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ABSTRACT 

 

ZERO-PRODUCT PRESERVING OPERATORS AND  

PRODUCT-FACTORABILITY OF BILINEAR MAPS 

 

Ezgi ERDOĞAN 

 

Department of Mathematics 

PhD Thesis 

 

Adviser: Prof. Dr. Ömer GÖK 

Co-adviser: Prof. Dr. Enrique A. SÁNCHEZ PÉREZ 

 

The present dissertation deals with bilinear operators acting in pairs of Banach spaces that 

factor through a canonical product. We find similar situations in different contexts of the 

functional analysis, including abstract vector lattices −orthosymmetric maps−, 𝐶∗-

algebras −zero product preserving operators−, and classical and harmonic analysis 

−integral bilinear operators. We purpose the use of a generic product as a linearizing tool 

for bilinear maps. 

Concretely, in this dissertation we introduce a certain bilinear map, called product, by 

some inclusion and norm equality requirements and  present a factorization through the 

product given in terms of a summability condition for bilinear continuous operators acting 

in topological product of Banach spaces. If we specialize the product and the domain 

space of the bilinear map, this factorization also concerns about zero product preserving 

bilinear maps.  

In a second step, we center our attention to the pointwise product and convolution product 

particularly. In the case of pointwise product, we consider the bilinear maps acting in 

couples of Banach function spaces and sequence spaces. We obtain that a bilinear map 

can be pointwise product factorable if and only if it is zero product preserving. In the 

sequel, we notice that the same result works if we take into account convolution product 

and the bilinear maps acting in a product of Hilbert spaces of integrable functions, 

respectively, a product of Banach algebras of integrable functions. In this case, we get 

that all bilinear maps that are 0-valued for couples of functions whose convolution equals 

zero have a factorization through convolution.  
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The other objective of the dissertation is to apply these factorizations to provide new  

descriptions of some classes of bilinear integral operators, and to obtain integral 

representations for abstract classes of bilinear maps by some concavity properties of 

operators. In addition to them, we give also compactness and summability properties for 

these operators under the assumption of some classical properties for the range spaces,we 

adapt and apply our results to the case of some particular classes of integral bilinear 

operators and kernel operators and explain some consequences in a more applied context. 

  

Key words: Factorization, zero product preserving map, bilinear operators, symmetric 

operators, pointwise product and convolution. 
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ÖZET 

 

SIFIR ÇARPIM KORUYAN OPERATÖRLER VE BİLİNEER 

OPERATÖRLERİN ÇARPIM-ÇARPANLANABİLMESİ 

 

Ezgi ERDOĞAN 

 

Matematik Anabilim Dalı 

Doktora Tezi 

 

Tez Danışmanı: Prof. Dr. Ömer GÖK 

Eş Danışman: Prof. Dr. Enrique A. SÁNCHEZ PÉREZ 

 

Bu tez çalışması Banach uzay çiftleri üzerinde tanımlı olan ve kanonik bir çarpım 

aracılığıyla çarpanlanabilen ikilineer operatörler ile ilgilidir. Benzer durumlar 

fonksiyonel analizin soyut vektör latisleri —ortosimetrik dönüşümler—, 𝐶∗-cebirleri —

sıfır çarpım koruyan dönüşümler—, ve klasik ve harmonik analiz —integral ikilineer 

operatörler— gibi farklı içeriklerinde  bulunabilir. Bir jenerik çarpımın ikilineer 

operatörler için bir lineerleştirme aracı olarak kullanılması amaçlanmıştır. 

Temel olarak, bu tez çalışmasında bazı kapsama ve norm eşitlikleri şartları ile çarpım adı 

verilen bir ikilineer dönüşüm tanımlanmış ve Banach uzaylarının topolojik çarpımında 

hareket eden ikilineer sürekli operatörlerin bu çarpım vasıtasıyla çarpanlanması bir 

toplanabilirlik koşulu ile verilmiştir. Özel olarak belirli bir çarpım ve ikilineer operatör 

için belirli bir tanım uzayı ele alındığında, bu çarpanlama sıfır çarpım koruyan ikilineer 

operatörlerle yakından ilgilidir. 

İkinci bir adımda, özel olarak nokta çarpım ve konvolüsyon çarpım ele alınmıştır. Nokta 

çarpım durumunda, Banach fonksiyon uzayı ve dizi uzayı çiftleri üzerinde tanımlı 

ikilineer operatör göz önünde bulundurulmuştur. Bir ikilineer operatörün nokta çarpım 

çarpanlanabilir olması ancak ve ancak bu ikilineer operatörün sıfır çarpım koruyan 

operatör olması ile mümkün olduğu görülmüştür. Ardından, konvolüsyon çarpım ve 

integrallenebilir fonksiyonların Hilbert uzaylarının, sırasıyla Banach cebirlerinin çarpımı 

üzerinde tanımlı olan ikilineer operatörler incelendiğinde de aynı sonuç elde edilmiştir. 

Bu durumda, sıfır konvolüsyona sahip fonkiyon çiftleri için sıfır değerli olan tüm ikilineer 

operatörlerin konvolüsyon aracılığıyla bir çarpanlamaya sahip olduğu gösterilmiştir.  
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Tezin bir diğer amacı da bu çarpanlamaları kullanarak ikilineer integral operatörlerin bazı 

sınıfları için yeni tanımlamalar sağlamak ve operatörlerin konkavlık özellikleri ile 

ikilineer operatörlerin soyut sınıfları için integral temsilleri elde etmektir. Bunlara ek 

olarak, operatörün görüntü uzayına klasik özellikler yüklenerek ikilineer operatörlerin 

kompaktlık ve toplanabilirlik özellikleri verilmiştir.  Son olarak, sonuçlar integral 

ikilineer operatörlerin belirli sınıflarına ve çekirdek operatörlerine uyarlanıp uygulanmış 

ve sonuçlar uygulamalı olarak açıklanmıştır. 

Anahtar Kelimeler: Çarpanlama, sıfır çarpım koruyan dünüşüm, ikilineer operatörler, 

simetrik operatörler, nokta çarpım ve konvolüsyon. 
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CHAPTER 1
——————————————————————————————-

INTRODUCTION

A particular class of bilinear operators that play a fundamental role in Functional Analysis

is the one defined by what we can call, broadly speaking, a product. We are thinking of for

example, the internal product of a Banach algebra, but also the pointwise or convolution

product acting on a couple of Banach spaces.

Consider a bilinear operator acting in a couple of Banach spaces in which a product is de-

fined. If the bilinear map factors through such a product, some of the good properties of

the factorization operator are preserved, so it is interesting to know which bilinear opera-

tors satisfy such a factorization. This general philosophy —factorization of maps— is one

of the main techniques that inspires classical and current developments in mathematical

analysis.

In this study, we will give the factorization for the class of the bilinear maps acting on

the Cartesian product of some particular Banach spaces that are 0-valued for the couples

of elements whose pointwise or convolution product is zero. These bilinear maps are

commonly called zero product preserving, also orthosymmetric, in the literature.

1.1 Literature Review

In the current literature, most of the studies of zero product preserving bilinear maps are

related with Banach algebras and vector lattices.

The first reference that we found on the literature related notions due to Lamperti [1].

However, we can find similar definitions in completely different mathematical setting.

For example, the notion of orthosymmetric was already used in the paper [2], and it is not

connected with convolution but lattice type properties.
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In paper [3], Fremlin showed that given two Archimedean Riesz spaces E and F , there is

an Archimedean Riesz space EbF , called the Archimedean vector lattice tensor product

of E and F , in which the linear space tensor product E bF is embedded. He proved

that for Archimedean Riesz spaces E, F and any positive bilinear map ψ : E ˆF Ñ H,

where H is a relatively uniformly complete Archimedean Riesz space, there is a unique

increasing linear map T : EbF Ñ H such that Tb“ ψ.

In the same paper Fremlin proved that for any positive bilinear functional B : CpXq ˆ

CpY qÑR there exists a unique increasing continuous linear functional T : CpXˆY qÑR

such that T p f bgq “ Bp f ,gq for all f PCpXq, g PCpY q, by considering the partial order-

ing on CpXqbCpY q induced by the embedding CpXqbCpY q in CpX ˆY q [3, Corollary

3.6.].

Zero product preserving bilinear maps were studied by Buskes and van Rooij in [2] with

the term ”orthosymmetric”. For an Archimedean Riesz space E, they called the vector

space-valued bilinear map B : EˆE ÑF as orthosymmetric if f ^g“ 0 implies Bp f ,gq “

0 for all f ,g P E. To obtain the commutativity of f -algebras, they proved that every

positive orthosymmetric bilinear operator defined on a sublattice of an f -algebra can be

factored through a positive linear operator and the algebra multiplication [2].

The same authors noticed these results gave rise to the concept of the square of vector

lattices given in [4] and they introduced the relation between orthosymmetric maps and

squares of Riesz spaces [4]. A certain quotient of the Fremlin’s Archimedean tensor

product EbE is also a square of E. The authors defined the notion of square of Riesz

spaces and showed (via tensor products as introduced by Fremlin in [3]) the existence and

uniqueness of squares (see Definitinon 3 and Theorem 4 in [4]).

In the sequel, Buskes and Kusraev proved that symmetry is necessary and sufficient con-

dition for being orthosymmetric of a bilinear map [5]. By using the commutators, Ben

Amor gave a generalization of the symmetry theorem given by Buskes and Kusraev for

order bounded orthosymmetric bilinear maps in [5] to the class of orthosymmetric bilinear

maps B : X ˆX Ñ Y that are continuous with respect to the relatively uniform topologies

of X and Y (r.u. continuous for short)[6, Theorem 14]. A more detailed information on

the orthosymmetric bilinear maps defined on vector lattices can be found in the survey

paper [7].
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On the other hand, some authors studied zero product preserving bilinear maps defined on

product of Banach algebras and C˚-algebras to obtain a characterization for (weighted)

homomorphisms and derivations (see [8, 9, 10, 11]).

Alaminos et al showed that any normed space valued zero product preserving bilinear

map defined on the Cartesian product of the C˚-algebra CpIq of continuous functions on

a compact interval I of R is symmetric and this result was the main tool for their method

used for the characterization of homomorphisms [8].

