then for each of the following pairs of tables with hyperaddition and
multiplication, (H, +, ) forms a hyperfield.

. + /0 1 2 3 : o 1 2 3
0 | {0} {13 {2} {3} o]0 0 0 0
1 ({13 H 4 A 10 1 2 3
2 |{2y 4 H A 2 o 2 3 1
3 |8y 4 4 H 3 /0 3 1 2
I + 0o 1 2 3 o 1 2 3
0 [ {0} 1 {2 {3} o|l0 o0 0 0
1 ({13 B A 4 110 1 2 3
2 {2} A4 ¢ 4 2 |0 2 3 1
3 {33 A4 A D 3 /0 3 1 2




1.3 Krasner's Construction and a Counter Example

Theorem 1.3.1 [6] Let (R, +, -) be a commutative ring and G be a subset of R such that

(G, ) is agroup, define an equivalence relation ~ on R as follows:
x~y ifand only if xG = yG.
Let x = xG,and R/G = {xG: x € R}.

Define "+ " on R/G by: xG + yG = {zG|z = xg, + ¥9., 91,92 € G} and define a
multiplication on R/G by xG - yG = xyG. Then (R/G ,+,) form a hyperring. If we
choose R to be a field, then (R/G ,+, -) will be a hyperfield.

Proof. It is clear that ~ is an equivalence relation. Define the hyperaddition on the set of
equivalence classes R/G by x+y =1{Z:z = xg, + vg,,91, 9> € G} and since R is

commutative under addition we have x + y = y + X.
Define the sum of the subsetsof Ras x + y = {z:z = x; + y;; x, € X, y; € J}.

Letx,y,Z € R/G. Then
x+y)+z= U (t+2) = U {teERvCt+z}={PER:TC U t+ 7}
fcx+y tci+y tcx+y
={PeER:VC (x+y)+2z}. Similarly, x+ §+2)={veR:v<x+ (J +2)}. But
the addition "+ " of subsets of R is associative then (x + ¥) + Z = ¥ + (¥ + Z), which
implies that (¥ + ) + Z = x + (¥ + 2). The zero element of R/G is 0G = 0 and 0 +
x={t:t=0g; +xg9, =x9, +091:91,9, EG} =X +0=1x.

For the inverse, let X = xG € R, then there exists —x E R and -xG = —Xx € R s0 0 €
x + (—x) implying that 0 € x + (—x). To prove that —x is unique, suppose that 0 € x +
y then 0 € X + y and there exist x € X,y € ysuchthat0 = x + y,theny = —xandy €

—X, this means that y = —x.

Finally, let Z € x + y then Z € X 4+ ¥. Then, there exist x’ € X,y' € y suchthat z = x' +
y and y' =z + (=x'), then y =y’ =z + (—x') € Z+ (=x') = Z + (=%) therefore,
yEZ—X.

Since (x+y)={t:t=x9,+y9,,91,9, €EG} then Z(x+y)={zt:t =xg,+
¥92,91,92 € G} ={2G(xg1 + ¥92)G, g1, 92 € G} = zxC + zyG =ZX +Zy = ZX +
zy because zt = zGtG = ztG = zt. By the same argument we can prove that (x +

V)Z=XZ+YyZ. 1



Example 1.3.1 LetR = (Z,5,+, -)and G = {1,4, 7,13} be a subset of R, then (G, ) is
a group. Define P(x) = X = xG, then P(1) = {1,4,7,13}, P(2) = {2,8,14,11}, P(3) =
{3,12,6,9}, P(5) = {5}, P(0) = {0}, P(10) = {10}.

R/G ={P(0),P(1),P(2),P(3),P(5),P(10)}.

So P(x)+P(y) ={P(t):t =xg; +

Y92, 91,92 € G} = {P(t):t € P(x) + P(y)}. For instance we compute P(2) + P(3) by

the following table:

+ 3 12 6 9
2 5 14 8 11
8 11 5 14 2
14 2 11 5 8
11 14 8 ¢ 5

Therefore, P(2) + P(3) = {P(5),P(2)}. The hyperaddition and the multiplication on

R /G can be written as follows:

+ | P(0) P(1) P(2) P(3) P(5)  P(10)
P(0) | {P(0)} {P(L)} {P(2)} {P(3)} {P(5)} {P(10)}
P(1) | {P(L)} {P(2),P()} {PB),PO)} {P),P10)} {PB)} {P2)}
P(2) | {P(2)} {P(3),P(0)} {P(1),P(10)} {P(5),P(2)} {P(1)} {PB)}
P(3) | (PR} {P(D),P0)} {P(5),P(2)} {P(0),P(3)} {P} {P1)}
PG) | {P(B)} {PB)} {P(1)} {P(2)} {P(10)} {P(0)}
P(10) | {P(10)} {P(2)} {P(3)} {P(1)} {P(®} {P(5)}




P(0) P(1) P(2) P(3) P(5)  P(10)

P(0) P(0) P(0) P(0) P(0) P(0) P(0)
P(1) | P(O) P(1) P2 P(B)  P() P(10)
P2) | P(O) P2 P(1) P(B) P@10) P(5)
P(3) P(0) P(3) P(3) P(3) P(0) P(0)
P(5) | P(O)  P(5) P(0) P(O)  P(10)  P(5)

P(10) | P(0)  P(10)  P(5) P(0) P(5)  P(10)

Example 1.3.2 LetR = Z3[i] = {0,1,2,i,1 4+ i, 2+ i,2i,1 + 2i,2 + 2i} be afield with

nine elements, and let G = {1,2}. Then,
P(D) ={1,2},P() ={i,2i}, PQA+i)={14+i2+2i}
P(2+i) ={2+1i,1+2i}, P(0) ={0}.

Asaresult, R =R/G = {P(1), P(i), P(1+1i), P(2+1i), P(0)}is a hyperfield. The

hyperaddition and the multiplication can be written by the following tables:

+ P(0) P(1) P(i) P(1+1) P(2+1i)
P(0) {P(0)} {P(1)} {P(D} {P(1+0)} {P2+D)}
P(1) {P(1)} {P(1), P(0)} PA+0D,PA+20} {(PC+D,PO} {PO,PA+D]
P P} {P(1+0),P(1+20} {P(0), P(D)} P, P2+D} (P(D),PA+D}

P(1+1i) {P(1+i)} {P(2+10),P>)} {P(1),P(2+1i)} {P(0),P(1+ i)} {P(1),P()}

P+ | {PC+D} {POA+D,pCD} {P(),P1+ 1)} P, P} {P(0),P(2+1)}




P(0) P(1) P(i) PA1+i)  PQR+10)
P(0) P(0) P(0) P(0) P(0) P(0)
P(1) P(0) P(1) P() P(1+i)  PQR+10)
P(i) P(0) P() P(1) PQR+1i)  P(+1i)

P(1+1) P(0) PA+1i)  PQ2+10) P(i) P(1)

P2 +1) P(0) PR+1i)  P(+10) P(1) P(i)

Therefore, (R/G,+, -) is a hyperfield where P(1) is the multiplicative identity.

Definition 1.3.1 [7] Let R be a commutative hyperring and a be nonzero element of R,

then a called a zero divisor if there exists a nonzero element b € R, such that ab = 0.

The following definitions of a hyperdomain and a hyperfield are extensions to the

definitions of an integral domain and a field in classical algebra.
Definition1.3.2 [1] A hyperring R that has no zero divisor is called a hyperdomain.

In Example 1.3.2, P(3), P(5), P(10) are zero divisors because P(3).P(5) = P(0) and
P(3).P(10) = P(0). Therefore, R in Example 1.3.2 is a hyperring but not a

hyperdomain.

Definition 1.3.3 [1] A subset H of a hyperring R is called a subhyperring if itself is a

hyperring under the hyperaddition and multiplication which are defined on R.

Theorem 1.3.2 [8] A nonempty subset H of a hyperring R is a subhyperring if it closed
under hyperaddition and the multiplication which are defined on R, such that if for any
a,b € Hwehave a+ (—b) € H.

Proof. Firstly, H is closed under hyperaddition and multiplication. Since the
hyperaddition and the multiplication are associative on R, the same is true for H. If a €
HthenO0 € (a+ (—a)) €S H,s00 € H. To prove —x € H whenever x € H, choose a =

0,b =x,then 0 + (—x) = {—x} € H, implies —x € H. Again by the closure of H, we



have the multiplication is distributive to hyperaddition and also we have for all a, b, c €

H,if c € (a + b) then a € (c — b). Hence H is a subhyperring of R.m

Theorem 1.3.3 [1] Let R be commutative ring with identity, define R as follows, R =
{x = {x, —x}|x € R}, and define the hyperaddition by x®y = {x + y,x — y} and the
multiplication by x®y = xy. Then (R, ®, ®) is a hyperring.

Proof. Let @, b, ¢ € R,then a®b = {a + b,a — b} € R, and

a®b@®c)=ad{b+c,b—cl=a®b+cuvadb—-c={a+b+g
a—(b+c)a+b-c)a—-(b—-c)}={(a+b)+c(a+b)—c}u
{(a—b)—c,(a—b)+c}ra+bPcUa-bPc={a+b,a—-b}P<

=(a @ b)®e.
a®b={a+ba—b}={{a+b—(a+b)}{a—b—(a—b)}}
={lb+a-b+a)}{b—-a-b-a)}}={b+ab—a}=baT,
a==a={-a-(-a)}={-aa.

The zero element is 0 = {0} because 0ba = {0 + a,0 — a} = {a,=a} = {a}, ad0 =
{a+0,a -0} ={a}.

let 0ea@x={a+x,a—x},then 0=a+x or0=a—x, if 0=a+x={a+
x,—(a+x)}=0=a+x=x=—a = x=—a,similarly, if0 =a—xwegetx =
a = X = a = —a, therefore forall @ € R, thereexists —a@ =a € R such that 0 €
aopx.

AssumethatEEdEBl_)z{a+b,a—b}thenc:a+b orc=a—bimpliesa =c +
(=b)ora=c+bsothata=c+ (—=b)ora=c+bthena € {(c+ (-b)),(c+
bYY= ¢ @ b

For multiplication, if @b, €R then a®b=ab€R and (A @ b) Q é=(ab) R ¢
=abc =a(bc)=a® (b  ¢).

Since R has an identity element 1, then 1 = {1, —1} € R is the identity element of R

because 1@ x=1-x=x-1=4x,forallx €R.

10



Forall x€R, x®0=x-0=0=0-x=0Q x.

a®@bdc)=a@{b+cb-c}=a®(b+c)ua®(b-c) = ab+c)u
a(b—c)=ab+acVUab+ a(—c)= {ab+ac,—(ab+ac)}u{ab+a(—c),—(ab+

a(—c))} = {ab + ac,—(ab + ac),ab — ac,—(ab — ac)} = {ab+ac, ab—ac} =
ab@ac=a@® b @ a c. Therefore, (R,D,R) is a hyperring. m

® 0 1 2 3 7
0 {0} {1 2} 3} @
1 {1 2.0 31 4.2 3}
2 ) 3.1 (3,0} 361 2}
3 3} 42 3.1 2,0} {1
Z @ 3} 2} {1 {0}
® 0 1 2 3 7
0 0 0 0 0 0
1 ! 1 2 3 i
2 g 2 i 2 0
3 5 3 2 1 7
i 5 7 0 i 0

Theorem 1.3.4 [1] Let (H,-) be a group and let G = HU {0,u,v} where u,v are
orthogonal idempotent elementsand u # vi.e. uv = vu = 0 and u? = u, v? = v. Define

the hyperaddition on G by

11



g+0=0+g={g}forall g €eq,

g+g=1{g0}forall €@,

if g1 # g2, 91+ 92 = G\{91,92,0}, 91,92 € G\{0}.

The multiplication can be defined as;

g-0=0-g=0, forall g € G.

h-u=u-h=u ,h-v=v-h=wv, forall h€ Handuv = vu = 0. Then (G, +, ) is

a hyperring.

Example 1.3.4 Consider the set Z,q, let H = Zi, = {1,3,7,9} and the orthogonal

idempotent elements of Z,, are 5, 6 because 5-6 =0, 52 = 5,6% = 6.

Let G = HU{0,5,6}, according to Theorem 1.3.4, (G,+, -) is a hyperring. The

hyperaddition and the multiplication as in the following table.

+ 0
0 {0}
1 {1}
3 {3}
7 {7}
9 {9}
5 {5}
6 {6}

{1} {3} {7} {9} {5} {6}
{1,0} {7956} {3956} {3756} {3,796} {3795}
{7956} {3,0y {1956} {1756} {1796} {1795}
{3956} {1956} {7.03 {1356} {1396} {1395}
{3756} {1756} {1356} {90} {1376} {1375}
{3796} {1796} {1396} {1376} {50} {1379}

{3,795} {1,795} {1,395} {1375} {1379} {6, 0}

12



0 1 3 7 9 5 6
0 0 0 0 0 0 0 0
1 0 1 3 7 9 5 6
3 0 3 9 1 7 5 6
7 0 7 1 9 3 5 6
9 0 9 7 3 1 5 6
5 0 5 5 5 5 5 0
6 0 6 6 6 6 0 6

Theorem 1.3.5[1] Let (H, -) be agroup and G = H U {0}, define the hyperaddition and

the multiplication on G as follows;
a+0=0+a=1{a} ,a+a={a0},foral ac€g,
a+ b =H\{a b}, forall a,b € H,a # b.
The multiplication can be definedby a® b =a-bforall a,b € H,
a®O0=00Oa=0forall a € G. Then (G,+,©) is a hyperring.

Example 1.3.5 Let H = Zi, = {1,3,7,9} and G, = Z], U {0}, according to Theorem
1.3.5, (G,+,0®) is a hyperring. For G in Example 1.3.4, G, c G. It is easy to show that

G, is a subhyperring of G under the same hyperaddition and multiplication of G.

13



CHAPTER 2

Hyperideals

In this chapter we provide definitions of a hyperideal, prime hyperideals and primary
hyperideal. We give an example for each one of them. For all cases we talk about

hyperideals of hyperring in the sense of Krasner.

2.1 Hyperideals and Examples

Definition 2.1.1 [1] Let (R, +,) be a hyperring. A nonempty subset I of a hyperring R is
called left (right) hyperideal if for alla,b €l we have (a—b)<S 1] and r-a €
I (a-r€l)forallr €R. Itis called a hyperideal if it is left and right hyperideal.

Example 2.1.1 Let (R, +, -) be a commutative hyperring, then the subset
=< aq,az, ..., Ay > = {T1a1 + a, + ...+ mam: 1 S R}
is a hyperideal which generated by a4, a,, ... , a,,.