The same authors have obtained a class of Banach algebras A that satisfy the equality

φpab,cq “ φpa,bcq pa, b, c P Aq for every continuous zero product preserving bilinear

map φ : AˆA Ñ B. By adding some conditions to the algebra, they have proved that

φpab,cq “ φpa,bcq gives a factorization for the bilinear operator φ as φpa,bq :“ Ppabq

for a certain linear map P : AÑ B (It is obvious that this factorization can be obtained for

all unital algebras by defining Ppaq “ φpa,1q) and this factorization gives the symmetry

of the bilinear map whenever the initial Banach algebra is commutative [9].

Alaminos et al have shown that there are some Banach algebras that do not satisfy the

equality φpab,cq “ φpa,bcq such as the algebra C1r0,1s of continuously differentiable

functions from r0,1s to C, although the bilinear operator φ is zero product preserving

map [10]. This shows that any bilinear operator cannot be factored through a product. In

the same paper, the authors obtained that a zero product preserving bilinear map B defined

on C1r0,1s can be expressed as Bp f ,gq “ T p f gq`Sp f g1q`Rp f 1g1q for all f ,g PC1r0,1s,

where T,S,R are linear operators [10, Theorem 2.1].

More recently, same authors investigated zero product preserving bilinear maps defined

on the algebra MnpFqpn ě 2q of all nˆ n matrices over a field F of characteristic not 2

and obtained that the bilinear maps defined on MnpFqˆMnpFq such that for any rank one

idempotents f ,g satisfying f g“ 0 implies Bp f ,gq “ 0 can be factored through MnpFq via

a linear map and algebraic multiplication of matrices [11, Corollary 2.3].

1.2 Objective of the Thesis

As the mentioned above, the factorization of a bilinear map via a product has been inves-

tigated for Banach algebras and vector lattices. As we know, a factorization for the zero

product preserving bilinear maps through a product defined on arbitrary Banach spaces

3



has not been introduced yet.

The purpose of this study is to obtain a class of Banach valued continuous bilinear maps

defined on the Cartesian product of Banach spaces that can be factored through a bilinear

map, called product, and a linear map. Besides, we will consider the continuous bilinear

maps acting on particular Banach spaces, as Banach function spaces, sequence spaces or

group algebras. In these particular cases, the product will be considered as the pointwise

product or convolution. In addition to these factorization results, we aim to show that the

initial bilinear map inherits some properties of the linear operator factored through.

The systematic analysis of some classes of bilinear operators that factor through relevant

product –pointwise product of functions and convolution of functions– will be the subject

of the thesis. We will provide fundamental structure results for characterization of the

general case and representation theorems for the above mentioned cases.

All these information will be used for obtaining the main obective of our work factoriza-

tion theorems and integral representations of families of classical and recently introduced

operators.

In this way, we will provide factorization theorems for convolution bilinear maps, integral

transforms and kernel bilinear operators.

1.3 Findings

In this study, we introduce a class of continuous bilinear maps defined on the Banach

spaces that can be factor through a spesific bilinear map, called product, typically with

some special properties and being canonical in some sense. The bilinear maps having

such a factorization are concidered in algebraic manner, thus we firstly give a summary

of existing theorems and results in the literature. In the sequel, we establish that holding

a particular summability condition is a necessary and sufficient condition for having such

a factorization for a continuous bilinear map defined on a product of the Banach spaces.

Following, we notice that this result can be improved if we specialize the mentioned

product as pointwise product or convolution product, in parallel with the domain space of

the bilinear map.

We consider these two product separately. Firstly, we obtain a factorization through point-

4



wise product for bilinear maps defined on a couple of Banach function spaces and se-

quence spaces, respectively. Secondly, we take into account the convolution operation

and give a factorization of bilinear maps defined on a couple of Hilbert spaces of inte-

grable functions, respectively, group algebras through convolution. For both cases it is

seen that such a factorization is equal to zero product preserving property and it implies

the symmetry condition. Using these factorizations, we investigate the compactness and

summability properties of bilinear maps inherited from their linearizations under the as-

sumption of some clasical properties for the range spaces as the cotype-related properties,

the Schur property or the Dunford–Pettis property. As a result, we obtain integral rep-

resentations of zero product preserving bilinear maps by using vector measures. Since

this factorization allows us to linearize a class of bilinear maps, we get some applications

of bilinear maps that factors through a linear map as integral transform or generalized

convolution.
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CHAPTER 2
——————————————————————————————-

PRELIMINARIES AND NOTATIONS

Throughout the thesis, K represents the scalar field of all real or complex numbers. Z, N

and T denote the set of integers, natural numbers and real line mod 2π , respectively. As

standard notation, the letters X ,Y,Z are used to denote Banach spaces and X˚ is dual space

of the Banach space X with respect to its norm topology. The duality between a Banach

space X and its topological dual X˚ is denoted by xx, f y for x P X and f P X˚. UX and BX

represent the open and closed unit balls of the Banach space X , respectively. For a subset

A of X , the A will denote the closure of A with respect to norm topology. We write χA and

ei to denote characteristic function for a given set A and ith unit sequence, respectively.

For a positive real number p, `pp∆q is the space of all scalar valued functions ξ on ∆ such

that
ř

γP∆
|ξ pγq|p ă8. It is a Banach space with the norm }ξ } “ p

ř

γP∆
|ξ pγq|pq1{p, for

pě 1.

Recall that a set Λ is called partially ordered if there is a reflexive, antisymmetric, transi-

tive relation ď on the set Λ. The partially ordered set Λ is called directed whenever every

pair of elements has an upper bound. A net pxλ qλPΛ in a Banach space X is a function of

a directed set Λ into X .

Let K be a compact set. CpKq denotes the space of all continuous scalar valued functions

on K. It is a Banach space with the uniform norm } f }CpKq “ supxPK | f pxq|.

The support of a real valued function f : AÑ R is the set tx P A : f pxq ‰ 0u. A function

is said to have compact support if this set is compact.

The space of all (bounded) linear operators between Banach spaces X ,Y is denoted by

LpX ,Y q (LpX ,Y q). If Y “ X , then it will denote by LpXq (LpXq).
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Since we will be concerned with bilinear maps through the thesis, we give a detailed

description for them. Consider the Banach spaces X ,Y,Z over the same scalar field K. A

Z-valued map B : X ˆY Ñ Z is called bilinear if

for any y P Y , x ÞÝÑ Bpx,yq

for any x P X , y ÞÝÑ Bpx,yq

are linear maps from X to Z and Y to Z, respectively. That is, it is a map such that it is

linear in each of variables. The vector space of all bilinear maps is a normed space with

the norm

}B} “ sup
!

}Bpx,yq}Z : px,yq P pBX ˆBY q

)

.

We say a bilinear map is bounded if }B} ă 8. Similar to linear case, a bilinear map is

continuous if and only if it is bounded (see [12, Proposition 1.2]).

The vector space of all (bounded) bilinear operators defined on the topological product

space X ˆY into the Banach space Z is denoted by BpX ˆY,Zq (respectively BpX ˆ

Y,Zq). A bilinear continuous map is separately continuous, that is, continuous in each

coordinate.

The handicap of working with the bilinear maps is the fact that the range and the null sets

of a bilinear map are not linear spaces in general. As a natural consequence of this rough

the well-known relations between the dimensions of the kernel and the range in the linear

case do not hold necessarily in the bilinear case. The general theory of bilinear maps can

be found in [12] or [13].

If the range of a linear (bilinear) operator is the field K, then this linear (bilinear) operator

is called functional or form.

Let X and Y be Banach spaces. X ãÑK Y means that }x}Y ď K}x}X for any x P X , i.e. the

embedding X Ă Y is continuous. X ãÑ Y means X ãÑK Y for some K ą 0.

The Banach spaces X and Y are said to be (isometrically) isomorphic if there exists a

(isometric) isomorphism X onto Y , where the (isometric) isomorphism referes a (norm

protect) bijective linear operator such that both it and its inverse are continuous; [14,

Definitions 1.4.13].
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The uniform boundedness principle or Banach–Steinhaus theorem that is one of the

fundamental results in functional analysis states that if A is a nonempty family of bounded

linear operators T : X ÑY such that supt}T x} : T PA u ă8 for each x PX , then supt}T } :

T PA u is finite ([14, Theorem 1.6.9]).

A linear operator T : X Ñ Y is called (weakly) compact if it maps the unit ball of X onto

a relatively (weakly) compact set –that is, a set having a (weakly) compact norm closure–

in Y . An equivalent definition for these operators is the following; an operator is (weakly)

compact if and only if, given any bounded sequence pxiq
8
i“1 P X , the image pT pxiqq

8
i“1 has

a (weakly) convergent subsequence in Y (see [14, Section 3.4]).

A (weakly) compact bilinear operator is defined similarly. We say a bilinear map B :

XˆY Ñ Z is (weakly) compact if it takes the unit ball of XˆY onto a relatively (weakly)

compact set in Z.

It is well known that, every linear operator with a reflexive domain or range space is

weakly compact. Other useful theorem known as Pitt’s theorem states that every linear

operator from `q into `p is compact whenever 1ď pă qă8 (see [15, Chapter 12]).

A linear operator is called completely continuous (or Dunford–Pettis operator) if it takes

weakly compact sets into norm compact sets. Due to the Eberlein-Smulian Theorem this

happens when it takes weakly convergent sequences to norm convergent sequences (see

[15, Chapter 2]). This concept is original definition of compact operators given by Hilbert

in [16], but these two definitions do not coincide exactly. Completely continuity exists

between compactness and boundedness; see [14, Chapter 3].

A Banach space E is said to have the Dunford–Pettis property if each weakly compact

linear operator from E into F is completely continuous for every Banach space F , that is,

every weakly compact operator acting on E maps weakly compact sets to norm compact

ones (see [14, Definition 3.5.15]).

An operator T : X Ñ Y is said to be pp,qq-summing if there is a constant k ą 0 such that

for every x1, ...,xn P X (regardless of the choise of the natural number n),

´

řn
i“1

›

›T pxiq
›

›

p
Y

¯1{p
ď k supx˚PBX˚

´

řn
i“1

ˇ

ˇ

@

xi,x˚
Dˇ

ˇ

q
¯1{q

.

This means that it images weakly q-summable sequences pxiq
8
i“1 P X to absolutely p-
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summable sequences pT pxiqq
8
i“1 PY . We will write Πp,qpX ,Y q—ΠppX ,Y q if p“ q —for

the set of all pp,qq-summing operators; see [15, Chapter 10].

A characterization of a p-summing operator is given by classical Pietsch’s domination

theorem by virtue of a norm domination inequality. This theorem states that an operator

T : X ÑY is p-summing (for 1ď pă8) if and only if there exists a constant c and a reg-

ular probabiliy measure µ on BX˚ –equipped with the compact topology σpX˚,Xq– such

that the inequality }T x} ď c
`ş

BX˚
|xx,x˚y|pdµpx˚q

˘1{p holds for each x P X [15, Theorem

2.12] (see page 10 for regular measure).

Recall that a Banach space is said to have Schur property if weakly and norm convergent

sequences coincide in it. Namely, for a sequence pxnq
8
n“1 and an element x in the space,

pxnq
8
n“1 converges weakly to x if and only if pxnq

8
n“1 converges to x in norm ([14]). The

sequence space `1 and some other spaces have the Schur property (for example, some

discrete Nakano spaces, see (IV) in [17]).

The Rademacher functions rnptq is defined on the interval r0,1s by rnptq :“ signpsin2nπtq,

and for each subinterval
”

i
2n ,

i`1
2n

¯

, where i“ 0, ...,2n´1, n P N and sign is signum func-

tion, we get rnptq :“ p´1qi ([18, §8.5]).

A Banach space E is said to be of type p for some p P r1,2s if there exists a positive

constant K so that, for every finite set of vectors pxkq
n
k“1 P E

´

ş1
0

›

›

›

řn
k“1 rkptqxk

›

›

›

2

E
dt
¯1{2

ď K
´
›

›

›

řn
k“1 xk

›

›

›

p

E

¯1{p
.

We say that E has cotype q for some 2ď q if there exists a positive constant K so that, for

every finite set of vectors pxkq
n
k“1 P E

´
›

›

›

řn
k“1 xk

›

›

›

q

E

¯1{q
ď K

´

ş1
0

›

›

›

řn
k“1 rkptqxk

›

›

›

2

E
dt
¯1{2

.

For these definitions, see [19, Definition 1.e.12] and also [18, Section 7.7]. It is well-

known that every space is of type 1 and cotype8, and Hilbert spaces have both type 2 and

cotype 2. Moreover, infinite dimensional CpKq and L1pµq do not have proper type/cotype,

that is they do not have neither cotype ă8 nor type ą 1.

Now we will recall a property that is named as Orlicz property, particularly for Banach

spaces being of cotype 2. If a Banach space X is of cotype 2, it implies that every weak
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`1 sequence in X is a strong `q sequence. In other words, identity map on X is pq,1q-

summing; see [15, Corollary 11.17]. Note that a Banach space has the Orlicz property if

it is of cotype 2; see [18, §8.9].

2.1 Measures and Spaces

Consider a set Ω. A collection Σ of subsets of the set Ω is called a σ -algebra (or σ -field)

if it contains the Ω and is closed under the operations of difference and countable union.

The dual pΩ,Σq is called a measurable space and every element of the Σ is a measurable

set. A measure µ on a σ -algebra Σ is a set operation such that it is extended real valued,

non negative, and countably additive with the condition µpHq “ 0. The triple pΩ,Σ,µq

will denote a measure space. The measure µ is said to be complete if any subset of a set

E with zero measure is measurable. It is said that the measure µ is regular if every E P Σ

can be approximated by a class of the open measurable sets from above (outer regularity)

and a class of the compact measurable sets from below (inner regularity). A set AĂΩ is

said to be µ-null set if A P Σ and µpAq “ 0. The collection of µ-null sets is denoted by

N0pµq. These definititions can be found in [20].

Let Ω be a topological space. The smallest σ -algebra that contains all open sets is called

the Borel σ -algebra and denoted by BpΩq. A measure defined on the σ -algebra of Borel

sets is called Borel measure ([20, §52]). A Radon measure is a Borel meause which is

inner regular.

Let us consider a measurable set E in a measure space, we say the measure of the set E

is finite if µpEq ă 8 and E has σ -finite measure if there is a sequence pEnq
8
n“1 of sets in

Σ such that E Ă
Ť8

n“1 En and µpEnq ă 8 for all N. A measure µ on Σ is said to be finite

(σ -finite), if every set E in Σ has finite (σ -finite) measure; see [20, Chapter 2].

An atom A P Σ in a measure space pΩ,Σ,µq is a measurable set with a positive measure

such that if B Ă A then µpBq “ 0. A measure µ with no atoms is called non-atomic ([20,

§40]).

A function f , defined on the measurable space Ω, is called simple function if it takes a

finite number of values and it can be written as f “
řn

j“1 α jχE j , where tα1, ...,αnu is a

finite set of numbers and tE1, ...,Enu is a finite, disjoint class of measurable sets; see [20,

§20]. We will show the set of simple functions by SimpΣq. A function f : ΩÑ X is said to
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be µ-measurable if there is a sequence p fnq
8
n“1 P SimpΣq such that limnÑ8 } fn´ f }X “ 0

µ-almost everywhere.

Let f : ΩÑ X be a µ-measurable function. The function f is called Bochner integrable if

there exists a sequence of simple functions p fnq
8
n“1 such that limnÑ8

ş

Ω
} fn´ f }X dµ “ 0.

In this case,
ş

E f dµ is defined for each E P Σ by
ş

E f dµ “ limn
ş

E fndµ; see [21, Chapter

II].

Let pΩ,Σ,µq be a complete σ -finite measure space. L0pµq denotes the space of (equiva-

lence classes of) all µ-measurable functions on Ω. Lppµqpp ě 1q is the Banach space of

functions for which the p-th power of the absolute value is µ-integrable equipped with its

standard norm } f } “ p
ş

Ω
| f |pdµq1{p.

A Banach space pXpµq,} ¨ }q of (equivalence classes of) µ-measurable functions is a Ba-

nach function space —sometimes called also a Köthe function space— (briefly B.f.s)

over µ (or over pΩ,Σ,µq if

(i) if g P Xpµq and f is a measurable function such that | f | ď |g| µ´a.e., then f P Xpµq

and } f } ď }g},

(ii) for all A P Σ with positive measure there exists B P Σ such that BĂ A, µpBq ą 0 and

χB P Xpµq.

The assumption (ii) is equivalent to saturation property, that is, there is no A P Σ with

µpAq ą 0 such that f χA “ 0 a.e. for all f P Xpµq. Since the measure space is assumed to

be σ -finite, this is also equivalent to Xpµq having a weak unit, i.e. a function g P Xpµq

such that gą 0 a.e. (see [22]).

It is worth noting that if the measure µ is finite, the requirement (i) simply means integra-

bility, and also that all simple functions must be contained in Xpµq.

We shortly write X instead of Xpµq if the measure is clear in the context.

Since every function f P X is locally integrable by the definition of the Banach function

space, it follows that for every measurable set E P Σ, the functional f Ñ
ş

Ω
f pxqχEpxqdµ

is an element of topological dual X˚ of X . These functionals are called integral and the

space of all integrals is denoted by X 1 that is known as Köthe dual space, also called

associate dual space, of the X and X 1 Ă X˚. Namely,

11



X 1 “
!

f P L0pX ,µq :
ş

X | f g|dµ ă8@g P X
)

.

It is known that the topological dual X˚ is a Banach lattice and associate dual X 1 is a

Banach function space; see [23, Lemma 2.8(i) and Proposition 2.16].

For a linear continuous operator T : E Ñ F between Banach function spaces E and F , T ˚,

respectively, T 1 will denote its adjoint operator, respectively, Köthe adjoint operator –the

restriction of adjoint operator to Köthe dual.

A Banach function space Xpµq is order continuous (briefly o.c.) if downward directed

nets converging µ-a.e. to 0 converge also in the norm, i.e. any p fαqα Œ 0, we have

limα } fα}Xpµq “ 0 ([19, Definition 1.a.6]). If the limit is defined by sequences, it is said

Xpµq is σ -order continuous (shortly σ -o.c.). It is shown that these two concepts coincide

in Banach function spaces (see [23, Remark 2.5]). One of the important result of the

order continuity is that; the order continuity of the norm of the B.f.s. Xpµq implies the

density of the set SimpΣq (see [22, Lemma 3] or [23, Remark 2.6]). Another important

characterization: a B.f.s. Xpµq has o.c. norm if and only if its Köthe and topological

duals coincide, that is X 1pµq “ X˚pµq.

A Banach function space Xpµq has the Fatou property if any increasing positive sequence

p fnqnPN converging µ-a.e. to a measurable function f with supnPN } fn}Xpµq ă8 implies

f P Xpµq and } fn}XpµqÕ} f }Xpµq ([19, Section 1.b]). A B.f.s. Xpµq has Fatou property if

and only if X2pµq “ Xpµq, where X2 denotes the space pX 1q1 that can be defined for every

Banach function space. It is known that the Köthe dual X 1 of a Banach function space X

has Fatou property.

Given Banach function space E Ă L0pµq and pě 1, we will denote its p-convexification

by Eppq in the sense of [19, Section 1.d] (see also the equivalent notion of 1{p-th power in

[23, Chapter 2] for a more explicit description). Recall that, when E is a Banach function

space, Eppq is the space of µ-measurable functions such that the pth power of its modulus

belongs to E itself. That is,

Eppq “ t f P L0pµq : | f |p P Eu.

In this case, Eppq is also a Banach function space with the norm } f }Eppq “ }| f |
p}

1{p
E , for

f P E (see [24, Proposition 1]).
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It is known that the p-convexification Eppq p0 ă p ă8q of E is order continuous, if E is

so. In this case the set SimpΣq is dense in Eppq, for 1ď pă8.

In the paper [24], authors obtained the following version of well-known Hölder inequal-

ity;

Hölder-Rogers inequality: Let E be a B.f.s. and p,qą 0. For x P Eppq, y P Epqq, xy P Eprq

and }xy}r ď }x}p}y}q, where
1
r
“

1
p
`

1
q

; see [24, Lemma 1].

The following definitions can be found in [19, Chapter 1.d.]. Let us consider a pair of

Banach function spaces X and Y . A linear operator T : X Ñ Y is said to be p-convex

if there is a constant Cp such that regardless of the choise of the n and regardless of the

choise of the vectors x1,x2, ...,xn P X

›

›

›

´

řn
j“1 |T x j|

p
¯1{p

} ďCp

´

řn
j“1 }x j}

p
¯1{p

, if 1ď pă8,

or

›

›

›

Žn
j“1 |T x j|

›

›

›
ďC8max1ď jďn }x j}, if p“8.