In Example 1.3.1, <P(3)>={P(0),P(3)}, < P(5) >={P(0),P(5),P(10)} are
hyperideals where < P(5), P(10) >=R.

Definition 2.1.2 [1] Let A, B be nonempty subsets of the hyperring (R, +, - ) then:
A+B={x:x€a+b,a€AbeB}
A-B={x:x €Y, a;b; ,a; € A, b; € B,n € N}.

Theorem 2.1.1 [1] If 1, ] are two hyperideals of the hyperring (R,+, -). ThenI +J and
I - J are hyperideals of (R, +, -).

Proof. Letx,y € [ +Jthenx € a; + b;andy € a, + b, forsome a,,a, €1, by, b, €
J. Then x—y€ a;+by—(a,+b,) =x—y€(ay—a,)+(by—by,) S1+] and
forr e Rwehaverx € r(a; + b;) =ra, +rby S 1+ ].So 1+ j is a hyperideal.
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For the product, let,y €1-],thenx € ¥.I-, a;b;, a; €1,b; €],

y € Z;n:l C]d] » G € I,dj E], then X—YyE€ Z?:l aibi - Z;Tl:l C]d] = Z?:l al-bl- +
Tei(—c)d;c1-].If€e R, thenr-x €7 - YL, a;b; = Y= (ra))b; € 1-]. Hence I -]

is a hyperideal of R.m

Corollary2.1.11f I, , 1, , -+, I, are hyperideals of a hyperring R, then the sum Zﬁj’f I; and
the product 1,1, -+ I,, are hyperideals of the hyperring R.

Proof. By Using Theorem 2.1.1 and induction.

Corollary 2.1.2 If 1,1, , -+, I, are hyperideals of a hyperring R, then the intersection
N, I; is a hyperideal of R.

Proof. Since 0 € [; forall i,then 0 € N}, I; , leta,b € N}%, I;, thena,b € I; forall i,
so a—b < I forall i implying that a—b S N}, ;. Now, let reR,a € N}, [;,
thena € I; and so ra € I;, for all i. Therefore ra € Nj=;I; and hence N, I; is a

hyperideal of R.

Definition 2.1.3 [9] Let I be a hyperideal of a hyperring (R, +, - ), then I is said to be
prime hyperideal of R ifa - b € I impliesthata € I or b € I.

Definition 2.1.4 [9] Let I be a hyperideal of the hyperring (R, +, ), then I is said to be a
primary hyperideal of R if I # R, a-b € I,a ¢ I implies b™ € I forsome n € Z*.

Definition 2.1.5 [9] A proper hyperideal I of the hyperring (G,+, ) is said to be
maximal, if for any proper hyperideal B suchthat/ € B € R,then = B or B = R.

In Example 1.3.4, {0,6}, {0, 5} are maximal hyperideals of R, but in Example 1.3.3 =
{0,2,4}, ] = {0, 4} are proper hyperideals where I is maximal hyperideal but J is not. In
Example 1.3.1 both < P(3) > = {P(0),P(3)}and < P(5) > = {P(0),P(5),P(10)}are

maximal hyperideals.

Theorem 2.1.3 [9] Let R be a hyperring with at least one proper hyperideal, then R has

at least one maximal hyperideal.

Proof. Let H be the set of all chains of proper hyperideals of R which is ordered by
inclusion, pick any chain {I,: a € A} of hyperideals from #, and let I = Uep I,- We

show that I is a maximal hyperideal of R. Firstly leta,b € I'thena € I, , b € Iz for some

a, € A, without loss of generality assume that I, < I, then a, b € Ig implying that
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a—b<lgandsoa—b el and forall r € R we have ra € Iz implying that ra € I.
Therefore I is a hyperideal of R. If I = Rthen 1 € I = 1 € Iz for some g implying that
Ig = R, which is a contradiction because Iz is proper hyperideal of R. Therefore I # R.
Consequently, I is a proper hyperideal of R which is an upper bound of the chain {I,: « €

A}, then by Zorn's lemma [ is a maximal hyperideal of R. m

Definition 2.1.6 [10] A hyperring that has only one maximal hyperideal is called local
hyperring.

Theorem 2.1.3 [10] A hyperring R is a local hyperring if and only if the nonunit elements
of R form a hyperideal.

Proof. Assume that R is a local hyperring, M is the maximal hyperideal of R and x is any
elementin R — M. If x is not unit, then we have a hyperideal < x > generated by x , but
the hyperideal < x > is either maximal or contained in a maximal hyperideal other than
M, and in both cases we have a contradiction because M is the unique maximal hyperideal

of R, so that x must be a unit.

Conversely, suppose that R is a hyperring for which the nonunit elements form a
hyperideal I, to show that I is a unique maximal hyperideal, suppose that J is another
hyperideal such that ] & I, pick an element x € ] — I, then x is a unit, so x ™ 1x = 1 € J,
therefore, ] = R. Hence I is the unique maximal hyperideal in R and so R is a local

hyperring.m

As in the ordinary algebra, we can construct a hyperring from another hyperring, consider

the following theorem and its proof.

Theorem 2.1.4 [8] Let (R, +, - ) be a commutative hyperring and A be a subhyperring of
R. Then the set of cosets R/A = {r + A: r € R} is a commutative hyperring under the
hyperaddition x + A + y+ A = x + y + A and multiplication (s + A)(t + A) = st +
A if and only if A is a hyperideal of R. This hyperring is called a quotient hyperring.

Proof. Firstly, let us prove that (R/A,+) is a commutative hypergroup. If a+ A,b +
A €ER/A then a+A+b+A=a+b+ASR/A. Since the hyperaddition is
associative on R then (a+A+b+A)+c+A=(a+b+A)+c+A=(a+b)+
c+A=a+b+c)+A=a+A+(b+A+c+A).

a+A+b+A=a+b+A=b+a+A=b+A+a+ A And the zero element is
0+ A=A,alsofora+ Ain R/A the additive inverse is —a + R because 0 + A C a +
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(—a)+A=a+A+ (—a)+ A. Finally, let a+ A,b+A,c+ A € R/A such thatc +
A€a+A+b+A=a+b+ Athen c €a+ b and since R is a hypergroup then a €
¢ + (—b), therefore a+ A€c+ A+ (—b)+ A, and (R/A,+) is a hypergroup. To
complete the proof, it is easy to check that the multiplication is associative and distributive
over the hyperaddition. So the multiplication is well defined if and only if 4 is a
hyperideal of R. Assume thats; + A =s, + A ,t; + A = t, + A then we must show that
sit; + A = s,t, + A. By the definition s; € s, +a, t; €t, + b where a,b € A then
Sit1 € (s + a)(ty + b) = syt, + s,b + at, + ab, SO s;t; + A S syt, +s,b + at, +
ab + A = s,t, + A because A absorbs s,b + at, + ab, and by the same method s, €
sy+a,, t, €t; + by, a;, by € A. We have s,t, + A € s t; + A. Therefore s;t; +

A = s,t, + A and hence the multiplication is well defined.

Conversely, assume that A is a subhyperring but not a hyperideal, then there exists a €
AreRbutrag Aorar ¢ A,sayrag ANowa+A=0+Abut(a+A)(r+A) =
ar+ A, (0+A)(@r+A) =0+ A=A, ar + A # A. Therefore the multiplication is not

well defined and hence A must be a hyperideal.m
Example 2.1.2 In Example 1.3.1 < P(3) > = {P(0), P(3)} is a hyperideal and
R/<P@3) > ={<P@B3)>,P(1)+<P(3)>,P(2)+< P3) >}
= {{P(0), P(3)},{P(1), P(10)},{P(2), P(5)}}.

The hyperaddition and multiplication of (R/< P(3) > ,+, -) as in the following tables.

+ {P(0),P(3)} {P(1),P(10)} {P(2),P(5)}
{P(0),P(3)} {P(0), P(3)} {P(1),P(10)} {P(2),P(5)}
{P(1),P(10)} {P(1),P(10)} {P(2),P(5)} {P(0), P(3)}
{P(2),P(5)} {P(2),P(5)} {P(0), P(3)} {P(1),P(10)}
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<P(3) > P(1)+< P(3) > P(2)+< P(3) >

<P@3)> < P(3) > < P(3) > <P@3) >
P(1)+< P(3) > <P(3) > P(1)+< P(3) > P(2)+< P(3) >
P(2)+< P(3) > <P(3) > P(2)+< P(3) > P(1)+< P(3) >

of R, then E/] = {{ﬁ, 43},{1,3}, {?}} is a hyperring the hyperaddition and multiplication

is as in the following tables.

+ {0, 4} {1,3} {2}
{0,4} {0,4} {1,3} {2}
{1,3} {1,3} {0,2,4} {1,3}

{2} {2 {13} {0,4}
{0,4} {1,3} {2}

{0, 4} {0,4} {0, 4} {0, 4}
{1,3} {0,4} {1,3} {2}
{2} {0,4} {2 {4}

Theorem 2.1.5 [1] Let R be a commutative hyperring with unity, and I be a hyperideal
of R. Then R/I is a hyperdomain if and only if I is prime.

Proof. Assume that R /I is a hyperdomain, letab € I,then (a+)(b+1) =ab+1 =
I where [ is the zero element. Sothata+ 1 =1orb+1=1,thena €l orb € I hence

1 is prime hyperideal. To prove that R / I is a hyperdomain if I is a prime hyperideal, let
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(a+DMB+1)=ab+1=1,thenab €I implyingthata € Iorb € I,sothata+1 =1
orb+1=1.

Theorem 2.1.6 [1] Let R be a commutative hyperring with unity and I be a hyperideal of
R, then R/I is a hyperfield if and only if I is maximal.

Proof. Assume that R / I is a hyperfield, let S be a hyperideal in R such that I c S but
I+S,let aeS—1 and since R /I is a hyperfield there existsr € R such that
(a+S)(r+S)=ar+S=1+S.Then, there exist s; ,s, € Ssuchthatar +s;, =1+
S5, 80 1 € ar + s for some s € S, we get 1 € S which implies that S = R, therefore I is
maximal hyperideal of R. Conversely, assume that I is maximal hyperideal of R, let a +
I€R/I, buta¢gl, then<a,l>=R,and 1€<a,l>,s01=ra+iforsomeie€
I, then 1+ 1 €ra+i+ 1 forsomei€l. Then1+I€ra+i+1=ra+1 implying
that 1+ =ra+1=(r+1)(a+1). Therefore, a+1 isaunit, and hence R /I is a
hyperfield. m

Corollary 2.1.4 Let R be a commutative hyperring with unity and I be a maximal

hyperideal of R. Then I is prime hyperideal of R.

Proof. Suppose that I is a maximal hyperideal of R. Then by Theorem 2.1.6 we conclude
that R /I is a hyperfield and so R /I is a hyperdomain. Then by Theorem 2.1.5 I is a prime
hyperideal of R.

Example 2.1.3 In Example 1.3.3, | =< 4 >= {0, 4}, I is not a prime hyperideal, because
2-2=4¢€],but2¢Iinthe other hand it easy to check that I is primary hyperideal,
since2 -2=4€l,2€lbut22=4¢€].

Example 2.1.4 In Example 1.3.1, I = {P(0), P(5),P(10)} is maximal hyperideal , so
thatR = R/I = {I, P(1) + I} is a hyperfield, the hyperaddition and multiplication for this

hyperfield as in the following tables:

+ I P(1)+1 : I P(1)+1
I I P(1)+1 I I P(1) +1
PA)+1 | PAD+1  {P2),PG5)}+1 PA)+1 | PAD+1 PQA)+1
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Example 2.1.5 In Example 1.3.3 I = {0, 2, 4} is amaximal hyperideal, sothat F = R/I =
{1,1+ I} is a hyperfield.

Example 2.1.6 In Example 1.3.4 I = {0,5}, ] = {0, 6} are maximal hyperideals , so
F, =G /1, F, =G /] are hyperfields.

Definition 2.1.7 [1] The subhyperring H of a hyperring R is called normal if and only if

x+ H —x € H forall x € R, and it can be written as H < R.

Corollary 2.1.5 [4] H is a normal hyperideal of a hyperring R, ifand only if x — x € H,
forall x € R.

Proof. Let H be a normal hyperideal of a hyperring R,thenx + H —x € H, forall x €
Rbutx+0—x=x—xCSx+H—x S H.Thismeansthatx — x € H, forall x € R.

Conversely if —x € H ,then H + x — x € H + H, which impliesthat x + H — x € H.

Definition 2.1.8 [1] Let H be a hyperideal of the hyperring R, the normalizer of H which
is denoted by N(H) isN(H) = {x:x + H —x S H,x € R}.

Theorem 2.1.7 [1] If I is a hyperideal of a hyperring R, then N(I) is a hyperideal of R,
and N (1) is the largest hyperideal in R that contains /.

Proof. Letx,y € N(I),then(x —x) € I,(y—y)<SI,then(x —x) — (y —y) €I and
SO (x—y)—(x—y)<I, now if te(x—y)then t—-t<(x—y)—(x—y) <.
Thent € N(I), so that (x —y) € N(I).

Let reR,x € N(I), then (x —x) S I, s0o r(x —x) = (rx —rx) S I, we have rx €
N(I). Therefore N(I) is a hyperideal of the hyperring R. If H is a hyperideal of R such

that I < H, then for all x € H we have x — x < . This means that x € N(I) sothat H €

N(I). N(I)is the largest hyperideal in R that contains /. m

Corollary 2.1.6 [12] If I is a hyperideal of a hyperring R, then I is normal in R if and
only if N(I) = R.

Corollary 2.1.7 [12] If M is a maximal hyperideal of a hyperring R, then either N(M) =
MorN(M) =R.

Theorem 2.1.8 [12] If 1,] are normal hyperideals of a hyperring R, then I/ is a normal
hyperideal of R.
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Theorem 2.1.9 If 1, ] are hyperideals of a hyperring R, suchthat I < J,then N(I) € N(J),

if I is normal in R, then J is normal in R.

Proof. Let x € N(I), then (x — x) € I < J, which implies that x € N(J), so that N(I) S
N(J). Onthe other hand, if I is normal in R then by Corollary 2.1.7 N(I) = R.ButN(I) <
N()), then N(J) = R, so that again by Corollary 2.1.7 J isnormal in R.m

Theorem 2.1.10 [12] If I,] are hyperideals of the hyperring R, then

i. NO+NJ)SNUI+),
i. N(NNJ)=NUIN)).