A linear operator T : X Ñ Y is p-concave if there is a constant Cp such that for every

choise of the elements x1, ...,xn P X

´

řn
j“1 }T x j}

p
¯1{p

ďCp
›

›

›

´

řn
j“1 |x j|

p
¯1{p›

›

›
, if 1ď pă8,

or

max1ď jďn }T x j} ďC8
›

›

›

Žn
j“1 |x j|

›

›

›
, if p“8.

A Banach function space X is p-convex (p-concave) if the identity operator defined

on X is p-convex (p-concave). Every operator and every Banach function space is 1-

convex.

For a couple of Banach function spaces pE0, E1q and a concave function ϕ : r0,8qˆ

r0,8q Ñ r0,8q which is positively homogeneous –that is, ϕpka,kbq “ k2ϕpa,bq for all

k ą 0– such that ϕpa,bq “ 0ô a “ b “ 0, the Calderón- Lozanovskii space ϕpE0, E1q

generated by the couple pE0, E1q and the function ϕ is defined as all z P L0pΩq such that
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for some a P E0, b P E1 with }a}E0 ď 1, }b}E1 ď 1 and for α ą 0 we have |z| ď αϕp|a|, |b|q

a.e. on Ω. The norm of an element z P ϕpE0,E1q is the infimum of α satisfying the

above inequality. If the power function ϕθ pa,bq “ aθ b1´θ p0ă θ ă 1q, ϕθ pE0, E1q is the

well-known Calderón space Eθ
0 E1´θ

1 ([25]).

2.2 Group Algebras and L1pGq-Modules

In this section we are going to set out the basic terminology of abstract harmonic analysis

and we establish the terminology concerning group algebra L1pGq and its modules that are

essential tools for Chapter 5. See the Appendix A-3 for the basic information on Banach

algebras.

A topological group is a group with a topology such that the group operations –multiplication

and inversion– are continuous. A topological group G is called locally compact group,

respectively, Abelian group if it is at the same time a locally compact Hausdorff space, re-

spectively, an Abelian group. We will use the notation LCA for a locally compact Abelian

group.

Let pG,Σ,µq be a measure space, where G is a topological group.

On every locally compact group G, there exists a non-zero, positive, regular (see page 10

for definition of regular measure), left-translation invariant –that is, µpE` xq “ µpEq for

all E P Σ and x P G– measure µ on G. This measure, called Haar measure, is uniquely

determined up to multiplication by a positive constant. If we consider G as the circle

group T, then the Haar measure is normalized Lebesgue measure.

Let us denote the Haar measure on LCA group G by dµptq. LppGqpp P r0,8sq denotes

the space Lppµq on G corresponding to Haar measure. One defines the integral of a

function f on G by
ş

G f ptqdµptq with respect to the Haar measure dµptq. Convolution

of the elements f ,g P L1pGq on G is defined by f ˚ gpxq “
ş

G f pt´1xqgptqdµptq and f ˚

g P L1pGq. The Banach space L1pGq is a non-unital Banach algebra under convolution

product by } f ˚g} ď } f }}g}. These concepts can be found in references [26, 27, 28] more

detailed.

A character of a LCA group G is a continuous group homomorphism from G to the circle

group T. We will denote by Γ the set of all continuous characters of the LCA group G.
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The set Γ forms also a group and it is called dual group, or Pontryagin dual of G. By the

duality between G and Γ, we denote the value of a character ξ at a point x P G by px,ξ q.

The space of all trigonometric polynomials on G is defined as the following set;

IpGq “ spantp¨,ξ q : ξ P Γu.

The set IpGq is an algebra and consists of all finite linear combinations of the characters

of an Abelian group G.

In reference [26, pp. 204] we can find the following characterizations: if Γ is dual of

G, then G is dual group of Γ. The dual of a compact group is discrete and the dual of a

discrete group is compact.

The very well-known examples of LCA groups are R, T and Z. The circle group T –the

real line mod 2π– will be essential on Chapter 5, so we establish its dual. Any character

on T with the usual topology has the form t ÞÑ e´int for an integer n and the dual group

of T is the discrete group Z; see [26, §VII]. Therefore, IpTq consists of all functions in

the form
řn

k“´n αkeikt , namely, all trigonometric polynomials in ordinary sense. By the

Pontryagin duality theorem the dual group of discrete group Z is isomorphic to T ([26,

§VII]).

Let G be a LCA group and f P L1pGq. The Fourier transform of f denoted by f̂ is the

map f̂ : ΓÑ C defined by

f̂ pξ q “
ş

G f pxqxx,ξ ydx“
ş

G f pxqx´x,ξ ydx, ξ P Γ; see r26,§V IIs.

The Fourier transform satisfies the equalities {p f `gq“ f̂ ` ĝ and yf ˚g“ f̂ ĝ ([26, §VII.4]).

Since the Haar measures on G and Γ are properly normalized, inversion formulas states

that f p´xq is the Fourier transform of f̂ P L1pΓq. The inverse Fourier transform of g P

L1pΓq will be denoted ǧ; see [26, §VII.4].

We give below some examples of well known LCA groups with their dual groups and

Fourier transforms;

G“ R, Γ“ R : f̂ pyq “
ş8

´8
f pxqe´iyxdx py P Rq,

G“ T, Γ“ Z : f̂ pnq “ 1
2π

ş

π

´π
f peiθ qe´inθ dx pn P Zq,

G“ Z, Γ“ T : f̂ peiαq “
ş8

´8
f pnqe´inαdx peiθ P Tq.
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The well-known Plancherel’s Theorem states that Fourier transformation defines a linear

isometry from L2pGq onto L2pΓq and inverse Fourier transformation is an linear isom-

etry from L2pΓq onto L2pGq. Moreover, the Fourier transformation and inverse Fourier

transformation are inverse of each other. That is, p f̂ qq“ f and pǧqp“ g, for f P L2pGq

and g P L2pΓq, respectively. These notions with their proof can be found in references

[26, 27, 28, 29].

For a compact group G, the Banach function space LppGqp1 ď p ď 8q with normalized

Haar measure is a Banach algebra under convolution. Thus, f ˚ g P LppGq and the norm

satisfies } f ˚ g}p ď } f }p}g}p for all f ,g P LppGq. Moreover, the function space CpGq of

scalar valued continuous functions is a Banach algebra under convolution multiplication

endowed with uniform norm ([29, Theorem 28.46]).

The Banach algebra L1pGq is not unital however it has a bounded approximate identity

for any LCA group (see the Appendix A-3 for approximate identities). If the group G is

compact, then we can construct a special approximate identity for L1pGq. For a compact

group G, there is a bounded left approximate identity phαq for L1pGq such that hα P I
`pGq

–that is, hα is a positive trigonometric polynomial– and }hα}1 ď 1 for each α; see [29,

Theorem 28.53].

Recall that a function φ defined on the group G is said to be positive-definite, also called

function of positive type, if the inequality
řN

n,m“1 anamφpxn´ xmq ě 0 holds for every

choice of x1,x2, ..,xN of the distinct elements of G and for every choice of complex num-

bers a1,a2, ...,aN [29, Definition 32.1]. Every character is positive definite and it follows

that if the coefficients are positive, then any finite linear combination of characters is so.

WpGq will denote the complex space of functions defined on G spanned by all contin-

uous positive-definite functions on G. It is a unital algebra of functions under pointwise

operations [29, Theorem 32.10]. If G is a compact group then WpGq coincides with the

set of functions with absolutely convergent Fourier series. For a function f PWpGq, we

denote the norm } f }W “ } f̂ }1, where f̂ denotes the Fourier transform of f . For a compact

Abelian group G with character group Γ, WpGq is the space of all functions f on G of

the form f “
ř8

n“1 anξn, where ξn in the dual space Γ and panq is a sequence of complex

numbers such that
ř8

n“1 |an| ă 8 ([29, 34.13]).

The convolution of two functions in L2pGq is positive definite if G is compact Abelian,
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besides it is continuous. This means that the set L2pGq ˚L2pGq gives the Banach algebra

WpGq; see [29, 34.16]. Consequently, for a compact Abelian group G with the character

group Γ we get that WpGq is isomorphic to the Banach algebra `1pΓq via the Fourier

transform and any function f PWpGq can be written as factorization of two functions of

L2pGq (see [26] or [29, 34.34(a)]).

Particularly, we will deal with the compact Abelian group T. It is useful to note that,

for the group T, the Banach algebra WpTq is the algebra known as Wiener algebra. It is

isomorphic to the Banach algebra `1pZq by the isomorphism given by Fourier transform

and it is endowed with the norm } f }W “ } f̂ }1 for f PWpTq, where f̂ denotes the Fourier

transform of f .

Now we will give a characterization for Banach algebras and Banach modules, the defini-

tion of modules can be found in Appendix A-3. Remark 38.6 in [29] states that if a sub-

algebra UpGq of the algebra L1pGq with the norm }.}UpGq is a left Banach L1pGq-module

with respect to convolution for a compact group G such that IpGq is dense in UpGq, then

we get L1pGq ˚UpGq “UpGq. Moreover, a left bounded approximate identity of L1pGq is

also a left bounded approximate identity for UpGq, i.e. limα }hα ˚ g´ g}UpGq “ 0 for all

g PUpGq, where phαq is a left bounded approximate identity of L1pGq.

The algebras LppGqp1 ď p ă 8q, CpGq, WpGq enjoy the properties ascribed to UpGq

written above. Each of these spaces contains IpGq as a dense subspace and each of them

is a left Banach L1pGq-module with respect to convolution (see [29, Remark 38.6]).
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CHAPTER 3
——————————————————————————————-

THE NOTION OF PRODUCT FACTORABILITY FOR BILINEAR
MAPS

In this chapter, firstly we will gather the existed results both for showing the importance

and currentness of the topic and for giving a general aspect to the reader. In the sequel,

we introduce the notions of product and product factorability with examples and we will

finish the chapter by giving a necessary and sufficient condition for product factorabil-

ity.