Proof. By the definition of addition we know that I € I+, ] € I + ] and by Theorem
2.1.9 we have N(I) € N(I+J),NJ) €S N(I +]). Then N(I) + N(J) € N(I +]), For
the second part, INJ<SI, INJS] , NUNJ))ESN{) , NINJ)<S N({) then
N(INJ)S NI NN(J). Conversely,letx e NO)NN(J). Thenx —x €landx —x €
J,sothatx —x € INJ, we have x € N(INJ). Therefore N(I)NN(J) =N{NJ).m

Theorem 2.1.11 [8] If I is normal hyperideal of a hyperring R and J is any hyperideal of
R, then I + ] is normal hyperideal of R and N(I N]) = N(J).

Proof. Since I€1+] and I <R , then x—x<SI<+] ,forall x € R. Then by
Corollary 2.1.5 I +] < R. To prove the second part, we know that INJ €] , then
N(INJ) S N(J). To prove the equality, let x € N(J) , then x — x < J, but I is normal,
thenx —xcl,andx—x < INJ,sothatx e N(INJ).Hence NUNJ)=N{). m

Definition 2.1.9 [11] Let I be a hyperideal of the hyperring R then the radical of I which
is denoted by p(1) is defined by p(I) = {x:x" € I,n € N,x € R}.

The following theorems are analogous to those in classical algebra.

Theorem 2.1.12 [11]The radical of a hyperideal I of a hyperring R is a hyperideal and if
I < R, then p(I) < R.

Proof. Firstly, let us prove that p(I) is a hyperideal of R. Since I < p(I), then p(I) # @.
Let x,y € p(I), then there existsn,m € N such that x™,y™ € l. We claim that
(x —y)™™ € I, by binomial expansion

n+m

(x _ y)n+m — Z (n + m) xn+m—iyi

l
i=0
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and since 0 < i < n+ m, then for all values of i we have, either x™*™ ' e Jory' €1,
so that x™*™~tyt € I, implying that (x — y)™*™ € I, which means that x — y € p(I). If
r € R,thenr™ € R and r*x™ = (rx)" € 1, so rx € p(I). Hence p(I) is a hyperideal of
R. If I is normal in R, then x —x €1 € p(I) forall x € R so that p(I) is a normal

hyperideal of R. m
The following theorem is an extension to one in classical algebra in [11].

Theorem 2.1.13 [11] Let I,] be hyperideals of a hyperring R. Then the following

properties are hold;
) p() =21,
2) p(pD) = pD),

3) pU)) =pUN)) =pDNpJ),
4) p()=R <[ =R,

5) p(U+]) = p(pD) +p()),
6) If P is a prime hyperideal of a hyperring R, then for all n € Z*, p(P™) = P.

Proof. The part (1) is clear from the definition of p(I). To prove the second part, we know
from (1) that p(I) € p(p(I). Now let x € p(p(I)). Then x™ € p(I) for some x € Z™,
which means that (x™)™ = x™™ € I ,m € Z*. Then x € p(I) and hence p(p(D)) = p(I).
For part (3), since IJ € I, 1] < ] then I] < IN]. So that p(I]) € p(IN]). Now let x €
p(IN)), then there existsn € Z* suchthat x™ € INJ, and x"x™ = x?™ € I],s0 x € p(I])
and p(IJ) = p(INJ). On the other hand INJ € I,IN] < J, implying that p(INJ) S
p(D),p(IN]) S p(J), so that p(INJ) S p(DNp(J). Now let x € p(I)Np(J), then there
existn,m € Z*tsuchthatx™ € I ,x™ € J,sothat x™*™ € [ ,x™"t™ € J. Then x™"*™ € IN]

, which means that x € p(INJ). Thus p(INJ) = p(DNp().

To prove (4) itis clear that if I = R, then p(I) = R. Conversely, if p(I) = R this means
that1 € I,so0l = R.

For part (5), we know that, I < p(I),] € p(J)sothatl +] < p(I) + p(J) implying that
p(I+]) S plpd)+p(J)), furthermore I<I1+],] < (I+]) which implies that
p(D) S p+]),p(J) S p(+])then p(I) + p(J) € p(I+]), and by part (2) we have
p(p() +pW)) € p(pU +))) = p( + ), hence p(I + ) = p(p(D) + p(N)).
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For part (6) if x € P, then x™ € P ,x € (P") , and P < p(P™) . Conversely, let x €
p(P™). Then there exists m € N, such that x™ € P™. Then either x™ € P or x* € P for
some k < m, and since P is a prime hyperideal then in the two cases we have x € P.
Hence forall n € N, p(P") =P. m

Definition 2.1.10 [11] If 1,] are two hyperideals of a hyperring R, then I, J are called
coprimeif I +] =R.

Theorem 2.1.14 [11] If 1,] are two hyperideals of a hyperring R, such that p(1), p(J) are
coprime, then I, ] are coprime.

Proof. By part(5) of Theorem 2.1.13, we know that p(I +J) = p(p(I) + p(J)), and
since p(I), p(J) are coprime. Then p(I) + p(J) = R, implying that p(I +J) = p(R) =
R. By Part (4) of Theorem 2.1.13 p(I +J) = R ifand only if I + ] = R, thereby I,] are

coprime hyperideals of Rm.

Theorem 2.1.15 [11] Let I,/, K be hyperideals of the hyperring R. Then the following
properties hold.

1) IJ+K)=1] +IK,

2) ifI+]=R,thenl] =1N].

Proof. (1) Let a € I(J + K) then a € )i, b;c;, where b; € I,c; € (J + K), then ¢; €
(di +ei), di E], e; € K, so that

n n
ae Zbl(dl +€i) = zbidi +bi9i g[]"‘IK
i=1 i=1

WegetI(J+K) € 1] + IK.

Conversely, let zelJ+ 1K, then z€a+b, where a€l/,belIK and a=
i xyy b =Yt cid;, where x;,c; €1,y; €],d; €K,alsosince JS J+ K, K< ]+
K, we have

n

m
in}’i QIU+K), Cldlgl(l+K)
i =1

i=1 i

Then

Z €

NgE

m
xXiy; + Cidi c I(] + K)
i =1

i=1 i
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ThusIJ +IK € I(J + K),and hence I(J + K) = I] + IK.

To prove (2), we know that IJ € I,1] < J so that IJ < IN]. Now, let x € IN]. Since I +
J=R,thenl€a+b,wherea €l,b €], we get

x=x-1€x(a+b)=xa+xb <l

ThenINJ € 1J,and hence If | +] = R, thus I =IN].m

2.2 External Direct Product

In this section we will construct a hyperring by finite number of hyperrings. This method
is called the external direct product of hyperrings. It is an analogue to the direct product
in [8, 12].

Definition 2.2.1[8] Let Ry, R,, -+, R, be a finite collection of hyperrings. Then the

external direct product of Ry, Ry, ---, R,, which can be written as
n
R®R, ® @R, =| [R
i=1

is the set of all n-tuples x = (x4, x5, -+, x,,) for which x; € R;. The hyperaddition and the

multiplication operations are componentwise. The identity element is (1, 1,--,1).

Theorem 2.2.1 The direct product R = []i; R; is a hyperring under the operations
defined above.

Proof.
Leta = (ay,ay,:+,a,),b = (by, by, -+, by), ¢ = (c1,¢3,*,¢,) € R. Then
1) a+b={(x,x3,%x,)|x; € a; + b; € R;} S R.
2) a+ (b+c)=(ayay -, an) + ((by, by, -+, bn) + (€1, 2,7+, ¢p))
= (ai,ay, ", ap) + (by +¢c1,by + ¢, -+, by + ¢y)
=(a;+ (by+c),a; + (by +cy), -, an + (b, +cp))
=((a;+ b)) +cy,(ay+by)+cy, -, (an + by) +cp)
=(a+b)+c.
3) a+b=(ay+by,a,+ by, ,a,+b,) =(by+ay,b, +ay,,b, +a,) =

b+a.
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4) The identity of hyperaddition is 0 = (0,0, ---,0), and for all a € R, we have 0 +
a=0+a,0+a,,0+a, =@ +0,a,+0,-,a,+0)=a+0=a.

5) The additive inverse of a = —a exits, because —a = (—ay,— ay, -, — a,) € R,
and0 =(0,0,-=-,0)€ea+b=(a; + by,a, + b, ,-+,a, + by ifandonly if 0 €
a; + b; ,ifandonly if b; = —a; , ifand only if b = —a.

6) Ifaeb+c, thena; € b;+c; fori =1,2,---,n. So that b; € a; + —c; . Hence

b€a+ —c.
7) ab = (a1by,ayby, -+, a,b,) € R.
8) a-1=(a;-1,a,-1,-,a,"1) =(as,a,,a,) =a-1=a.
9) a-0=(a;-0,a,'0,---,a,-0) =(0,0,:--,0) = 0.
10)a- (b +c) = (aq,ay,-+,ay,) * ((by, by, -+, by) + (€1, 2, , €1))
= (ay,ay,+,a,) " (by + ¢, by + c3, -+, by + ¢3)
=(a, (by+c1)ay (by+c3),,a, (b, +cy))
=(a,"by+a,-ci,a,"by+ay ¢y, ,a, by +a, cp)
=a*b+a-c.
Similarly, (b +c)-a=b-a+c-a.

Hence, the direct product R = [];=, R; is a hyperring. m
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CHAPTER 3

Hyperring Homomorphism

In this chapter, we discuss the hyperring homomorphism, all definitions and theorems are
extended to those in classical algebra in [11].

3.1 Chinese Remainder Theorem for Hyperrings

Definition 3.1.1[1] A hyperring homomorphism is a function f from a hyperring R, to
a hyperring R, such that forall a,b € R;

i) fla+b)=f(a)+f(b).

i)  f(a-b) =f(a)- f(b).

i f() =1
Definition 3.1.2 [8] The kernel of the homomorphism f from a hyperring R; to a
hyperring R, which is denoted by ker(f) is defined by

ker(f) = {x: f(x) =0,x € R }.

Theorem 3.1.1 [1] Let f be a hyperring homomorphism from R;to R, then ker(f) =

{0} if and only if f is one to one.
Proof. Assume that ker(f) = {0}. Let f(x) = f(y) for some x,y € R;. Then
0=FfO0)ef()—fl)=f)—fl)=fl—x.

So that, there exists t € (y — x) such that f(t) = f(0) = 0, and since ker(f) = {0},

then t = 0, which implies that y — x = 0 and y = x. Hence f is one to one.

Conversely, assume that f is one-to-one, x € ker(f). Then f(x) = f(0) =0, and x =
0. Therefore ker(f) = {0}. m
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Theorem 3.1.2 Let R be a hyperring and I;,1,,--, I,, be hyperideals of R. Let f be a
function from R to the hyperring 1%, R/Il_defined by

fx)=(x+1,x+ 1, ,x+1I,), then f is a hyperring homomorphism.

Proof. Let x,y € R, then by Theorem 2.1.2 we show that:

1) fx+y)=&x+y+LL,x+y+L,,x+y+1L,)
=x+L+y+LL,x+L+y+L, x+1,+y+1,)
=x+L,x+L, -, x+ L)+ @+, y+1L,,y+y)
=fx)+f).

2) flxy)=(xy+1L,xy+ 1L, ,xy+1)

=((c+ D)@ +L), &+ L)Y+ L), (x+ L)Y+ 1)
=(x+L,x+ 0L, ,x+0L) +L,y+L,,y+y,)
=f() - fO).
3 fF)=QAQ+1L,1+1L,,1+1,), where (1+1,1+1,,--,1+1,) is the
identity element of []7, R/Ii' m
The following theorem is an extension to Chinese Remainder Theorem for ring in [8].
Theorem 3.1.3 [13] (Chinese Remainder Theorem for Hyperrings)
Let R be a hyperringand 1,1, ---, I,, be hyperideals of R. Let the homomorphism f from
Rto [T, R/ }, be defined as i the previous theorem. Then:

1) Fori = j if I, I; are coprime, then [[;_; I; = NiL, 1,

2) Whenever i # j, I;,1; are coprime if and only if the homomorphism 1 is onto,

3) NiL,I; = {0} if and only if the homomorphism f is one-to-one.

Proof.

1) The first statement will be proved by induction, for n = 2, it is true by Theorem

3.1.5. Assume that it is true for m = n — 1, this means that

n-1 n-1
[ = 1_[11 = ﬂ]l
i=1 i=1
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2)

3)

Now assume that I; + I, =R , fori = 1,2,---,n — 1, so that for each i we have
x; €1;, y; €I,suchthat 1 € x; +y;. Thenx; € 1 + (—y;) € 1 + I, , implying
that

n—-1
Hll- €141,
i=1

So that

n-1

1€In+1—[1i=1n+1=>R=In+I.

=1

Therefore, again by Theorem 3.1.5 we have

n n
Hli =1II,=INI, = ﬂ]i.
i=1 i=1

Assume that f is onto, without loss of generality, it is enough to prove that I, I,
are co-prime. Since f is onto, then there exists x € R such that f(x) = (1 +
1,0+ 1,0+ 1,). But f(x)=(x+1I,x+1I,-,x+1,), so that x +1, =
1+, x+1, =1, thismeansthat x € [, and x +i € 1 + [, forsome i € I;, SO
thatx €1+, +i=1+1;,thenl € x+ I, butsincex € I,,we havethat 1 €

x+ 1, +1, =1, +I,. Therefore, I, + I, = R and hence I, I, are co-prime.

Conversely, assume that I;, I;are co-prime for i # j. We will prove that f is onto,
so it is enough to prove that for each y € R,there exists x € R such that
f(x)=W+1,1,,-,1,). Since I, I; are co-prime then I, +1; =R for i =
2,3,-,nletyeu,+v,,1€u;+v;fori =3,4,---,n, whereu; € I;,v; € I;
Let x = [[L, v;, then x € (y —u,) [1i=3(1 — ;). So that x € y + I;, which

meansthatx + I, =y +I; ,alsox = [[L,v; € I;.
Therefore f(x) = (x+ I, x + I, ,x+ 1) = (y+ 11,1,,-++,1,),and f is
onto.

By Theorem 3.1.1 we prove that ker(f) = {0} if and only if f is one-to-one, for
the homomorphism f we have ker(f) ={x e Rix+1[; =1,i=12,--,n} =
{xeR:x€el,i=1,2,---,n} =N}, [;. Hence f is one-to-one if and only if
ker(f) = {0} = N, 1;. m
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Theorem 3.1.4 Let I, 1,,---,1, be prime hyperideals of a hyperring R, and I be a
hyperideal of R such that I < U}, I;. Then I < [; for some i.

Proof. The proof will be done by contrapositive, so we prove that if I & I; for each i then
I € UYL, [;, and we do it by induction, so for n = 1, it is trivial case, assume that the
statement is true for n — 1 prime hyperideals. Now suppose that I, I,, -, I,, are prime
hyperideals of a hyperring R such that I € [; for j =1,2,---,n. Then for each
L(1<i<n)wehavel; €I forj=1,2,---,i—1,i+1,-,n. So by the hypothesis
of induction, foreach i with 1 <i < nwecanfindx; € I butx; € U;.; I;. Now if x; & I;

for some i, we have done, otherwise we have x; € I; for all i . Then take

n
y= Zx1x2 T Xi—1Xit1 " X
i=1
which is an element of I , but not in any I;. So y & U}, I;, which completes the proof.m
Theorem 3.1.5 Let I;,15,+--, I, be hyperideals of a hyperring R, and I be a prime
hyperideal such that Ni., I; € I, then I; < I for some i, particularly if I = N}, I; then

I = I; for some i.

Proof. We will prove the first part by contradiction, so assume that the claim is false. This

means that for each i there exist x; € I; but x; & I. Then
xle "’xn € 1112 “‘In g Ilnlzn e n]—n g I

which is a contradiction as I is a prime hyperideal, so I; < I for some i and the first part
is true. Now if = N; I; , then I < I; for each i, and by the first part of this theorem we

have I; € I for some i. Therefore I; = I for some i.m

Definition 3.1.3 [7] If I,] are hyperideals in a hyperring R, then their hyperideal quotient
which is denoted by (I : ]) is the set {x € R:xJ € I}. In particular (0 : I) is called the
annihilator of I and is denoted by Ann(I) which is the set of all x € R, such that xI = 0.

The set of all zero divisors of the hyperring R can be defined as D = U, Ann(< x >).

Theorem 3.1.6 [7] If I,] are hyperideals of a hyperring R, then the hyperideal quotient
(1 : J) is also a hyperideal of R.

Proof. 0j =0 €l,sothat0e (/:J)and (I :J) # @. Now leta,b € (I : J). ThenaJ €
I,b] € 1. So that (a —b)] € aJ —b] < I, therefore (a—b) S I. IfceR,de (I:]),
thenc(dJ) = cd] S 1,and ca € (I : ]J). Hence (I : J) is a hyperideal of Rm.
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Theorem 3.1.7: Let A, B, C,{A;},and {B;} be hyperideals of a hyperring R, then the

followings are satisfied.

(i)
(if)
(iii)
(iv)
(V)

Proof.

(i)

(ii)

(iii)

(iv)

v)

AC (A:B),

(A:B)BC A,
((A:B):C)=(A:BC)=((A:C):B),
(N;4; : B) = N;(4; : B),

(A:2:B) =Ni(A:By.

By the definition of hyperideal quotients for any x € A, we have xB € A, so
that x € (A : B). Therefore A € (4 : B).

Let x € (A: B)B. Then x € I, x;y;, such that x; € (A: B),y; € B, and
x;BcA for i=1,2,---,n , and x;y;B € A. Thus (O}, x;y;) B € A.
Therefore x € A,and (A : B)B € B.

Letx € ((A: B):C). ThenxC < (A: B) and xBC < Asothatx € (A : BC),
which means that ((A: B) : C) € (A : BC). To prove the equality, let x €
(A : BC),then xBC < A. Now take y € xC, then y = xc for some ¢ € C, then
yB = xcB € A. So that y € (4 : B) which implies that xC < (A : B), and
x € ((A:B):C). Hence ((A:B):C)=(A: BC). Since the hyperring is
commutative, then we have ((4: B) : C) = (A : BC) = ((A: €):B).

By the definition of the hyperideal quotient, letx € (N; 4; : B), then xB <
N;A4;, so that xB € A; ,for all i hence x € (4; : B),for all i, which implies
that x € N;(4; : B). Similarly, if x € N;(4; : B) we have x € (N;4; : B).
Therefore, (N; 4; : B) = N;(4; : B).

Letx € (A:);B;),thenx),;B; € A, and since B; € ),; B; , we have xB; <
xY;Bi S A. Then x € (A: B;) forall i, and x € N;(A : B;). Hereby (4 :
YiB;) € N;(A:B;). On the other hand, let x € N;(4: B;), then x €
(A : B;) forall i,sothatxB; € Aand x Y;; B; < A for all i which implies that
x€(A: Y;B).m
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3.2 Hyperring Isomorphism Theorems

Theorem 3.2.1 [4] (First Isomorphism Theorem ) Let R, S be hyperringsand f: R — S be
a hyperring homomorphism, then ker(f) is a hyperideal of R and f(R) is a subhyperring
of S such that R /ker(f) is isomorphic to f(R).

Proof. We prove that ker(f) is a hyperideal of R. Let x,y € ker(f),r € R. Then

fa=N=fE+EN)=f@O+fE =@ - fO) =0, f@x)=rf(x)=0.
So that ker(f) is a hyperideal of R. Since f is homomorphism, it is easy to show that
f(R) is a subhyperring of the hyperring S. Define g: R /ker(f) — f(R) by g(¥) = f(x)
where x = x + ker(f). Firstly we have to prove that g is well defined. Suppose that X =

y, where x,y € R, then x € y. This means that x € y + k for some k € Ker(f), then

f efly+k)=f)+fk)=fO)+0=f(). Thus f(x) = f(y) and g(x) =
g() , so that g is well defined. Let x,y € R, then

9x+y)=g{z:zex+y})

={9(2):zex+y}
={f(@):zex+y}

Also,

9@+ 93 =f) +f)

=fx+y)
={f(2):z€x +y}

Therefore, g(x +y) = g(x) + g(¥).

For the multiplication we have,

g -y)=gGy) = flxy) = ff ) =g&) - g().

Therefore, g is a homomorphism and g(0) = £(0) = 0, so by Theorem 3.1.1, g is one-
to-one. To prove that g is onto, let y € f(R), then we have x € R such that f(x) =y,
so that g(x) = f(x) = y so g is onto. Hence R /ker(f) is isomorphic to f(R). m

Corollary 3.2.2 Let R, S be hyperrings, and f be a homomorphism from R onto S. Then
R /ker(f) isomorphicto S.

Theorem 3.2.3 [4] (Second isomorphism Theorem) Let R be a hyperring, and A be a
subhyperring of R and B a hyperideal of R, then ANB is a hyperideal of A and
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A/ANB = A+ B/B.

Proof. To prove that ANB is a hyperideal of A4, letx,y € ANB. Thenx —y < A because
A is a subhyperring. Also x —y < B since B is a hyperideal, so that x —y € ANB. If
r € A, x € ANB, then rx € ANB. Therefore ANB is a hyperideal of A. Now define a
function f from Ato (A+ B)/B by f(a) = a + B for each a € A. Then,

fla+b) = f({x:x € a+b}
={f(x):x €a+ b}
={x+B:x€a+b}
=a+b+B
=a+B+b+B=f(a)+ f(b).
For multiplication we have,
f(ab) = ab + B = (a+ B)(b + B) = f(a)f(b).

For the zero elements, f(0) = 0 + B = B. Therefore f is a homomorphism. To prove
that f is onto, let x + B € (A+ B)/B. Thenx € y + B forsomey € A+ B sothaty €
a+ b forsome a € A,b € B, then y € a + B, which implies that y + B = a + B. Thus
f(a)=a+ B =y+ B =x+B.Hence f isonto.

Let b € A, then b € ker(f) ifand only if f(b) = b + B = B, ifand only if b € B. Then
b € ker(f) if and only if b € ANB, so that ker(f) = ANB. Hence by the first
isomorphism theorem and Corollary 3.2.2 we have A/ANB =(A+ B)/B.m

Theorem 3.2.4 [4] (Third Isomorphism Theorem) Let R be a hyperring and I,] be
hyperideals of R such that J < I, then I /] is a hyperideal of R /] and

R/ -
Py =i

Proof. Since I, ] are hyperideals of R, then I,] are nonempty andso I /] = {a + J:a € I}
is also nonempty. Let a,b € I,r € R, then by the definition of hyperaddition and

multiplication defined on the quotient hyperring we have
(a+D+b+))=a+b+jand (r+))(a+]) =ra+].

Since I is a hyperideal, then a + b, ra are contained in I, so that I/] is a hyperideal of
R/]. Now, consider the function f: R/] — R/I defined by f(r +J) = (r + I). We want
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to prove that f is well defined. Assume thatr; + ] =1, + J, thenr; €, +J,andsor; €
1, + 13, for some r; € J € I. Therefore r; €, + 1. Hence r; + [ =1, + 1 and so f is
well defined. To show that f is onto, let r +1 € R/I,then f(r +]) =r + 1, thus f is
onto. Finally, r + J € ker(f) ifand only if r +1 = 0 + I, which means that r € I. Thus

ker(f) = I/] . Hence by the first isomorphism theorem we have that R/]/I/] =R/I.m

The following theorem is called the fourth isomorphism theorem and sometimes called

lattice isomorphism theorem.

Theorem 3.2.5 [12] (Fourth isomorphism theorem) Let R be a hyperring, and J be a
hyperideal of R. Then the correspondence I — I/] is an inclusion preserving bijection

between the set of hyperideals I of R that contains J and the set of hyperideals 7 of R/J.

Proof. Let f:R — R/] defined by f(r) = r + J. We show that f is a homomorphism
from R onto R/]. Let a,b € R, then f(a+b) =a+b+]=a+]+b+]=f(a)+
f(b), also f(ab) =ab+]=(@+]))(b+]) and f(1) =1+]. Therefore f is a
homomorphism. To show that f is onto, let v + ] € R/J, then f(r) = r + ], so that f is
onto. Now let K be the set of all hyperideals I of R, such that /] < I, then we will show
that for each hyperideal I in the set K, f(I) is a hyperideal of R/J and this is directly
come from the definition of the homomorphism, let a; + J, a, + ] be elements of f(I),
then (a; +J)—(a, +J)) =a, —a, +] = f(ay — a,), where a;,a, € I. So that (a; +
D—(a,+))cf(). Forr+]€R/], we have f(ra,) =ra; +] = (r+])(ay +])).
Then (r +J)(ay +J) € f(I). Therefore, f(I) is a hyperideal of R/J.

Now, we show that for every hyperideal [ of R /], there is a unique hyperideal I € K, such
that £(I) = I. Let I be a hyperideal of R/J and I = f~(I'). Firstly, we prove that I =
f~1(I) is a hyperideal of R. Since I is hyperideal of R/J, then the zero element J of R/]
is an element of I, such that f~*(J) =J € I. Leta,b €1 = f~1(I), then f(a),f(b) €
I, so f(a) = f(b) = f(a—b) <1, which implies that a —b < f~1(I) = 1. If r € R,
then f(r) € R/J, so that f(r)f(a) = f(ra) € I, therefore ra € f~1(I) = I. Hence I is
a hyperideal of R and J C I. It is easy to show that the function £ is inclusion preserving
between the set of hyperideals I of R that contains J and the set of hyperideals [ of R/].
To complete the proof we have to show that f is one-to-one from the set K to the set of
hyperideals in R/J. Assume that f(I;) = f(I,) for some I, I, € K, since f is inclusion

preserving, we have I; € I, and I, € I;,and hence I; = I,. m
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3.3 Extension and Contraction

Let f: A — B be a hyperring homomorphism, if I is a hyperideal of A. Then f(I) need
not to be a hyperideal of B. For example from classical algebra, let f: Z — Q defined by
f(x) = x. Then f(Z) = Z, but Z is not a hyperideal in Q. In this section we study the

extension and contraction of the hyperideals and we generate a hyperideal from f(I).

Definition 3.3.1 [7] Let f:A — B be a hyperring homomorphism and let I be a
hyperideal of the hyperring A, then the extension of £ (1) is which denoted by 1€ is defined

by
1€ =<f(1)>={beB:beZbif(xi):bi € B,x; € I}.
i

Definition 3.3.2 [7] Let f: A — B be a hyperring homomorphism and J be a hyperideal
of B. Then the contraction of J, which is denoted by J€ is defined by

J¢=f70)={a€A:f(a) €]}
The following theorems are analogues to those in classical algebra that mentioned in [11].

Theorem 3.3.1 Let f: A — B be a hyperring homomorphism and I be a hyperideal of A4,
J be a hyperideal of B. Then;

=

1€ is a hyperideal of B,

2. J¢ is a hyperideal of A, and if J is prime hyperideal of B, then J¢ is prime
hyperideal of 4,

3. I S %andjc c/J,

4. ]C — ]C@C and Ie — Iece

5. Let C be the set all hyperideals that contracted in A and E be the set of all

hyperideals that extended in B. Then C ={l: [* =1}, E={] : J°® =]} and

I — I¢is a bijection map from C onto E , which inverse | +— J€.
Proof.

1. [Itis straightforward from the definition of 1€ that I¢ is a hyperideal of B.

2. Leta,b€jc=f"1(J), then f(a),f(b) €], s0that f(a) — f(b) = f(a—Db) <
J. Therefore a—b < f71(J) =J¢. If r € 4, then f(r) € B, and f(r)f(a) =
f(ra) € J,sothat ra € f~1(J) = J¢. Hence J¢ is a hyperideal of A. Assume that
] is a prime hyperideal, let ab € J¢ = f~1(J). Then f(ab) = f(a)f(b) € ] and
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since J is prime, then either f(a) € J or f(b) € J. Therefore either a € f~1(J) or
b € f~1(J]), so that J¢ is a prime hyperideal whenever ] is prime.

Note: If [ is a prime hyperideal, then /¢ need not to be prime, example from
classical algebra, if f:Z — Q and if I # 0, then I¢ = Q, which is not prime.

Let x € I, then f(x) € I¢ which means that x € f~1(I¢) = I°¢, so that I < ]°°.
For the second part of (3) leta € J¢¢, thena € ),; f(b;)c; , forsome b; € J¢ , ¢c; €
B, and since b; € J¢ then b; = f~1(d;) for some d; € J. So that a € }; d;c; < J.
Hence, J¢¢ C J.

By (3) we know that J¢¢ < ], then J¢¢¢ < J¢, again from the first part of (3), since
J€ is a hyperideal of A, then J¢ € J¢¢¢, therefore J¢ = J¢¢. For the second part,
from (3), I < €€ so that ¢ < 1¢¢¢ . Since I¢ is a hyperideal of B then, by the
second part of (3) we have ¢ 2 [°¢¢. Therefore [¢¢ = [°.