3.1 A Brief Glance at Zero Product Preserving Maps

The notion of zero product preserving map appeared second half of the last century. This

concept was introduced by Lamperti to give a complete proof of isometries on LppXq,

p1 ď p ď8, p ‰ 2q firstly characterized by Banach for Lppr0,1sq in the monograph [30]

without a full proof. Lamperti showed that any isometry on LppXq must image func-

tions with disjoint support, that is, their supports do not intersect, to functions with dis-

joint support ([1]). These operators called Lamperti operators gave rise to various sit-

uations and were investigated widely in literature, for instance for operators defined on

vector lattices and function spaces. Recall that any elements x1, x2 in a vector lattice

is called disjoint (in symbols x1 K x2 ) if |x1| ^ |x2| “ 0. In the context of the vector

lattices, several authors have considered the linear operator T defined from a vector lat-

tice to a vector lattice satisfying T x1 K T x2 whenever x1 K x2. Such kind of operators

are called disjointness preserving operators or d-homomorphisms and their inverses with

spectral properties have extensively been investigated by various authors (see [31, 32]

and references therein). This notion was conveyed to the function algebras to establish a
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Stone-Banach theorem by Beckenstein and Narici in [33]. They called separating maps

the linear maps T : CpXq Ñ CpY q (with X and Y compact Hausdorff spaces) acting be-

tween the Banach spaces of continuous functions that satisfies the Lamperti’s property.

This property shows that if T is a separating map, then f g “ 0 implies T p f qT pgq “ 0

for the functions f ,g P CpXq ([34]). Zero product preserving maps, whose typical ex-

amples are weighted composition maps, are especially studied in algebraic manner and

the standard aim of the studies is to characterize them as weighted homomorphisms (see

[35, 36, 37, 38]). Since zero product structure of a Banah algebra determines the full

algebraic structure, zero product preserving linear operators are used as a tool for inves-

tigation of the algebraic properties. One of the known result in this direction is that two

Abelian C˚-algebras are ˚-isomorphic whenever there exists a bijective zero product pre-

serving linear map between them (see [39] and references therein). Also, Araujo and

Jarosz obtained that two operator algebras are isomorphic as Banach algebras if there

is a bijective zero product preserving linear map with a zero product preserving inverse

[38]. In addition, compactness properties of separating maps have been investigated by

some authors. Kamowitz proved that any compact separating map defined on the space

of all continuous functions on a compact Hausdorff space is of finite rank [40]. Lin and

Wong showed that if ones considers locally compact space, the situation become richer

[41]. The necessary and sufficient conditions for the compactness of the separating maps

acting on the space of all vector-valued continuous functions were given by Jamison and

Rajagolalan in [42].

In recent years, this notion was exported the bilinear maps. In this study we will concern

with the bilinear maps preserving zero product, so let us give the results that are found

in the current literature. Note that the notions that will be mentioned below –as bimor-

phism, regular or positive map, relatively uniform topology– can be found in Appendix

A-2.

In paper [3], Fremlin showed that given two Archimedean Riesz spaces E and F , there is

an Archimedean Riesz space EbF , called the Archimedean vector lattice tensor product

of E and F , in which the linear space tensor product EbF is embedded. He defined the

following universal property to introduce this space.

Theorem 3.1 [3, Theorem 4.2] Let E, F, H be Archimedean Riesz spaces and ψ : EˆFÑ

H be a Riesz bimorphism. Then there is a unique Archimedean Riesz space G and Riesz
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bimorphism φ : EˆF Ñ G such that

i. there is a unique Riesz homomorphism T : GÑ H satisfying T φ “ ψ ,

ii. φ induces an embedding of EbF in G such that EbF is dense in G.

By this new tensor product space, Fremlin obtained the following factorization;

Theorem 3.2 [3, Theorem 5.3] Let E, F be Archimedean Riesz spaces and ψ : EˆF ÑH

be a positive bilinear map, where H is a relatively uniformly complete Archimedean Riesz

space. Then there is a unique increasing linear map T : EbF Ñ H such that Tb“ ψ.

This shows that for the same E,F,H, the correspondence T Ø Tb is an isomorphism

between the vector space of the regular linear operators from EbF to H and the vector

space of the regular bilinear operators from EˆF to H.

For the topological spaces X and Y , CpXq bCpY q can be considered as a subspace of

CpX ˆY q. The following corollary was obtained by Fremlin by considering the partial

ordering on CpXqbCpY q induced by the embedding CpXqbCpY q in CpX ˆY q.

Corollary 3.1 [3, Corollary 3.6.] Let X and Y be compact Hausdorff spaces, and B :

CpXqˆCpY q Ñ R is a positive bilinear functional. Then

i. there exists a unique increasing continuous linear functional T : CpXˆY qÑR such

that T p f bgq “ Bp f ,gq for all f PCpXq, g PCpY q,

ii. consequently there is a Radon measure µ on XˆY such that Bp f ,gq “
ş

f ptqgpsqdµ

for f PCpXq, g PCpY q.

Zero product preserving bilinear maps defined on vector lattices were studied by Buskes

and van Rooij in [2] with the term ”orthosymmetric”. For an Archimedean Riesz space E,

they called the vector space-valued bilinear map B : EˆE Ñ F as orthosymmetric if f ^

g“ 0 implies Bp f ,gq “ 0 for all f ,g P E. To obtain the commutativity of f -algebras, they

proved that every positive orthosymmetric bilinear operator defined on a sublattice of an

f -algebra can be factored through a positive linear operator and the algebra multiplication;

see [2].

Theorem 3.3 [2, Theorem 1] Let K be a compact Hausdorff space, E is a uniformly

dense Riesz subspace of CpKq, F is an Archimedean Riesz space and B is a positive

orthosymmetric bilinear map B : EˆE Ñ F . Let E2 be the linear hull of t f g : f ,g P Eu.

Then there exists an increasing linear map T : E2 Ñ F such that Bp f ,gq “ T p f gq for all
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f ,g PCpKq.

Corollary 3.2 [2, Corollary 2] For the Archimedean Riesz spaces E and F , any orthosym-

metric positive bilinear map B : E ˆE Ñ F is symmetric, that is, Bp f ,gq “ Bpg, f q for

f ,g P E.

These results gave rise to the concept of the square of the vector lattices. The same authors

noticed the relation between orthosymmetric maps and squares of Riesz spaces defined

as E2 “ t f g : f ,g P Eu for a Riesz space E ([4]). A certain quotient of the Fremlin’s

Archimedean tensor product EbE is also a square of E. The authors gave the definition

of the square of vector lattices and showed, the existence and uniqueness of squares as

follows by the tensor products as introduced by Fremlin;

Definition 3.1 [4, Definition 3.] The square of a Riesz space E denoted by pEd,dq is a

Riesz space such that

i) d : EˆE Ñ Ed is an orthosymmetric bimorphism.

ii) For any Riesz space valued orthosymmetric bimorphism T : EˆE Ñ F , there is a

unique Riesz homomorphism Td : EdÑ F such that Td ˝d “ T.

Theorem 3.4 [4, Theorem 4.] Every Riesz space has a unique square.

Finally, Buskes and Kusraev proved that being symmetric is necessary and sufficient con-

dition that for being orthosymmetric and they also obtained the following factorizations

[5].

Theorem 3.5 [5, Theorem 3.1.] Let X be a vector lattice and H is a relatively uniformly

complete vector lattice. For any orthoregular bilinear operator B : X ˆX Ñ H, there is a

unique regular linear operator φ : XdÑ H such that Bp f ,gq “ φp f dgq.

The Fremlin’s construction is essential for this theorem. To obtain the result, the authors

used the commutativity of the following diagram;

X ˆX

b

��

d
''

B

++Xd φ // H,

XbX

ψ

88

T

44

where T : XbX Ñ H is the linear map obtained by the Fremlin’s factorization theorem
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and ψ is lattice homomorphism implementing an isomorphism of XbX and Xd.

By using the commutators, Ben Amor gave a generalization of the symmetry theorem

given for order bounded orthosymmetric bilinear maps by Buskes and Kusraev in [5] to

the class of orthosymmetric bilinear maps B : XˆX ÑY that are continuous with respect

to the relatively uniform topologies of X and Y (r.u. continuous for short).

Theorem 3.6 [6, Theorem 14] Let X and Y be Archimedean vector lattices. Any r.u.

continuous orthosymmetric bilinear map B : X ˆX Ñ Y is symmetric.

The symmetry condition of a positive orthosymmetric bilinear operator defined on Archimedean

Riesz spaces was proved using analitic methods by Buskes and van Rooij [2]. For this

reason, Chil considered the question by an algebraic approach and he proved that for

Archimedean vector lattices X and Y , any orthosymmetric lattice bimorphism B : XˆX Ñ

Y is symmetric [43, Theorem 3].

On the other hand, some authors studied zero product preserving bilinear maps defined

on product of Banach algebras and C˚-algebras to obtain a characterization of (weighted)

homomorphisms and derivations (see [8, 9, 10, 11]).

Alaminos et al gave the following symmetry theorem for the zero product preserving

bilinear maps defined on the Cartesian product of the C˚-algebra CpIq of continuous func-

tions on an interval I that was the main tool for their method used for the characterization

of homomorphism.

Theorem 3.7 [8, Lemma 2.1] Let Y be a normed space and let I be a compact interval

of R. Consider a bounded bilinear map B : CpIq ˆCpIq Ñ Y in which f g “ 0 implies

Bp f ,gq “ 0. Then B is symmetric for all f ,g PCpIq.

Same authors of the paper [8] investigated the zero product preserving bilinear maps to

show that there is a close relation with Lamperti maps –zero product preserving linear–

and homomorphisms. It is already clear that any homomorphism T : AÑ B is a Lamperti

map where A and B are Banach algebras, since ab“ 0 implies T paqT pbq “ T pabq “ 0 for

all a,b P A. Their aim was to obtain the inverse: how close is a zero product preserving

linear map defined on Banach algebras to being a homomorphism? To get the answer, they

considered zero product preserving bilinear maps and proved the following factorization

and symmetry theorems.

Theorem 3.8 [9, Lemma 2.3] Let X be a Banach algebra with a bounded left approxi-
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mate identity and let B : X ˆX Ñ Y be a zero product preserving bilinear map satisfying

Bp f ,ghq “ Bp f g,hq for all f ,g,h P X . Then there is a continuous linear map T : X2 Ñ Y

such that B is of the form Bp f ,gq “ T p f gq.

Theorem 3.9 [9, Corollary 2.4] Let X be a commutative Banach algebra with a bounded

left approximate identity. Any zero product preserving bilinear map B : X ˆX Ñ Y satis-

fying Bp f ,ghq “ Bp f g,hq is symmetric.