Let I be a hyperideal in set C, then I = J¢ for some hyperideal J in B, so that from
(4), J¢ = Je¢c. Therefore, I = J¢ = J¢© = [°°. Now, let J be a hyperideal in the
set E, then | = [° for some I € A, then by (4) we have 1¢¢ = [°. Therefore, | =
1¢ = [°°¢ = J°¢. Now we show the map I +— [° is one-to-one and to do this, let
I} =I5, but I; =Jf, I, =J5 for some J;,J, € E. So that I{ =J{¢ =15 = ]3¢
which implies that j7¢¢ = J5¢¢, and by (4) we have that J{ = J5, hence I, = I, and
the map is one-to-one. To show that the map I +— I€ is onto, let ] be a hyperideal
in E, then J¢ € C and J¢ +— J¢ =]. Therefore, the map is onto. So for a
hyperideal I in C, we have I — I€ is bijection and by the definition C and E,
I1¢ =] forsome] € E,and ] — J¢ = 1¢¢ =]. Then ] — J€ is the inverse of | —

I¢.m

Theorem 3.3.2 Let f: A — B be a hyperring homomorphism, and let I;, I, be hyperideals
of Aand J;,/, be hyperideals of B. Then

N o gk~ w NP

(I, + 1,)¢ = I + I£.
U1 +)2)° 2] +J3.
(LOL)E < I2NE.
U:NJ) =JiNJz.
(LL)¢ =I5,
U2) 21z

(I: )¢ < (f: 13).
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8.

Proof.

1.

U1:J2)¢ € Ui:J2).

(L+L)Y={xeB:xe);f(x)b;, x; €I, +1,,b; € B}
={xe€B:ix € f(ay +ax)b;,ay; € 1,az € I, x; € ay; + ay;}
={x €B:x € f(a)b;+2;f(az)b;}
={a+b:a€};f(a)b;, b€Y;f(by)b; 6 x €a+b}
={a:a€y;f(a)b;ay €1, }+{b:b € ¥; f(az)b; az; € I}
=1¢+ I
Let y € Jf + 2. Then y € a+ b, for some a € J5,b € JS. Thus, f(a) €4,
f(b) €J,. So that f(a+b) = f(a) + f(b) €], +],. Therefore, yEa+b <
Ur +J2)°.
Let y € (I;NL)% then y e {};f(bi)c;,b; € LNI,,c; € B}, therefore y €
ILNI5.
yeEhN) e f)ehN,;=ye]i and yej; & ye]iN;.
Since 1 € B, then BB = B and since f is homomorphism and the multiplication
of hyperideals is commutative, then (I;1,)¢ = Bf(I;I;) = BBf(I,)f(l,) =
Bf(I)Bf(I;) = I{13.
Let y € JiJ5. Then y = ab, where a € J{,b € J5, then f(a) € J;, f(b) € J,.
Therefore, f(y) = f(ab) = f(@)f(b) € JJ,. Hence y € f1(J1J2) = (JuJ2)°.
By Theorem 3.1.7(ii) we have, (I;:1,)I, €I, so that by (5) (I;: 1)¢I5 =
((I;: 1)) € I7. Now if x € (I; : I)¢, then xI5 € I7, so that x € (I{ : I5)
which means that (I; : I5)¢ < (I : I5).
By Theorem 3.1.7(ii) we have, (J;: J,)J> € J; and by (6) we have (J;:/,)¢J5 <

(Ui:J2)]) i If x € (J;:])¢. Then xJ5 < Jf, so that x € (J; : J5) which
means that (J; : J5)¢ € (J1:/5). =

Theorem 3.3.3[7] Let f: A — B be a hyperring homomorphism from a hyperring A onto

a hyperring B. Let I be a prime hyperideal of A such that ker(f) € 1. Then f(I) is a

prime hyperideal in B.

Proof. First of all, we show that f(I) is a hyperideal of B. Let y;,y, € f(I), s € B and

since f is onto, then there exists x;,x, € I,r € A such that f(x;) = y;, f(x;) = y, and

f(r) = s.Since I is a hyperideal of I, thenx; —x, € I,rx; € I,and f(x; — x,) € f(I),

36



f(rxy) € f(I). So that y; —y, = f(x) — f(xz) = f(x1 —x2) € f(I) and sy, =
f(r)f(x) = f(rxy) € f(I). So that f(I) is a hyperideal of B. To prove that f(I) is a
prime hyperideal, let b, b, € B such that b;b, € f(I), then there exists a,,a, € A,c € I
where f(a;) = by, f(a,) = b, and f(a,a,) = f(a,)f(ay) = bib, = f(c). Therefore,
0 € flayay) — f(c) = f(aya, —¢) = {f(2):z € a,a, — c}, then for some z € a,a, —
¢, f(z) = 0, which means that z € ker(f). So that a;a, € z+ ¢ S ker(f) +1 S I and
since I is a prime hyperideal, then a, € I or a, € I, therefore, b; = f(a,) € f(I) or b, =

f(a,) € 1. Hence f(I) is a prime hyperideal of B. m

Theorem 3.3.4: Let f: A — B be a hyperring homomorphism from a hyperring A to a
hyperring B. If ] is a prime hyperideal of B, then f~1(J) is a prime hyperideal of A.

Proof. The result follows directly from Theorem 3.3.1m

Theorem 3.3.5 [7] Let f: A — B be a hyperring homomorphism from a hyperring Aonto
a hyperring B. Let I be a prime hyperideal of A such that, ker(f) < I, then € is a prime
hyperideal of B.

Proof. In Theorem 3.3.1, we show that /¢ is a hyperideal of B, to show that /¢ is prime
hyperideal, let ab € 1° for some a, b € B, since f is onto, then there exist x,y € A such
that f(x) = a, f(y) = b. So that, ab = f(x)f(y) = f(xy) € X;s;f(ci), s; € B,c; € I.
Since f is onto, then s; = f(r;), for some r; € A. Therefore,

ab=f(y) = ) [(Df () = ) flrix) = f (Z rixl-) c f (Z n-xi> +0,

i i

So that,

OEf(ZTixi>_f(XY)=f <Zrixi>_xy :

i i

Then there exists t € (3; r;x;) — xy such that f(t) = 0, which means that t € ker(f).
Therefore xy € Y;r;x; +t © I + ker(f) < I. Since I is prime hyperideal, then x € I,
ory€el.Sothata = f(x) € f(I) S I, 0orb = f(y) € f(I) S I°. Hence, I is a prime

hyperideal of B.m

Theorem 3.3.6 [7] Let f: A — B be a hyperring homomorphism from a hyperring A onto
a hyperring B, then there is one-to-one correspondence between the prime hyperideal in

B and the prime hyperideal in A that contains ker(f).
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Proof. Let H be the set of all prime hyperideals in a hyperring A that contains ker(f), let
K be the set of all prime hyperideals in B. Let the function, ¥: H — K be defined such
that I — I¢ , which has an inverse ] — J¢. We show that i is one-to-one and onto with
respect to elements of H and K. So it is enough to show that /°¢ = I. Let x € I, then
f(x) € f(I) €1 sothat x € f~1(1¢) = I°°. Hence I C I¢¢, to prove the converse, let
x € I°¢ , then f(x) € 1¢, so that f(x) € Y;c;f(x;), ¢; € B,x; € I. Since f is onto then

there exists r; € A such that ¢; = f(;). Therefore
) €Y FaDfG) = ) f(r) +0.

So that

0 EZf(Tixi)—f(x) =f (Zﬁ%)‘x :

L

Then there exists ¢ € (3;r;x;) — x such that f(c) = 0, then ¢ € ker(f). So that x €
Qirix)+c<cl+ker(f) <1, 1°“ = 1. Hence I = [°¢ and so i is one-to-one and

onto.m
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CHAPTER 4

On Primary Hyperideals

In this chapter, we discuss more theorems on the primary hyperideals. Recall that the
definition of the primary hyperideal, we say that a hyperideal Q of a commutative
hyperring R is a primary hyperideal if Q # R and for any ab € Q, either a € Q or b™ €

Q, forsomen € N.

4.1 Primary Decomposition

Definition 4.1.1 [1] An element x in a hyperring R which has the property that x™ = 0,
for some integer n > 0 is called nilpotent. The set of all nilpotent elements in R is called
nilradical of R and denoted by nil(R).

We need to prove the following proposition before Theorem 4.1.1.
Proposition 4.1.1 Let R be a hyperring and x,y € R. Then (x + y)™ € Y ,(7)x""y".
Proof. We will prove this proposition by induction and by using the rule
n n—1 n—1
(k)z(k—1)+< k )
Forn = 1itis clear that (x + y)! = x + y, assume that it is true for n — 1, which means
that

n—1
n—-1 n—1 n—1-r.r
(x+y) c - b y'.
r=0
Now consider;
n-—1
n _ n-1 < n=1 i s
x+)"=C+y)x+y)" S x+y) . )X y
r=0
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Theorem 4.1.1 [11] If N is the nilradical of a hyperring R, then N is a hyperideal of R

and R/N has no nonzero nilpotent.

Proof. Let x,y € N,a € R. Then x™ = y™ = 0, for some m,n € N. We have (ax)" =
ax" =0and (—y)™ = (—1)™y™ = 0, so that ax, —y € N. Also,

m+n—1

(x — y)mn-1 z (m + n a 1) xi(—y)mHn=i-i

i=0 '
Where (™*771) is the binomial coefficient. If i > n, then x' = 0, and if i < n, thenm +
n—1l—i=m+Mm—-1—i)=m, so that (—y)™*" 1=t =0, therefore x +y € N.
Hence N is a hyperideal of R. Let x + N € R/N be a nilpotent element, then there
existsn € N, such that (x + N)* =x"+ N = N, so that x™ € N, this means that
(x™™ = x™ = 0,thenx € Nandso x + N = N. Hence every nonzero element of R /N

is not nilpotent.m

Theorem 4.1.2 [11] Q is a primary hyperideal of a hyperring R if and only if R /Q is not

trivial and every zero divisor in R/Q is nilpotent.

Proof. Assume that Q is a primary hyperideal of a hyperring R. Then certainly R/Q is not
trivial. Let x +Q € R/Q be a zero divisor, then thereexistsy ¢ Q such that
x+QW+Q)=xy+Q =0Q.Sothatxy € Q, but y ¢ Q, then x™ € Q for some n €
N.So (x + Q)" = x™ + Q = Q, thatis x + Q is nilpotent. Conversely, suppose that R /Q
is not trivial and every zero divisor in R/Q is nilpotent. Certainly Q # R, let x,y € R
such that xy € Q, then either x € Q or x ¢ Q. If x € Q, then we have done. So if x ¢ Q,
we have (x+Q)(y+Q)=xy+Q =0Q. So that y+ Q is a zero divisor and by
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assumption (y*"+ Q) =(y+ Q)" =Q for some n € N. Then y™ € Q. Hence Q is

primary.m

Proposition 4.1.2 [11] Let I be the nilradical of a hyperring R, then I is the intersection
of all prime hyperideals of R.

Proof. Let P be a prime hyperideal of R, x be a nilpotent element of R, thenx™ =0 € P
for some integer m. Let n > 1 be the smallest integer such that x™ € P,then x x™! € P,
but P is a prime hyperideal, this means that x € P or x™®~1 € P and this can be done only

if n = 1, therefore x € P and so

xEﬂP:IQ ﬂP

P prime P prime

To prove the converse, we have to show that Np ,yime P S 1. We show that if x & I then
x & P for some prime hyperideal P. Let x ¢ I, then x™ # 0 forall n € N. Let S be the
set of all hyperideals J, such that a™ ¢ J, forall n € N. If we order S by inclusion, we
have J; € J, € --- J,, isachain, thenJ = U J; is an upper bound hyperideal belong to S.
By Zorn's lemma, S has a maximal element, say M. We show that M is a prime
hyperideal. By contrary assume that ab € M buta ¢ M and b ¢ M. Then the hyperideals
M+<a>and M+< b > are not in S, then x™ € M+< a > and x* € M+< b > for
somer,t €N, thenx"tt € M+< ab > = M. Hence M is not in S which a contradiction.

Thus either a or b € M and so M is prime hyperideal such that x ¢ M. So

Theorem 4.1.3 [7] Let f: A — B be a hyperring homomorphism from a hyperring A to
a hyperring B. Let J be a primary hyperideal in B, then J€ is a primary hyperideal in A.
Proof. Let x,y € A, such that xy € J¢. Then f(xy) = f(x)f(y) € J. So that f(x) € ] or
[FON]" = f(y™) €]. Therefore, x € f~1(J) =J¢ or y™ € f~1(J) = J¢. Hence J€ is a
primary hyperideal of A.m

Theorem 4.1.4 [11] Let Q be a primary hyperideal in the hyperring R, then p(Q) which

is the radical of a hyperideal Q, is the smallest prime hyperideal that contains Q.

Proof : Note that p(Q) = {x : x™ € Q, for some n € N}, by Theorem 3.1.2, p(Q) is a
hyperideal of R and Q < p(Q). Let ab € p(Q), then (ab)™ € Q for some m € N. Then

a™b™ € Q which is a primary. So that either a™ € Q or b™" € Q. Therefore either a €
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p(Q)orb € p(Q). Hence p(Q) is a prime hyperideal. To show that p(Q) is the smallest
prime hyperideal that contains Q. Let Q, be another prime hyperideal of R, such that Q <

Q1, x € p(Q), then x™ € Q for some n € N. Then x™ € Q, and since Q, is prime, then
X € Q;.Hence p(Q) € Q. m

Definition 4.1.2 [11] If Q is a primary hyperideal in a hyperring R where P = p(Q) is
the smallest prime hyperideal that contains Q, then we say that Q is a P-primary

hyperideal.

In the next example we show that the primary hyperideals need not to be powers of prime

hyperideals.

Example 4.1.1 Let F[x, y] be a field of polynomials of two variables over the set of real
numbersand G = {1, —1} be a subset of F[x, y], since (G, -) isagroup, then by Krasner’s
construction in  Theorem 133 R =F|[x,y]/G is a hyperring and J=
<x,y2>/G = {fG|f €< x,y? >} is a hyperideal of R, so ] = R(xG) + R(y?G).
Define ¢p: R — FlylG/< y* > G by p(x,y)G — p(0,y)G+< y? > G, sothatitis easy

to prove that ¢ is an onto hyperring homomorphism and

ker(¢) = {p(x,y)G € R|p(0,y)G €< y* > G}.

Certainly, xG,y?G € ker(¢), so that J € ker(¢). Now if p(x,y)G € ker(¢), then
p(x,¥v)G = p,(¥)G + xp,(x,y)G for some p; (y)G € F[y]G and p,(x,y)G € R. So that
p1(¥)G = p(0,y)G €< y? > G. Thus p(x,y)G €< x,y? > G = J and hence ker(¢) =
J, then by the first isomorphism theorem R/J = F[y]G/< y?> > G, and < y? > G =
y2F[y]G = (yF[y])?G is a primary hyperideal of F[y]G. So all zero divisors of
F[y]G/< y? > G and hence all zero divisors of R/J are nilpotent. Thus J is a primary
hyperideal of R. Let p(J) =< x,y > G = R(xG) + R(yG) and so

[p(N]? = [R(xG)]* + [RYG)]? + [R(xGD)][R(yG)]
= R(xG)? + R(yG)? + R(xyG).
So [p())]1? €] < p(J). Thus J is not a power of its radical. Now we want to prove that J
is not a power of any prime hyperideal of R. Now, assume that /] = P™ for some prime
hyperideal P and n > 1. Then [p(J)]? € J € P and P" = ] c p(J). Now we check that
P =p(J). Let a € P, then a™ € P™ < p(]), so that a € p(p())) = p()). If B € p()),
then B2 € [p(J)]? € P, so € P since P is prime. Hence P = p(J). So that P2 c P" c

P, which is impossible. Thus J is not a power of a prime hyperideal.
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Theorem 4.1.5 [9] Let I be a hyperideal of a hyperring R. Then the radical hyperideal

p(1) is the intersection of all prime hyperideals that contains I.

Proof. Let I be a hyperideal of ahyperring R and let Ny ; be the nilradical of the hyperring
R/1. Then by Theorem 4.1.2, N/, is the intersection of all prime hyperideals of R/1I.
Recall that the natural homomorphism map f:R — R/I defined by f(x) =x+1 in
Theorem 3.2.4. We showed that f =1 (P/I) is a hyperideal of R for any hyperideal f(P) =
P /1. Now we show that if P/I is a prime hyperideal, then P is a prime hyperideal of R.
Assume that P/I is a prime hyperideal, let xy € P, then f(xy) =xy+I1=(x+D(y +
1) e P/I, theneitherx + 1 € P/l ory +1 € P/I, then either x € P or y € P, so that P
is a prime hyperideal of R whenever P/I is a prime hyperideal of R/I. Therefore Ny, is
the intersection of all prime hyperideals P/I in R/I. Also x + I € N, ifand only if (x +
D" =x"+1=1sothatx™ € I and x € p(I). Therefore N;,, = r(I)/1. Hence p(I) is

the intersection of all prime hyperideals that contains I.m

Theorem 4.1.6 [11] The set of all zero divisor of a hyperring R is equal to its own radical,
thatis D = p(D) = Uyzop(Ann(< x >)) where D = U,.oAnn(< x >) is the set of all

zero divisor of R.

Proof. Clearly, D < p(D). Suppose that a € p(D), so that a™ € D for some n € N. Then
xa™ =0, forsomex € R,x # 0. If n =1, then a € D, else if x > 1, then (xa™ Y)a =
0. So by induction, either xa®* = 0 whena € D or xa™ ! = 0 whena € D. Thus D =

p(D) = p(UxzoAnn < x >) =Ugzop(Ann <x >).m

Definition 4.1.3 [10] The Jacobson radical of a hyperring R is the intersection of all

maximal hyperideals of R.

Note: In Corollary 2.1.1 we concluded that all maximal hyperideals are prime
hyperideals, so that immediately we get nilradical is a subset of Jacobson radical.

Theorem 4.1.7 [10] Let J be the Jacobson radical of a hyperring R. Then x € J if and

only if any element c € 1 — xy, cisaunit for all y € R.

Proof. Let x € J, assume that ¢ € 1 — xy, but c is not unit. Then by Zorn’s lemma < ¢ >
C M for some maximal hyperideal M of R. Sowe havec e M, xeJ S Mand 1€ c +
xy € M. Therefore M = R, which is a contradiction because M is a maximal hyperideal
of R. Hence x is a unit. Conversely, assume that every element in the set 1 — xy is unit,

and let x ¢ J. Then x ¢ M for some maximal hyperideal M in R because J is the
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intersection of maximal hyperideals. So that by maximality of M, we have R =<
MU{x}>={m+xy:m € M,y € R}. Then there exist m € M,y € R such that 1 =
m+ xy ,thenm € 1 — xy. If every element in 1 — xy is a unit, then m is a unit, so that
M = R, which is a contradiction. Hence x € M, for all maximal hyperideal M so that x €

/. m

Theorem 4.1.8 [11] Let Q be a hyperideal of a hyperring R such that M = p(Q) is a
maximal hyperideal of R, then Q is a primary hyperideal. Particularly, all powers of a

maximal hyperideal M are M-primary hyperideal.

Proof. Assume that p(Q) = M. Then by the proof Theorem 4.1.6, M /Q is the nilradical
of R/Q. So that by Theorem 4.1.2 M /Q is the intersection of all prime hyperideals of the
hyperring R/Q. Since M is maximal in R, then M/Q is maximal in R/Q, so by the
maximality of M/Q we conclude that M/Q is the only prime hyperideal in R/Q.
Therefore, every element in R/Q is either a unit or nilpotent, but the zero divisors are not
unit. Then all zero divisors of R/Q must be in M /Qand so every zero divisor in R/Q is
nilpotent. Hence by Theorem 4.1.2, Q is a primary hyperideal. Now if M is any maximal
hyperideal of R, then we have p(M™) = M for all n € N. So by what we just proved M™

is primary and so M-primary.m

Theorem 4.1.9:[11] Let P be a prime hyperideal of a hyperring R, and let Q4, -+, Q,, be
P-primary hyperideals then Q = N}, Q; is also P-primary.

Proof. By Theorem 3.1.3, we have p(Q) = Ni=; p(Q;) = Nj=, P = P. So it enough to
show that Q is P-primary. Let x,y € R and xy € Q. Then xy € Q; forall i. If x € Q,
then we have done, if x € Q, then x & Q, we have x ¢ Q; for some j. So that y™ € Q;
for some m € N, and since Q; is primary then y € p(Qj) = P. Therefore y" € Q, for

some r € N. Hence Q is P-primary.m

Theorem 4.1.10 [11] Let P be a prime hyperideal of a hyperring R, and let Q be P-

primary and x € R. Then

(i) x€Q = (Q:x) =R.
(i) x & Q = (Q:x) is P-primary, this means that r(Q: x) = P.
(i) x¢P= (Q:x)=Q.

Proof.

(i) If x € Q, then for all y € R, we have xy € Q. Therefore (Q: x) = R.
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(i)  Suppose that x & Q. If y € (Q: x), then xy € Q, so that y” € Q for some r €
N. Therefore y € p(Q) = P. Thus Q € (Q:x) < P, which implies that P =
p(Q) € p(Q:x) < p(P) = P. Hence p(Q:x) = P. Now we will show that
(Q:x) is primary. Surely, 1 ¢ (Q:x) so that (Q:x) # R. Let a,b € R such
that ab € (Q: x), then we want to show a € (Q:x) or b" € (Q: x) for some
r € N. Suppose that b" & (Q:x),forall r € N,then b & p(Q:x) = P, but
axb € Q, so that ax € Q or b° € Q, for some s € N. If b° € Q, then b €
p(Q) = P which contradicts the assumption that b ¢ P. Hence ax € Q, and
S0 a € (Q: x). Therefore (Q: x) is primary.

(ili)  Suppose that x ¢ P, we know that Q < (Q: x). To prove the equality, let y ¢
Q.Ifxy € Q,thenx” € Q, for some r € N and this means thatr € p(Q) = P,
which contradicts the assumption x & P. Therefor xy € @ and we conclude
that y ¢ (Q:x). Then (Q:x) S Q and so the equality holds.m

Definition 4.1.4 [14] A primary decomposition of a hyperideal I in a hyperring R is an

expression of I as a finite intersection of primary hyperideals. That is

I= ﬁ Q; (4.1)
i=1

l

where {Q;} are primary hyperideals of R.
Note: In general the decomposition (4.1) may not exist.

We call the decomposition (4.1) is minimal if

() p(Q1),p(Q2), -, p(Qy) are distinct

(||) n]_-“Q] ,¢_Ql,(f0rall i = 1,2,,7’1)
Claim. Any primary decomposition of a hyperideal I can be replaced by minimal
decomposition.
Proof. Consider the primary decomposition I = N’=; Q;. If p(Qj1) = - = p(Qjx) = P,
k < n, then by Theorem 4.1.10, Q = ﬂ{-‘leﬁ, is also P-primary. So we can replace

Qj1,++, Qjx by Q inthe decomposition, and continue this process until Condition (i) holds

for the minimality. If the Condition (ii) is violated, so we can omit hyperideals until

Condition (i) is satisfied.

We shall call a hyperideal Q to be decomposable, if it has a primary decomposition.
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Theorem 4.1.11 [14] (The First Uniqueness Theorem) Let J be a decomposable
hyperideal of the hyperring R and let ] = N}L, Q;, be a minimal primary decomposition.
PutP; = p(Q;)fori = 1,---,n. Thenthe set {P;, ---, B, } contains prime hyperideals which
occur in the set of hyperideals {p(J: x), x € R}, so that the set {P;, -+, B,} is independent

of the particular decomposition of J.

Proof. Let x € R, then by Theorem 3.1.3 and Theorem 4.1.11(ii) we have

p(U:ix) = P(ﬁ Qi3x> =p (ﬁ(Qi:x)) = ﬁP(Qiix) = ﬁ P;.

i X€Q;
Now, if p(J: x) is prime then p(J: x) € {P;| x ¢ Q;} and this proves that p(J: x) = P; for
some P; € {P;, -+, B,}. Conversely, since the primary decomposition is minimal, then for
each i € {1,---,n} there exists x; € N;; Q; \ Q;- So if y € (Q;: x;) we have yx; € Q.
Thus yx; € Q; N Q; =], 80y € (J:x;) and (Q;:x;) € (J: x;). And since ] € Q; then
(:x;) € (Qi:x;). Therefore, (J: x;) = (Qi:x;), and p(Jix;) = p(Qi:x;)) = P;. m

Remark: The prime hyperideals P; in the previous theorem are said to be belong to the
hyperideal J or associated to the hyperideal /. The minimal elements of the set {P;}i, are

called minimal or isolated prime hyperideals belonging to J and the other are called

embedded prime hyperideals in J.

Example 4.1.2 Let K[x, y] be a ring of polynomials of two variables over the field of real
numbers, and let G = {1,—1} be a subset of K[x,y]. Then G is a group and from

Krasner’s construction in Theorem 1.3.3, R = K|[x, y]/G is a hyperring, and
] =<x%xy>/G={fG|f €< x? xy >}

is a hyperideal of R. Then, observe that

J=<x>/GN<x%y>/G (4.2)
and
J=<x>/GN<x,y>?/G (4.3)

Certainly, < x >/G is primary, in fact it is prime since < x >/G is prime in R, also
< x,y >/G is maximal in R, so that by Theorem 4.1.9 < x,y >2/G is primary and by
Example 4.1.1 we have that < x2,y >/G is primary. Observe that, p (< x >/G) =
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<x>/Gand p(< x,y >2/G) = p(<x%,y>/G) = <x,y >/G.Thus (4.2) and (4.3)

are two different minimal primary decompositions of J.

Theorem 4.1.12 [11] Let J be a decomposable hyperideal of a hyperring R, and P be a
prime hyperideal of R containing J. Then P contains an isolated prime hyperideal

belonging to J.

Proof. Let ] = N; Q; be a minimal primary decomposition, and let P; = r(Q;), for all i.
Then P = p(P) 2 p(J) = N; p(Q;) = N; P;. Therefore P 2 P; for some i. And so P

contains an isolated prime hyperideal belongs to /.m

Theorem 4.1.13 [14] Let J be a decomposable hyperideal of a hyperring R, ] = N~ Q;

be a minimal primary decomposition, and p(Q;) = P;. Then

Pp={x€eR:(J:x)#]}

n
i=1
Particularly, if the zero hyperideal is decomposable, then the set D of the zero divisor of

R is the union of prime hyperideals that belongs to 0.

Proof. If J is decomposable in R, then 0 is decomposable in R/J. Let 0 = N; Q, , where
0, = £(Q,) in R/J according to the natural homomorphism, and @, is primary. So that it
is enough to prove the last statement of the theorem. By Definition 3.1.3 we have that
D = U,2op(0:x) and from the proof of Theorem 4.1.12 we have p(0:x) =

Nxgo; Py S P, for some P;. Hence D < UL, P;. But from Theorem 4.1.12, each P; is of

the form p(0: x) for some x € R. Hence U; P; S D.m

4.2 §-Primary Hyperideal of Commutative Semihyperring
Definition 4.2.1 [16] A semihyperring is an algebraic structure (R, +, -) which satisfies
the following axioms:

1) (R,+) is commutative hypermonoid, i.e.
() x+y)+z=x+(y+2z)forall x,y,z€R,
(i)  Thereexists 0 € R,suchthatx + 0 =0+ x =x forall x €R,
(i) x+y=y+xforall x,y €ER.

2) (R, -)isasemigroup, i.e.

M 0O-x=x-0=0forall x eRR.
(i) ((x-y)z=x-(y-z)forall x,y,z€R.
3) The multiplication is distributive to the hyperaddition, so that
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x-y+z)=x-y+x-z, x+y)-z=x-y+x-z forall x,y,z €R.
Definition 4.2.2 [16] A semihyperring (R, +, -) is called:

(i) Commutative, if x -y =y -x forall x,y €R.
(i) Semihyperring with identity if 1, € R, such that x - 1; = 1z - x = x, for all
X €ER.

Definition 4.2.3 [16] A left (right) hyperideal of a semihyperring R is a nonempty subset
I of R, such that:

(i) Forall x,y e, x+yc|,

(i) Forall xel,r€R,r-x €l (x-r €1), ahyperideal of a semihyperring is
a non-empty subset of R, which is left and right hyperideal of R, and the set
of all hyperideals of R is denoted by Id(R).

Definition 4.2.4 [16] For x € R, if there exist one and only one —x € R such that 0 €
x + (—x) then —x is called the opposite of x. Denote the set of all opposite elements of
R, by V(R), thatis V(R) = {x € R|there existsy € R,0 € x + y}.

Definition 4.2.5 [17] Let I be a hyperideal of a semihyperring R, then [ is called a k-

hyperideal if fora € I, x € Rwehavea + x = [ = x € I, where A = B means ANB #
o.

Definition 4.2.6 [16] A semihyperring R is called an additively reversive if it satisfy the
reversive property with respect to the hyperoperation of addition, i.e. for a € b+ ¢
impliesb € a + (—c) and ¢ = a + (—b).

Definition 4.2.7 Let R be a commutative semihyperring and I be a hyperideal of R. Then
the closure of I which is denoted by cl(I), is defined by cl(I) = {a € R:a + ¢ < I, for

some c € I}.
Theorem 4.2.1 Let R be a semihyperring. Then R has at least one maximal k-hyperideal.