It is worth saying that the authors obtained a class of Banach algebras X that for any

bilinear map B defined on X ˆ X to Y , the zero product preserving property implies

Bp f ,ghq “ Bp f g,hq for all f ,g,h P X . If we consider a unital Banach algebra X with

this property, we can define a linear map T : X Ñ Y for any bilinear map B : X ˆX Ñ Y

by Bpa,bq “ T pabq. Indeed, Bpa,bq “ Bpa,b1q “ Bpab,1q “ T pabq, where 1 denotes the

unital element of X . This class of Banach algebras is rather large, it includes group alge-

bras, C˚-algebras and Banach algebras generated by idempotents (see [9]).

The algebra C1r0,1s of continuously differentiable functions from the interval r0,1s to

C can be given as an example of Banach algebra that is not included the mentioned

class of algebras. This means that there exists a zero product preserving bilinear map

B : C1r0,1sˆC1r0,1s Ñ Y which does not hold the equality Bp f ,ghq “ Bp f g,hq for all

f ,g,h PC1r0,1s. Indeed, if we consider the bilinear map B : C1r0,1sˆC1r0,1s ÑCr0,1s

defined by Bp f ,gq “ f g1, where g1 denotes the derivative of the function g, it is seen

that this map is zero product preserving but Bp f ,ghq ‰ Bp f g,hq ([10]). This shows that

it is hard to find a general form for zero product preserving bilinear maps. They ob-

tained the following characterization for zero product preserving bilinear maps defined

on C1r0,1s.

Theorem 3.10 [10, Theorem 2.1] A Banach valued zero product preserving bilinear map

B : C1r0,1s ˆC1r0,1s Ñ Y can be expressed as Bp f ,gq “ T p f gq` Sp f g1q`Rp f 1g1q for

all f ,g PC1r0,1s, where T,S,R are linear operators such that T : C1r0,1s Ñ Y and R,S :

Cr0,1s Ñ Y .

In the paper [11], Alaminos et al obtained a factorization for zero product preserving

bilinear maps defined on the algebra MnpFqpn ě 2q of all nˆ n matrices over a field F

of characteristic not 2, that is 2¨1F ‰ 0F, where 1F and 0F denote the multiplicative and

additive identity of the algebra MnpFq.
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Theorem 3.11 [11, Corollary 2.3] Let B : MnpFqˆMnpFq Ñ Y be a bilinear map such

that for any rank one idempotents f ,g satisfying f g “ 0 we have Bp f ,gq “ 0. Then the

map B has the form Bp f gq “ T p f gq for all f ,g PMnpFq, where T : MnpFq ÑY is a linear

operator.

3.2 A Generic Map: Products and Properties

Let us introduce some definitions that will be used in the rest of the study. We will use the

term product for a generic continuous bilinear map having some specific properties that

will play a central role in each fixed situation of the ones that follows.

Definition 3.2 Consider a bilinear operator f : X ˆY Ñ Z, px,yq ù fpx,yq “: xf y,

where X , Y , Z are Banach spaces. We say that the bilinear operator f is a norming

product if it satisfies the inclusion UZ ĎfpUX ˆUY q.

Definition 3.3 We say that a bilinear operator f : XˆY Ñ Z, px,yqùfpx,yq “ xf y is

a norm preserving product (n.p. product for short) if it is a norming product and satisfies

}xf y}Z “ inft}x1}X}y1}Y : x1 P X , y1 P Y, xf y“ x1f y1u, for every px,yq P X ˆY .

Example 3.1 Let E,F be normed spaces and EbF denote their algebraic tensor product.

Projective norm π and injective norm ε on EbF are calculated by

πpzq “ inf
!

řn
i“1 }xi}}yi} : z“

řn
i“1 xib yi

)

,

and

εpzq “ sup
!

xx1b y1,zy : x1 P BE1, y1 P BF 1
)

,

respectively (see Appendix B). It is well-known that ε ď π . By definition, any reasonable

tensor norm α on the tensor product EbF satisfies the inequality ε ď α ď π . For every

px,yq P EˆF , it is seen that by the definitions of these norms

εpxb yq ď αpxb yq ď πpxb yq “ inf
!

n
ÿ

i“1

}xi}}yi} : xb y“
n
ÿ

i“1

xib yi

)

ď inft}x1}}y1} : x1b y1 “ xb yu.

Besides, for every elemantary tensor xby it is known that for any reasonable tensor norm
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α we have αpxbyq “ }x}E}y}F (see [18, Section 12]). Then, any reasonable tensor norm

satisfies the equality involving the norm in Definition 3.3. But the tensor product does

not satisfy the norming property, since clearly it is not surjective. So, it is not a norm

preserving product.

Example 3.2 Let us define the following seminorm on X bLpX ,Y q. If z “
řn

j“1 x jbTj

is such that
řn

j“1 Tjpx jq “ yz P Y , we define

π‚pzq “ inf
!

πpz1q : z1 “
řm

j“1 x1jbT 1j , such that
řm

j“1 T 1j px
1
jq “ yz

)

.

That is, π‚ is the quotient norm given by the tensor contraction c associated to the follow-

ing factorization.

X ˆLpX ,Y q

b

��

‚

%%
Xb̂πLpX ,Y q c // Y.

The description of this seminorm can be found in [44]. It defines a norm if we construct

a quotient space Xb̂π‚LpX ,Y q by identifying the equivalence classes of the projective

tensor product Xb̂πLpX ,Y q with the range of c in Y , i.e. ‚pXb̂πLpX ,Y qq Ă Y . Thus, for

z “
řn

j“1 x jbTj and z1 “
řm

j“1 x1jbT 1j , z „ z1 if and only if
řm

j“1 Tjpx1jq “
řn

j“1 Tjpx jq.

The norm of a class rzs “ tz1 : z„ z1u, for z“
řn

j“1 x jbTj, is given by

π‚pzq “ inftπpz1q : z„ z1u.

Let us show that ‚ is a norm preserving product.

Fix T P LpX ,Y q and x P X and consider yz “ T pxq; clearly the inequality }yz} ď }T }}x}

holds. Now, consider another tensor z “
řn

i“1 xib Ti such that yz “
řn

i“1 Tipxiq. Since

}yz} “ }
řn

i“1 Tipxiq} ď
řn

i“1 }Ti}}xi}, we obtain that }x‚T } “ }yz} ď π‚pzq.

In the opposite direction, for y P Y there are elements T0 P LpX ,Y q and x0 P X such that

T0px0q “ y and }y} “ }T0}}x0}. To see this, just take a couple px0,x˚0q of norm one elements

x0 PX and x˚0 PX˚ such that xx0,x˚0y“ 1. Now define T0pxq :“xx,x˚0yy, x PX , and note that

}T0} “ }y}. Therefore, if z“ x0bT0, we have that y“ yz. So, this gives in particular that

UY Ď ‚pUX ˆULpX ,Y qq, since π‚pzq ď }yz}. Together with the inequality in the previous

paragraph this also gives }x0 ‚T0} “ }yz} “ π‚pzq. More precisely, we have proven that
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}x‚T }Y “ inft}x0}X}T0}LpX ,Y q : x0 P X , T0 P LpX ,Y q, x‚T “ x0 ‚T0u

for all T P LpX ,Y q and x P X . Thus, ‚ is a norm preserving product.

Example 3.3 A non zero Banach algebra A endowed with the norm }.} is called absolute-

valued if the product x,y Ñ xy satisfies }xy} “ }x}}y} for all x, y. Most of the classical

Banach spaces such as c0 and `p are absolute-valued under suitable products (see [45]

and references therein). By the definition, the product operation of an absolute-valued

algebra satisfies norm property given in Definition 3.3, however it does not need to be

norming. But we can find a class of absolute-valued Banach algebras whose multiplica-

tion operation is an n.p. product. A Banach algebra A is said to factor weakly if A “ A2.

Thus, the multiplication operation of any algebra factoring weakly is a norming product.

As a result, if A is absolute-valued and factors weakly, then the algebra multiplication is

an n.p. product. Note that the well-known Cohen factorization theorem states that any

Banach algebra with a bounded left approximate identity factors weakly. Therefore, for

an absolute-valued Banach algebra with a bounded left approximate identity, the multi-

plication x,yÑ xy is a norm preserving product.

Absolute-valued algebras was introduced by Ostrowski in 1918 and then this notion ex-

ported to Banach spaces by the name absolute-valuable. A Banach space X is called

absolute-valuable if there is a bilinear map ˛, called a product, xˆyÑ x˛y on X satisfying

}x˛y} “ }x}}y} for every x, y. Becerra et al showed that every infinite dimensional Hilbert

space are absolute valuable and also the classical Banach spaces c0 and `p p1 ď p ď 8q

are so as mentioned above; see [46, Theorem 2.3 and Corollary 2.5]. However, the Ba-

nach space c of convergent sequences is an example for non-absolute-valuable space ([46,

Proposition 2.8]).

Let A be a Banach space that is absolute-valuable for the product ˛ satisfying surjectivity

and φ1, φ2, φ3 are any isometries from A onto A. The space A is again an absolute-valuable

space with respect to a new product M defined by a M b “ φ
´1
3 pφ1paq ˛ φ2pbqq; see [47].

Indeed, A is absolute-valuable with respect to M, that is seen by the isometries and the

absolute-valuability of A with respect to the product ˛ as follows;

}a M b} “ }φ´1
3 pφ1paq ˛φ2pbqq} “ }φ1paq ˛φ2pbq} “ }φ1paq}}φ2pbq} “ }a}}b}.
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Moreover, this new product is also surjective. To show the surjectivity, assume that it is not

onto. Then there is not a couple pa, bq P AˆA satisfiying z“ a M b“ φ
´1
3 pφ1paq ˛φ2pbqq

for at least one element z P A. That implies the equality φ3pzq “ φ1paq ˛ φ2pbq does not

hold. Since the φ1, φ2, φ3 are onto isometries, it follows that there exists an element

z1 “ φ3pzq such that it cannot be obtained as a product with respect to ˛. This contradicts

the surjectivity of the ˛.

Since to find the factors of a function space is a current problem in the mathematical

literature, there are found many examples of the norm preserving products including the

Lorentz and Cesàro function spaces (see [48, 49, 50, 51, 52, 53, 54]). We will already

mention and use some of them in Chapter 4, now we will give an example for Cesàro

function spaces.