Proof. Let A be the set of all k-hyperideals of R. Since {0} is a proper k-hyperideal of R
then A # ¢, and the relation of inclusion is partially order on A, then by Zorn’s Lemma

we have a maximal element in A. So that R has at least one maximal k-hyperideal. m

In [17], Ameri showed that for a semihyperring R, with I is a hyperideal of R, the set
(R/1,®,®) is a semihyperring, where
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R/l={x+1,x€ER}x+I®y+I={z+1:z€Ex+y}, x+IOy+[=xy+1.

Definition 4.2.8 [15] A hyperideal expansion is a function &, which assigns to each
hyperideal I of a semihyperring R another hyperideal §(I) of the same semihyperring
such that I € §(I) and if I < J then §(I) < &(J) for any hyperideal J of R.

Definition 4.2.9 [15] Let § be a hyperideal expansion, a proper hyperideal I of a
semihyperring R is called §-primary if ab € I, and a € I, then b € §(I). The definition
can be stated as: if b € I,a & 6(I), then b € §(I).

Remarks:

1. Let I be a hyperideal of a semihyperring R, the identity function §,, such that
8o(I) =1 isan expansion for each I € Id(R). A hyperideal I is §,-primary if and
only if I is a prime hyperideal.

2. Let p(I) be the radical of hyperideal I of a semihyperring be defined the same as
on the hyperideal of hyperring. Define &,(I) = p(I) for each I € Id(R) then §;
iIs a hyperideal expansion. A hyperideal I is §;-primary if and only if I is a primary
hyperideal.

3. Let I be a hyperideal of a semihyperring R, let 6,(I) = cl(I). Then &, is a
hyperideal expansion.

4. Let B be the largest hyperideal of a semihyperring R, then §5(1) = B forall I €
Id(R), then &5 is a hyperideal expansion.

5. Let §, defined by the intersection of all maximal hyperideals containing I, and
d4(R) = R, then §, is a hyperideal expansion.

6. If § is a hyperideal expansion, let E5: Id(R) — Id(R) defined by
Es(I) = N{J € Id(R):I < ],] is §-primary}. Then Eg is a hyperideal expansion.

Theorem 4.2.2 If I,] are two hyperideals of a semihyperring (R,+, -) and § is a
hyperideal expansion, then

) S+ 6()<c sU + )).

i)y sU-pHpesunycsmNsY).
Proof.

() By the definition of the hyperideal we have I,] < I + ] and by the definition

of 5,weget6(1),6(J) € (I +]). Thens(I)+6() € 6§ +]).
(i) Sincel -J < I,I1 -] < J,thenl -] < INJhenced( -]) € 6(INJ),
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also, INJ € ITand INJ < J then §(INJ) € §(I) and (I N)) € 5().
Hence6(INJ) <€ 6(HNS(J). m

Theorem 4.2.3 [15] Suppose that R is a commutative semihyperring, & is a hyperideal

expansion, then:

1) The hyperideal I of R is §-primary if and only if for any hyperideals J, K in R with
JK € 1,K &I impliesthat] < §(I).
2) If I'isa é-primary hyperideal of R, T is any subset of R, then

(I:T) ={x ER:xT S I}
is §-primary and if T is a hyperideal of R suchthat T £ §(1), then (I, T) = 1.

Definition 4.2.10 [15] 1. A hyperideal expansion ¢ is said to be intersection preserving
if for any hyperideals 7, ] in a semihyperring R satisfiesthat §(I n J) = §(I) n &§()).
2. A hyperideal expansion § is said to be a global if for any semihyperring homomorphism

f:R — S and any hyperideal I in S we have §(f~1()) = f~*(8(1)).

Remark :6,(I) =1 is intersection preserving, and 6(I) = p(I) is also intersection

preserving because p(INJ) = p(DHNp(J).

Theorem 4.2.4 Let (R, +, -) be a commutative semihyperring with a unit and §(I) =
N{H|l S H, His a maximal hyperideal}. Then § is a hyperideal expansion and ¢ is
intersection preserving.

Proof. By the definition of §, we have I < §(1), and for any hyperideals P, Q in R such
that P € Q we have N{H|P < H,H is maximal hyperideal} € N{H|Q < H,H is
maximal hyperideal} which implies that §(P) € §(Q) and so § is a hyperideal
expansion. To prove that & is intersection preserving, let M, = {H|IN] € H,H is
maximal hyperideal}, M, ={H|I € H or J € H,H is maximal hyperideal}. Then
NM; =6(NJ) and NM, = §(I)NS(J) and any H in M, is directly in M; , so that
M, € M;.Now if H e M, ,thenIN] € H,andsincel -] € INJthenl -] € H, but H
is maximal and R is commutative with a unit, then by Proposition 3.3.7 in [1], H is prime
hyperideal, so that ] € H or ] € H, thus H € M, , so that M; = M,, and therefore
SUND) =6DN6J). m
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Theorem 4.2.5 Let §; be hyperideal expansions fori = 1,---,n. Then §(I) = N~ 6; (1)

Is also a hyperideal expansion.

Proof. Since §; is a hyperideal expansion for all i, then I < §;(I) forall i, so that I <
r,6;(I) =68(). Also, if I,] are hyperideals such that I < J, then §;(I) < 6;(J), for all

i therefore 6(I) = N, 6;(I) € N~;6;(J) = 6(J). Hence § is a hyperideal expansion.m

Theorem 4.2.6 [15] Let & be a hyperideal expansion of the commutative semihyperring
R.If6(I) < p(I) for every §-primary hyperideal I, then §(1) = p(I).

Proof. Let x € p(I), then x™ € I forsomen € N. Ifn=1 ,thenx € I € §(I) and we
are done. So we may assume that n > 1, such that x™ € I but x™®~* ¢ I. Since I is §-

primary and x™ = xx™ 1 € I,x""1 ¢ I, then x € I, therefore §(I) = p(I). m

We will define a §-zero divisor of a semihyperring and a hyperring. This definition is an

extension to the definition of a §-zero divisor of a semiring [18].

Definition 4.2.11 Let § be a hyperideal expansion on a semihyperring R, an element x is
called 6-zero divisor in R, if there exists y € R with y € §({0}) such that xy € §({0}).
The set of all §-zero divisor in R will be denoted by Zs(R).

Theorem 4.2.7 Let R be a semihyperring with identity and let § be a hyperideal expansion
such that 6 ({0}) # R. Then

1. nils(R)is a hyperideal of R with nils(R) € Zs(R).

2. If Zg(R) is a hyperideal, then Zs(R) is §-primary.
Proof. 1. Let x,y € nils(R),r € R. Then x,y € §({0}) which is a hyperideal. So that x +
y € 6({0}) and rx € §({0}), therefore nils(R) is a hyperideal. Now for x € nils(R), we
have x = x - 1z € 6({0}), but 6({0}) # R, s0 1z & 6({0}) and x € Zs(R).
2. Suppose that Z5(R) is a hyperideal of R, let x,y € R such that xy € Zs(R). Then there
exists r € R with xyr € §({0}) but r € §({0}). Now if yr € §({0}), then y € Z5(R),
and if yr & §({0}), then x € Zs(R). Hence Zs(R) is a §-primary hyperideal. m
Theorem 4.2.8 Let I be a hyperideal of a semihyperring R, and let 6 be a global
hyperideal expansion. Then I is §-primary if and only if Zs(R/I) < §({0z/1}).
Proof : Suppose that §(I) is §-primary, let r; + I be an element of Zs(R/I) , then there
existsr, + 1 & §({Og/;}) suchthatry + 1 @1, +1 =ryry +1 € §({0g/;}). Since & is a
global, then for natural homomorphism f: R — R /I, which defined by f(x) = x + R we

have f(I) ={0g;} and 8({0g/}) =8(F(D)) =f(6U)) =6U)/1. Then nr, €
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8,1, € 5() so that r, €1 and r, +1€ 8({0g/}). Conversely, suppose that
Zs(R/I) < 5({0g/;}), and let x,y € R such that xy € I,x & I, then x + IQy + 1 =
xy+I1=1andsoy+1€Zs(R/I)theny+1€5({0g/}). Theny € §(I) and so I is
S-primary. m
Definition 4.2.12: 1. Let R be a semihyperring with a hyperideal expansion &, then R is
called §-semidomainlike semihyperring if Zs(R) < nils(R).
2. Let R be a hyperring with a hyperideal expansion §. Then R is called a §-domainlike
hyperring if Zs(R) < nils(R).
Theorem 4.2.9: Let R be a semihyperring with a hyperideal expansion § such that
§(8(D) = 8(I) for every hyperideal I in R. Then

1. §({0}) is a §-primary hyperideal if and only if Zs(R) = nils(R).

2. 6({0}) isa &-primary if and only if R is a -semidomainlike semihyperring.

3. If R is a §-semidomainlike semihyperring then Zs(R) is the unique minimal &-

primary hyperideal.

Proof. 1. Suppose that §({0}) is a §-primary hyperideal, by the previous theorem we
proved that nils(R) € Zs(R), so it is enough to prove that Zs(R) < nils(R). Let x €
Zs(R) then there exists y & §({0}) such that xy € §({0}), and since §({0}) is a &-
primary hyperideal y ¢ §({0}) then x € 5§(5({0})) = §({0}), and so nils(R) < Zs(R).
Conversely, suppose that Zs(R) = nils(R), and let xy € §({0}), vy € 6§({0}), then x €
Zs(R) = nilg(R), x € 6({0}), therefore, §({0}) is §-primary.

2. Follows from (1).

3. assume that R is a §-semidomainlike semihyperring, then by (1), (2) we have Zs(R) =
nils(R), and since 6({0}) is a §-primary hyperideal then also Zs(R) is a §-primary
hyperideal. Let / be any §-primary hyperideal of R, since {0} < J, then §({0}) € 6§(J)
and if x € Zs(R), then there exists y ¢ §({0}) such that xy € §({0}) < &§(J) and since J
is §-primary, if y € 6(J), thenx € J ,sothat Zs(R) = nils(R) S . m

Definition 4.2.13 1. Let R be a commutative semihyperring, and 6 be a hyperideal

expansion on R. Then R is called a §-semidomain is xy € §({0}), then either x € §({0})
ory € §({0}).

2. Let R be a commutative hyperring, and & be a hyperideal expansion on R. Then R is
called a §-domain if xy € 6({0}) we have either x € §({0}) or y € §({0}).
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Theorem 4.2.10 Let R be a semihyperring and & be a global expansion such that
§(8I)) = &(I) for every hyperideal I of R. If §(I) is &-primary, then R/I is a&-
semidomainlike if and only if R /I is a §-semidomain.

Proof. Suppose that R/I is a &-semidomainlike semihyperring, since & is global
hyperideal expansion, then §(0/;) = 8(I)/I. Now, leta + I,b + I € R/I such that a +
IGb+1=ab+1€5(0g,)=58)/1. Then ab € §(I) and since §(I) is §-primary,
then either a € §(I) or b € §(5(1)) = 8(I). Sothata+1 € §(I)/Ior b+ 1€ 5(1)/I.
Therefore R /I §-semidomain. Conversely, assume that R/I is a §-semidomain, then by
the previous theorem it is enough to prove that Zs(R/I) € nils(R/I). Let x +1 €
Zs(R/I), thenthereexistsy + I & 5(0z/;) = §(I)/Isuchthatx + IQ@y +I =xy +1 €
8(0g/;). Since R/I is a &-semidomain, then x +1€ &§(0g/), and we have
Zs(R/I) € nils(R/I). Hence R/1 is a 6-semidomainlike semihyperring. m
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CHAPTER 5

Fuzzy Hyperideals of Commutative Semihyperrings

The Fuzzy Set Theory is a branch of mathematics. In 1965, Lotfi Zadeh defined a fuzzy
subset of any set X as a function u: X — [0, 1] [20]. After that the students of Zadeh
introduced the basic concepts of fuzzy algebra. In this chapter we define the expansion of
fuzzy hyperideal and generalize the expansion theory on hyperideals of semihyperrings

to fuzzy hyperideals of semihyperrings.

5.1 4&-Primary Fuzzy Hyperideals of Commutative Semihyperrings
Definition 5.1.1 [21] Let X be a set, a fuzzy subset u of X is a function from X to [0, 1],
such that 0 < u(x) <1 for all x € X. For any two fuzzy sets u,y we say that u < y if
andonly if u(x) <y(x)forallx e X, (uny)(x) = (wAy)(x) = min{u(x),y(x)}, and
uUy)(@) = uVy)(x) =max{u(x),y(x)}
Example 5.1.1 Let R be the set of real numbers and let u: R — [0, 1] defined by
(1 ifx=20
1 Ly >0
uw =11 i x

1

kl + o ifx<0

Then, u is a fuzzy subset of real numbers R.

Definition 5.1.2 [22] Let R be a semihyperring and let u be a fuzzy set of R, then u is
said to be a fuzzy hyperideal of R if:

i) ulxy) = u(x) vu(y) forall x,y €R.

i) (@) = p(x) Au(yforall x,y €R.

Example 5.1.2 : Let R = R/G be the hyperring defined in Example 1.3.1, and u be
definedon R by :

54



1/, if P(x) = P(0)

P = _
HPO) =10 i by e R\ PO
Then u is a fuzzy hyperideal.

Definition 5.1.3 Let R be a semihyperring and let u, y be fuzzy hyperideals of R, let & be
a function that assigns each fuzzy hyperideal u another fuzzy hyperideal § () of R such
that:

i) 1< 8w
i) ifu<ythens(u) <4é(y).

then & is called a fuzzy hyperideal expansion.

Definition 5.1.4 [23]: Let u be a fuzzy hyperideal of a semihyperring R, u is called
primary if for any a, b € R, either u(ab) = u(a) or u(b™) = u(ab) for some n € N.

Definition 5.1.5 : Let 6 be a fuzzy hyperideal expansion, a fuzzy hyperideal u is called
d-primary if u(ab) > u(a) then §(u(b)) = u(ab). Also the definition can be written as,

if u(ab) > §(u(a)) then u(b) = u(ab).

Definition 5.1.6 [21] Let u be a fuzzy set of a semihyperring R, t € [0,1] , then u, =
{x € R: u(x) = t}is called the level set of u.

Definition 5.1.7 [24] Let u be a fuzzy hyperideal of a semihyperring R, then p(u), called

sup

the radical of y is defined by p(u(x)) = ,2iu(x™),n € N.

Theorem 5.1.1 : If pu is a fuzzy hyperideal of a semihyperring R, then p(u) is a fuzzy
hyperideal of R.