Example 3.4 The Cesàro function spaces Cesp “CespIq “Cesppr0,8qqp1ď pď8q are

classes of all Lebesgue measurable functions f such that

} f }Cesp “

”

ż

I

´1
t

ż t

0
| f pxq|dx

¯pı1{p
ă8 for 1ď pă8,

and

} f }Ces8 “ sup
tPI, tą0

1
t

ż t

0
| f pxq|dxă8 for p“8

(see [49] and references therein). The dual space pCespq˚“ pCespq1 of the Cesàro function

space Cesp is defined by the norm } f }pCespq1 “ } f̃ }Lp1 , where f̃ pxq “ esssuptPrx,8q| f ptq|

and 1{p` 1{p1 “ 1. The p-convexification pCes8qppqp1 ď p ă 8q of the space Ces8 is

the space with the norm

} f }
pCes8qppq “ }| f |

p
}

1{p
Ces8 “ sup

tPI, tą0

`1
t

ż t

0
| f pxq|pdx

˘1{p
.

Proposition 1 in [48] asserts that Cesp “ Lp ¨ pCes8qpp
1q and

} f }Cesp “ inft}g1}Lp}h1}
pCes8qpp1q : g1 P Lp, h1 P pCes8qpp

1q, g ¨h“ g1 ¨h1u.

This implies that d : LpˆpCes8qpp
1qÑCesp is an n.p. product.
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Again, Proposition 2 in [48] indicates that pCespq1 ¨ pCes8qppq “ Lp and

} f }Lp “ inft}g1}pCespq1}h
1
}
pCes8qppq : g1 P pCesp

q
1, h1 P pCes8qppq, g ¨h“ g1 ¨h1u.

Thus we get that d : pCespq1ˆpCes8qppqÑ Lp is an n.p. product.

3.3 Product-Factorable Bilinear Maps in Banach Spaces

Now, we state our fundamental tools. Using the terminology coming from Banach alge-

bras and vector lattices, we will define zero product preserving bilinear maps.

Definition 3.4 We say that a bilinear map B : XˆY Ñ Z is zero product preserving (short-

hly zpp) with respect to the norming product f if

xf y“ 0 implies Bpx,yq “ 0

for all px,yq P X ˆY .

Example 3.5 A bilinear continuous map B : Aˆ A Ñ Z defined on the product of an

absolute-valued algebra A is always a zero product preserving map. Indeed, by the bound-

edness of the map B, it follows that if xy“ 0, then

}Bpx,yq}Z ď }B}}x}}y} “ 0

since }xy} “ }x}}y} “ 0. This holds even without the boundedness of the operator B, due

to

xy“ 0ô }xy} “ 0ô }x}}y} “ 0ô x or y is zero.

This gives Bpx,yq “ 0 whenever xy“ 0.

A bilinear operator B : AˆAÑ Z defined on the Cartesian product of absolute-valuable

Banach space A with respect to multiplication ˛ is zero product preserving for the product

˛ if and only if it is zero product preserving for any product M defined in Example 3.3

by the isometries. It is seen from the equality a˛b “ 0 ðñ a M b “ 0, since }a M b} “

}a}}b} “ }a˛b}.

Definition 3.5 A Banach valued continuous bilinear operator B : XˆY Ñ Z will be called

f-factorable through the norming productf : XˆY ÑG if it can be written as B“ T ˝f

for a linear bounded map T : GÑ Z.
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Lemma 3.1 A bilinear operator B is f-factorable through the norming product f if and

only if there is a constant K such that for all x1, x2, ... ,xn P X and y1, y2, ... ,yn P Y , we

have

›

›

n
ÿ

i“1

Bpxi,yiq
›

›

Z ď K
›

›

n
ÿ

i“1

xif yi
›

›

G. (3.1)

In this case, the following triangular diagram commutes;

X ˆY B //

f

##

Z

G.

T

OO

Proof. If the map B is f-factorable with the product f, then by definition of factorability

we have the factorization B “ T ˝f where T is a linear continuous operator. By the

continuity and the linearity of the operator T , it follows that

›

›

n
ÿ

i“1

Bpxi,yiq
›

›

Z “
›

›

n
ÿ

i“1

T ˝fpxi,yiq
›

›

Z “
›

›

n
ÿ

i“1

T pxif yiq
›

›

Z

“
›

›T p
n
ÿ

i“1

xif yiq
›

›

Z ď }T }
›

›

n
ÿ

i“1

xif yi
›

›

G.

For the converse, define the map T : X fY Ñ Z such that

T
`

n
ÿ

i“1

xif yi
˘

“

n
ÿ

i“1

Bpxi,yiq “ BL
`

n
ÿ

i“1

xib yi
˘

where
řn

i“1 xibyi is a tensor in the projective tensor product space Xb̂πY and BL denotes

linearization of B from Xb̂πY to Z (see Appendix B). To prove that the mapping T is

well defined, let us assume that
řn

i“1 xif yi “ 0. Then }
řn

i“1 xif yi}G “ 0 and by the

inequality (3.1) we have }
řn

i“1 Bpxi,yiq}Z “ 0. This shows that T p
řn

i“1 xif yiq “ 0, then

the mapping T is well defined. The map T is linear since it is defined by the linear operator

BL. Finally, the inequality (3.1) gives the boundedness of the linear map T as follows;

›

›T
`

n
ÿ

i“1

xif yi
˘›

›

Z “
›

›

n
ÿ

i“1

Bpxi,yiq
›

›

Z ď K
›

›

n
ÿ

i“1

xif yi
›

›

G.
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Definition 3.6 A subset A Ď X ˆY is called f-(relatively) compact, respectively, f-

(relatively) weakly compact if the set txf y : px,yq P Au is (relatively) compact, respec-

tively, (relatively) weakly compact.

Definition 3.7 We will say that a bilinear map B : XˆY Ñ Z is equivalently zero product

preserving

if xfg“ 0 if and only if Bpx,yq “ 0 for every x,y P X ˆY.

Finally, recall the definition of symmetric bilinear map. As usual, we will say a bilinear

map B : X ˆX Ñ Y is symmetric if it satisfies Bpx,yq “ Bpy,xq for all x,y P X .

Notice that there is a relation between f-factorability and symmetry or compactness of a

bilinear map.

Indeed, let us consider a f-factorable bilinear map B : X ˆX Ñ Y with respect to com-

mutative norming product f. By the f-factorability of the map B and commutativity of

the product, we get Bpx,yq “ T pxf yq “ T pyf xq “ Bpy,xq.

Consider a f-factorable bilinear map B : X ˆY Ñ Z to give a characterization for the

(weak) compactness, therefore the following is seen

f-factorable map B is (weakly) compactðñ BpUX ˆUY q is relatively (weakly) compact

ðñ T pUX fUY q is relatively (weakly) compact

ðñ T pUGq is relatively (weakly) compact

ðñ T is (weakly) compact.

This shows that the (weak) compactness of a f-factorable bilinear map is possible only

with the (weak) compactness of the linear map that appears in the factorization.
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CHAPTER 4
——————————————————————————————-

FACTORABILITY THROUGH POINTWISE PRODUCT

In this chapter we will center our attention in the case when the product f is the point-

wise product d among Banach function spaces and sequence spaces. It is useful to

recall that the pointwise product d is defined as f d g “ f pxq ¨ gpxqp@xq, respectively,

adb“ pan ¨bnqp@Nq for the functions f , g, respectively, the sequences a“ panq, b“ pbnq.

In the case of non-atomic measures (see page 10) the pointwise product can be changed by

the µ-almost everywhere pointwise product in the usual manner. Notice that this product

is commutative and associative. Together with the specific structure of the Banach func-

tion spaces and sequence spaces, pointwise product will allow us to improve the basic

characterization of f-factorable operators given by Lemma 3.1.

Note that the results given in Section 4.1 were accepted for publishing in Positivity, see

[55].

4.1 Product Factorability of Symmetric Operators on Function Spaces

Now, we will give a factorization for zero product preserving bilinear maps acting on

Banach function spaces via pointwise product and we will show that Lemma 3.1 gives rise

to characterize the family of d-factorable operators as the class of symmetric operators

defined below. Moreover, this class of operators coincides with the class of zero product

preserving bilinear maps acting in B.f.s.

The reader can find —versions of— the definition of symmetric operators in different

articles. We follow the one given below, introduced in [56].

Definition 4.1 [56] Let Xpµq, Y pµq and Zpµq be Banach function spaces over the (σ -
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finite) measure µ . A continuous bilinear map B : XpµqˆY pµqÑ Zpµq is called symmetric

if the equality BpχA,χCq “ BpχAXC,χAYCq is satisfied for every A,C P Σ.

Remark 4.1 It is clearly seen that a symmetric bilinear map B satisfies BpχA,χCq “

BpχC,χAq for every A,C P Σ, since

BpχA,χCq “ BpχAXC,χAYCq “ BpχCXA,χCYAq “ BpχC,χAq.

The inverse is not true in general. To show that consider the bilinear continuous form

B : L1pµqˆL1pµq Ñ R defined by Bp f ,gq “
ş

f dµ ¨
ş

gdµ for all f , g P L1pµq. It holds

BpχA,χCq “ BpχC,χAq, indeed

BpχA,χCq “ µpAq ¨µpCq “ µpCq ¨µpAq “ BpχC,χAq.

However, it does not satisfy the equality BpχA,χCq “ BpχAXC,χAYCq, since in general

BpχA,χCq “ µpAq ¨µpCq ‰ µpAXCq ¨µpAYCq “ BpχAXC,χAYCq.

As a result, the above remark shows that Definition 4.18 is not equivalent to the usual

symmetry condition Bp f ,gq “ Bpg, f q for all f ,g P X , where B : X ˆX Ñ Z is a bilinear

continuous operator.

Theorem 4.1 Let pΩ,Σ,µq be a σ´finite measure space and let Xpµq, Y pµq be B.f.s. over

µ such that the set SimpΣq of simple functions is dense in both Xpµq and Y pµq. Let B be

a continuous bilinear map XpµqˆY pµq Ñ E, where E is a Banach space. Suppose that

there is a Banach function space Gpµq such that the pointwise productd : XpµqˆY pµqÑ

Gpµq is an n.p product. Then the following assertions are equivalent.

(1) B is a symmetric operator.

(2) B is d-factorable, that is, there is a continuous linear operator R : Gpµq Ñ E such

that B“ R˝d.