Proof. Since u is a fuzzy hyperideal, then u(x™y™) = u(x™) Vv u(y™), so that

p(u(xy)) = ulx™y™ 2 ™ v o dnx™) = p(u(x)) v p(u(y)). Consider that
ulx +y) ={u(z):z € x + y}, so that

et P (@) = LM R u(E™) = inf (22u(x +y)")
J n _
= inf (fﬁ# Yr—o (r)xryy r)
sup ) )
= (nz1(lsrrnslg,u(xryn r)))

> (Fhu(xmynm)), 0 <7 <,
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where u(x™y™ ) = | U1 (xTy™ ), If 7, bounded above i.e 7, <k for some

constant k, and n — r,,is unbounded above then Zexiff,p(u(z)) > WP (xTy™ ) >

¥ u(y™), which is true for all values of n, 0,100 (1(2)) = sebu(y™ = p(u()).

Similarly, if n—mn, is bounded above and r, is unbounded, then

Zexigp(u(z)) > Pu(x™) = p(u(x)), if none of n—mn,n is bounded then
inf

zex+yP((2)) = p(u(x)) A p(u(y)), hence p(w) is a fuzzy hyperideal of R. m
Example 5.1.2

1) For any fuzzy hyperideal u of a semihyperring R, 8,(u) = u is a fuzzy hyperideal
expansion.

2) 6;(p) = p(uw) is a fuzzy hyperideal expansion.

Proof. 1. It is trivial case.

sup

2. Forall x € R we have §(u(x)) = p(u(x)) = SHu(x™) = p(x™ 1x) = p(x), also
if py,u, are fuzzy hyperideals such that u; < p,, then §(uy(x)) = p(pi(x)) =

oty (x™) < 530, (x™) = p(uz) = 8(1z(x)). Hence 8(w) = p((w)is a fuzzy
hyperideal expansion.

Definition 5.1.8 [23] Let u be a fuzzy hyperideal of a semihyperring R, then, u is called
prime if for all x,y € R we have u(xy) = u(x) or u(xy) = u(y).

Theorem 5.1.2 Let u be a fuzzy hyperideal of a semihyperring R, then u is prime if and
only if u is §y-primary.

Proof. Assume that u is a prime fuzzy hyperideal, let u(ab) > u(a) so that u(ab) =
p(b), then &o(u(b)) = u(b) = u(ab) and p is 8y-primary. Conversely, let u is &,-
primary, and p(ab) > u(a), then 8o(u(b)) = u(b) = p(ab), but u(ab) = u(b). So we
have u(ab) = u(b) and u is a fuzzy prime hyperideal. m

Theorem 5.1.3: Let u be a fuzzy hyperideal of a semihyperring R, then u is primary if
and only if u is §;-primary.

Proof. Assume that u be a primary fuzzy hyperideal with u(ab) # u(a), then u(ab) >
p(a). So that there exists n € N such that p(a™) = p(ab), then §(u(a)) = ;hu(a™).
Therefore u is §;-primary. Conversely, suppose that u is §;-primary with u(ab) # u(a),
then p(ab) > p(a), so that p(u(b)) = ,hu(b™) = p(ab). If u(b™) < p(ab) foralln €
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N, then > u(b™) < u(ab) which is a contradiction, so that there exists n € N, such that

nz1
u(b™) = u(ab) and so u is a primary fuzzy hyperideal.
Theorem 5.1.4 Let u be a fuzzy hyperideal of a semihyperring R, and § be a fuzzy
hyperideal expansion and y be a hyperideal expansion such that y(u;) = (Su),, t €
[0, 1]. Then w is a §-primary fuzzy hyperideal if and only if y, is a y-primary hyperideal

of a semihyperring R.

Proof. Suppose that u is a §-primary fuzzy hyperideal of R. Let xy € u, with y € u,, then
u(xy) = tbutu(y) < t.Sothat u(xy) > u(y), then Su(y) = u(xy) = t. Therefore y €
(6u): = y(us). Hence u; is a y-primary hyperideal of R.

Conversely, assume that u, is a y-primary hyperideal of R. Let u(xy) > u(y), then
u(xy) =t forsome t € [0,1]. Then y & u;, but xy € u, sothaty € y(u;) = (6u):. We
get Su(y) =t = u(xy). Therefore u is a §-primary fuzzy hyperideal.

Theorem 5.1.5 Let §,y be fuzzy hyperideals expansions of a semihyperring R such that
6(w) € y(w) for every fuzzy hyperideal p. If p is §-prrimary, then u is y-primary. Also
every prime fuzzy hyperideal u is a §-primary fuzzy hyperideal.

Proof. Suppose that u is a §-primary fuzzy hyperideal, such that u(ab) > u(b), then
du(b) = u(ab). So that yu(b) = du(b) = u(ab). Therefore p is y-primary. Now,
assume that u is a prime fuzzy hyperideal with u(ab) > u(b), so that u(ab) = u(a), but
we know that Su > u, so that du(a) = u(a) = u(ab). Hence u is a §-primary fuzzy
hyperideal.

Theorem 5.1.6 The intersection of two fuzzy hyperideal expansions is also a fuzzy

hyperideal expansion.

Proof. Assume that §;, §, are two fuzzy hyperideal expansions of the semihyperring R.
Let § be defined as § = §;N5,. Then for any fuzzy hyperideal u we have that u <
O, 1 S S, SO that u € §;u N S,u=86(w). Now suppose o is another fuzzy hyperideal
of R such that u € o. Then du € 6;u € 6,0 and du € S,u € 6,0, which implies that

éu € 6,0 N 5,0 = §o. Hence § is a fuzzy hyperideal expansion. m

Remark. The previous theorem can be generalized for finite fuzzy hyperideal
expansions, that is the intersection of a finite number of fuzzy hyperideal expansions is

also a fuzzy hyperideal expansion.
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Theorem 5.1.7 Let § be a fuzzy hyperideal expansion of a semihyperring R, and Es be
defined by Es(u) = N{p: p is 6-primary a fuzzy hyperideal expansion, u < p}. Then E

is a fuzzy hyperideal expansion.

Proof. By the definition of Es we have that u € E5(x). Now suppose that p; S u,, then
any §-primary fuzzy hyperideal p that contains u, is also contains u;. Since u; € u, ,

then Es(u,) € Es(u,). So that Eg is a fuzzy hyperideal expansion.

Definition 5.1.9 [15] Let 6 be a fuzzy hyperideal expansion, then § is called intersection
preserving if §(u N p) = 6(u) N §(p) for all fuzzy hyperideals u, p of a semihyperring
R.

Example 5.1.3 §, is intersection preserving because d,(uNp) =unp = 3dy(1) N
6o(p). Also 6; is intersection preserving because &, (unp)=punp)=

sup

oy (AP (™) = S E W™ A ()™ = 6,(w) N 8,(p).
Theorem 5.1.8 Let § be an intersection preserving fuzzy hyperideal expansion and

Up, Uy, -+, Uy bE S-primary fuzzy hyperideals such that § (;) = 6(;1]-) =pforl<i,j<
n. Let

n
u= ﬂ Hi.
i=1

Then p is a §-primary fuzzy hyperideal.
Proof. Suppose that u(ab) > u(b), then u(ab) = Ai=, u;(ab) > AN.q u;i(a). So that
p(ab) > uj(a) for some j. So we have u;(ab) > AL;pi(a) = u(a) = uj(a) and since

w;j is &-primary. Then 6u;(b) = p(ab). Since & is intersection preserving, then

oo () ()

i=
Therefore, u(b) = p(b) = du;(b) = pu(ab). Hence u is a 5-primary fuzzy hyperideal. m

Definition 5.1.10 [25] Let R, S be nonempty subsets , and 6 € [0,1), f be a fuzzy subset
of the Cartesian cross product R X S. Then f is called a fuzzy function if:

1) Forall x € R there exists y € S, such that f(x,y) > 6.

2) Forall x e R, forall y,,y, €S,f(x,y,) > 6 and f(x,y,) > 0 implies that y; =

V2.
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Definition 5.1.11 [25] Let R, S be nonempty subsets, 6 € [0,1) and f be a fuzzy function
defined on R X S. Then;

1) fisonto if for all y € S there exists x € R such that f(x,y) > 6.

2) f is one-to-one if for all x;,x, €R, forall y €S, f(x1,y) >0,f(x;,y) >0

implies that x; = x,.

Definition 5.1.12 Let R, S be commutative semihyperrings, and f be a fuzzy function
defined on R x S. Then f is said to be a fuzzy homomorphism if and only if for all

X1,x, ER andforally € S

1) ZExlirleZf(Zl y) = sup{inf{f (x4, ¥1), f (x2, ¥2)} ¥ € y1 + ¥2, 1, ¥ € S}
2) f(x1xp,y) = sup{inf{f (x4, y1), f (x2,¥2)}| ¥ = ¥1¥2, Y1, Y2 € S}

The homomorphism f is said to be a fuzzy isomorphism if it is one-to-one and onto.
Definition 5.1.13 [25] Let f be a fuzzy subset of R x S, then the inverse of f is f~1 on
S x R is defined by f~1(s,7) = f(r,s) forall (s,7) € S X R.

Definition 5.1.13 [25] Let R, S be semihyperrings and f be a fuzzy function of R into S.

1) If uis afuzzy subset of R, then the fuzzy subset f(u) of S defined by for all s €

S, f(w)(s) = sup{u(r): f(r,s) > 6}.
2) If 1 is a fuzzy subset of S, then the fuzzy subset f~1(1) of R defined by for all
r € R, f71(A)(r) = A(s) where f(r,s) > 0.

Theorem 5.1.9 Let R, S be semihyperrings, and f be a fuzzy homomorphism from R onto
S. Then;

1) If wis a fuzzy hyperideal of R then f(u) is a fuzzy hyperideal of S.
2) If Ais a fuzzy hyperideal of S then f~1(2) is a fuzzy hyperideal of R.

Proof. 1) Assume that u is a fuzzy hyperideal of R. Since f is onto homomorphism, then

for each x,y € S there exists r;,, € R such that f(r;,x) > 6, f(ry,y) > 6. So that
f@(xy) = sup{u(r): f(r,xy) > 6} = sup{u(rir2): f (1112, xy) > 6}

> sup{u(r) V u(ry): f(rr, xy) > 6}
= sup {u(r): f(r,x) > 0}V sup{u(ry): f (12, y) > 6}

=fW VW)
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Also, s 1 f (1)(s) = inf (28, u(rr): f(rira,s) > 6})
> inf(sup{u(r): f (ry, x) > 6} Asup{u(ry): f (12, %) > 6})
= sup{u(ry): f(r1, x) > 6} Asup{u(ry): f (2, x) > 6}
= FU)) A F(W) ()
Therefore £ () is a fuzzy hyperideal of R.
2) Suppose that 2 is a fuzzy hyperideal of S, then for x,y € R we have,
f71)(xy) = A(sy52) where £ (xy, 5155) > 6
> {A(s1) V A(s): f(xy, 5152) = sup{f (x, 5:1) A f (¥, 52)}
= {A(s1): f(x, s1) > 0}V {A(s2): f (¥, s2) > 6}
= FI D@ VA O):
reribf I (2) = Inf{A(s15,): £ (2,5157) > 6]
> inf{A(s1) VA(s,): f(z,5) = f(x,51) V f(y,52),S € 51 + 55}
> inf{{A(sy): f(x,s1) > 6}V {A(s2): f(y,s,) > 6}
= A(s1) AA(sy) = D@ A f D).
Hence, f~1(A) is a fuzzy hyperideal of R. m

Definition 5.1.14 Let f be a fuzzy semihyperring homomorphism from R into S, and &
be a fuzzy hyperideal expansion. Then § is said to be a global expansion if 6(f‘1(/1)) =
f~1(8(Q)) for any fuzzy hyperideal 1 of S.

Theorem 5.1.10 Let R, S be semihyperrings, and f be a fuzzy homomorphism from R
into S and & be a global fuzzy hyperideal expansion. If u is a §-primary fuzzy hyperideal
of S, then f~1(u) is a §-primary fuzzy hyperideal of R.

Proof. By Theorem 5.1.9, we have that f~1(u) is a fuzzy hyperideal of R whenever p is
a fuzzy hyperideal of S. Assume that f~X(u)(ab) > f~1(u)(a), then u(xy) > u(x)
where f(ab,xy) > 6 and f(a,x) > 6, but p is §-primary, so that §(u(y)) = u(xy)
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which implies that f~1(8(u(b))) = f~'(u(ab)) and since § is global, we have
S§(f~Y(u(b))) = f~(u(ab)). Therefore f~1(w) is a §-primary fuzzy hyperideal of R.m

Definition 5.1.14 [25] Let f be a fuzzy semihyperring homomorphism fromRto S, 6 €
[0,1), then the kernel of f is Ker(f) = {x € R: f(x,0) > 6}.

Theorem 5.1.11 Let f be a fuzzy semihyperring homomorphism from R onto S and & be
a global fuzzy hyperideal expansion. The fuzzy hyperideal u of R is §-primary then f(u)
IS a §-primary fuzzy hyperideal of S.

Proof. By Theorem 5.1.9 u is a fuzzy hyperideal of R then f(u) is a fuzzy hyperideal of
S. Now, suppose that f (i) (sr) = u(ab), f(ab,sr) > 6, since f is homomorphism, then
f(u)(s) = u(a) and f(u)(r) = u(b). Assume that p is §-primary and f(u)(sr) >
f)(s). Then p(ab) > p(a), so §(u(b)) = pu(ab) and f(8(u(r))) = f(u(sr)) , and
since & is global. Then §(f(1(r))) = f(u(sr)). So f(w) is 5-primary fuzzy hyperideal
of S.m

Theorem 5.1.12 Let f be a fuzzy semihyperring homomorphism from R onto S and & be
a global fuzzy hyperideal expansion. Then f induces one to one corresponding between

&-primary fuzzy hyperideals of R and §-primary fuzzy hyperideals of S.

Proof. The prove is a direct result of Theorem 5.1.10 and Theorem 5.1.11.m
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CHAPTER 6

Conclusion and Discussions

In this study, we studied many well-known properties and concepts of the commutative
hyperrings in the sense of Krasner. Also we constructed some examples and defined
hyperideals of commutative hyperrings. The homomorphism and the hyperring
isomorphism theorems are analogue to those in classical algebra. On primary hyperideals,
we gave an example to show that the primary decomposition is not unique. Also we
extended the definition of §-primary ideal expansion to the hyperideal and fuzzy
hyperideal of the commutative semihyperring. We showed that if f is a fuzzy
semihyperring homomorphism from R onto S and § be a global fuzzy hyperideal
expansion. Then f induces one to one corresponding between &-primary fuzzy
hyperideals of R and §-primary fuzzy hyperideals of S. Further work is about the §-
primary co-hyperideals of commutative semihyperrings. We hope that we can arise new
results and concepts.
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