(3) For all f1, ... , fn P Xpµq and g1, ... ,gn P Y pµq there exists a positive real number K

such that

›

›

n
ÿ

i“1

Bp fi,giq
›

›

E ď K
›

›

n
ÿ

i“1

fidgi
›

›

Gpµq. (4.1)

(4) The operator B is zero product preserving. That is, Bp f ,gq “ 0 whenever f dg“ 0
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for all f P Xpµq and g P Y pµq.

Proof. Let us assume that B : XpµqˆY pµq Ñ E is a symmetric operator. Thus, we get

BpχA,χCq “ 0 whenever µpAXCq “ 0. Indeed, BpχA,χCq “ BpχAXC,χAYCq “ 0 holds for

a bilinear map under the assumption µpAXCq “ 0.

Since Ω is σ´finite, then there exists a sequence pEkqkPN in Σ such that Ω “
Ť8

k“1 Ek

and µpEkq ă 8 for all k PN. Let us define the sequence of increasing sets Ym “
Ťm

k“1 Ek.

Consider a couple of simple functions f “
řp

i“1 λiχAi and g“
řr

j“1 γ jχC j , where pAiq and

pC jq are sequences of pairwise disjoint measurable sets. Definition of the simple functions

gives rise to define a common partition for each couple p f ,gq of simple functions. Let us

rewrite them by a common partition f “
řr

i“1 λiχDi and g “
řr

j“1 γ jχD j , where pDiq is

the sequence of pairwise disjoint measurable sets.

By the properties of a characteristic function, the pointwise product of a simple function

f and χYm is obtained as f dχYm “
řr

i“1 λiχDidχYm “
řr

i“1 λipχDidχYmq “

řr
i“1 λiχDiXYm . For every m P N, let us define the bilinear operator Bm : XpµqˆY pµq Ñ

E, Bmp f ,gq “ Bp f d χYm, gd χYmq. Then pBmqmPN is a sequence of well-defined, contin-

uous, bilinear maps. The symmetry and bilinearity properties of the operator B give the

following equality with some set operations;

Bmp f ,gq “ Bp f dχYm, gdχYmq

“ B
´

r
ÿ

i“1

λiχDiXYm,
r
ÿ

j“1

γ jχD jXYm

¯

“

r
ÿ

i“1

r
ÿ

j“1

λiγ jBpχDiXYm,χD jXYmq

“

r
ÿ

i“1

λiγiBpχDiXYm,χDiXYmq

“

r
ÿ

i“1

λiγi

”

BpχDiXYm,χDiXYmq`BpχDiXYm ,χYmzDiq`BpχDiXYm ,χpDiXYmqXYmzDiq

ı

“

r
ÿ

i“1

λiγi
“

BpχDiXYm,χYmq
‰

“ Bp
r
ÿ

i“1

λiγiχDiXYm ,χYmq “ Bp f dgdχYm,χYmq.

Thus, Bmp f ,gq “ Bp f dgdχYm,χYmq holds for every couple of simple functions.
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Now let us show Bmp f ,gq “Bp f dgdχYm,χYmq holds for the elements of f PXpµq and g P

Y pµq which are not simple function. By density of SimpΣq, there are sequences p fnq
8
n“1

and pgnq
8
n“1 of simple functions such that f “ lim

nÑ8
fn and g “ lim

nÑ8
gn. Applying the

separate continuity of both the bilinear map B and the product d, we obtain

Bmp f ,gq “ Bp lim
nÑ8

fndχYm, lim
nÑ8

gndχYmq

“ lim
nÑ8

Bp fndχYm,gndχYmq

“ lim
nÑ8

Bp fndgndχYm,χYmq

“ Bp lim
nÑ8

fnd lim
nÑ8

gndχYm,χYmq

“ Bp f dgdχYm,χYmq.

Therefore, we get that for every m PN the bilinear operator Bm can be written as Bmp f ,gq“

Bp f dgdχYm,χYmq for all f P Xpµq, g P Y pµq.

Now define the map Rm : Gpµq Ñ E by Rmphq “ Bmp f ,gq “ Bp f dgdχYm,χYmq for every

function h “ f d g and every m P N. pRmqmPN is a sequence of well-defined continuous

linear operators from Gpµq “ XpµqdY pµq to E. Since it is easy to see that it is well-

defined linear, we only show the continuity. By the continuity of B, and taking into

account that d is an n.p. product, we have that

sup
hPBGpµq

}Rmphq}E “ sup
p f ,gqPBXpµqˆBYpµq

}Bp f dgdχYm ,χYmq}E ă8.

Indeed, note that the supremun over all the pairs p f ,gq, where the functions f and g are in

the corresponding unit balls, coincides with the supremum for all functions h in the ball

of Gpµq as a direct consequence of the definition of n.p. product.

It follows that pRmqmPN is a sequence of bounded, linear operators. Moreover, it is point-

wise convergent. Indeed, for each f d g, the sequence pRmp f d gqqmPN satisfies the fol-

lowing

lim
mÑ8

Rmp f dgq “ lim
mÑ8

Bp f dχYm,gdχYmq

“ Bp lim
mÑ8

f dχYm, lim
mÑ8

gdχYmq

“ Bp f , gq.

Consequently, we have the pointwise limit operator R :“ lim
mÑ8

Rm. It is clear that this
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operator is well-defined and linear. As a result of the Uniform Boundedness theorem, it

is obtained that R is a continuous operator. This shows that the map R : Gpµq Ñ E is a

linear continuous operator such that Rp f dgq “ Bp f ,gq for all f P Xpµq, g P Y pµq.

Moreover, it is independent of the representation of f d g. Assume that h “ f1d g1 “

f2dg2. Then, Rp f1dg1q´Rp f2dg2q “ Bp f1, g1q´Bp f2, g2q “ 0. Therefore, we obtain

the required factorization for a symmetric operator. The equivalence of (2) and (3) is

proved in Lemma 3.1 and it is obvious that p3q implies p4q.

Finally, it only remains to show that for every A,C PΣ, the symmetry condition BpχA,χCq“

BpχAXC,χAYCq holds when the operator is zero product preserving. The characteristic

functions corresponding to the sets A,C P Σ satisfy χAd χC “ χAXC. It follows that χAd

χC “ 0 µ-a.e. if and only if µpAXCq“ 0. By considering the assumption (4), we conclude

that BpχA,χCq “ 0 whenever µpAXCq “ 0. It is already trivial that BpχAXC,χAYCq “ 0

if µpAXCq “ 0. Thus, we get that the symmetry condition holds for disjoint sets. To see

that it is satisfied for arbitrary sets, consider M,N P Σ such that µpMXNq ‰ 0. By the

fact that BpχA,χCq “ 0 whenever µpAXCq “ 0, the following equality holds for the sets

M,N P Σ by set operations and properties of the characteristic functions;

BpχM,χNq “ BpχpMXNcqYpMXNq,χNq

“ BpχpMXNcq`χpMXNq´χpMXNcqXpMXNq,χNq

“ BpχpMXNcq,χNq`BpχpMXNq,χNq´BpχpMXNcqXpMXNq,χNq

“ BpχpMXNq,χNq “ BpχpMXNq,χpNXMcqYpNXMqq

“ BpχpMXNq,χpNXMcqq`BpχpMXNq,χpNXMqq´BpχpMXNq,χpNXMcqXpNXMqq

“ BpχpMXNq,χpNXMqq

“ BpχpMXNq,χpNXMqq`BpχpMXNq,χpNXMcqYpMXNcqq

`BpχpMXNq,χrpNXMcqYpMXNcqsXpNXMqq

“ BpχpMXNq,χpNYMqq.

Thus, the equality BpχM,χNq “ BpχpMXNq,χpMYNqq is obtained for arbitrary sets M,N P Σ

and it follows that B is a symmetric operator. This completes the proof.

Remark 4.2 If we have a finite measure space pΩ,Σ,µq, the factorization is obtained more

easily. Indeed, χΩ P Xpµq and χΩ P Y pµq since the measure µ is finite. We can obtain in
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this case an equivalent definition of symmetric operators as below;

BpχA,χCq “ BpχAXC,χAYCq

“ BpχAXC,χAXCq`BpχAXC,χpAYCqXpAXCqcq

“ BpχAXC,χAXCq

“ BpχAXC,χAXCq`BpχAXC,χpAXCqcq

“ BpχAXC,χpAXCqYpAXCqcq

“ BpχAXC,χΩq.

This means that the map B is symmetric if and only if BpχA,χCq “ BpχAXC,χΩq for all

A,C P Σ for a finite measure µ . Using the density as in the proof of Theorem 4.1, we get

that a symmetric operator B is of the form Bp f ,gq “ Bp f g,χΩq for all f P Xpµq, g PY pµq.

If we define a map T : Gpµq Ñ E, T phq “ T p f d gq “ Bp f d g,χΩq, we get the desired

bounded linear continuous operator T satisfying B :“ T ˝d.

Corollary 4.1 Under the assumptions of Theorem 4.1, a bilinear map B : XpµqˆXpµq Ñ

Y is symmetric in the manner that Bp f ,gq “ Bpg, f q for all f ,g P Xpµq if the map B is zero

product preserving.

Proof. Let us assume that B is zero product preserving, then it has factorization operator

R sayisfying Bp f ,gq “Rp f dgq for all f ,g PXpµq. Thus, Bp f ,gq “Rp f dgq “Rpgd f q “

Bpg, f q holds.

Converse of the above corollary is not provided in general, i.e. being symmetric in the

manner that Bp f ,gq “ Bpg, f q does not give rise to be zero product preserving. Indeed,

we obtain in Theorem 4.1 that zero product preservation holds only if the map satisfy the

equality BpχA,χCq “ BpχAXC,χAYCq for all A,C P Σ. But it was noted in Remark 4.1 that

the condition Bp f ,gq “Bpg, f q does not involve the condition BpχA,χCq “BpχAXC,χAYCq

for all A,C P Σ. Therefore, it is seen that a symmetric map in the manner Bp f ,gq “ Bpg, f q

does not give the zero product preservation property.

4.1.1 Factorization Through Particular Function Spaces

As a consequence of Theorem 4.1, it is desirable to know what a symmetric operator is

factored through. In this section, we establish some results for bilinear operators defined
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on some particular spaces.

We shortly write X instead of Xpµq if the measure is clear in the context.

Let Xpµq and Y pµq be Banach function spaces over the measure µ . We will say that they

are compatible —or that they form a compatible couple— if the product space

Xpµq ¨Y pµq :“ t f ¨g P L0
pµq : f P Xpµq, g P Y pµqu

is a Banach function space again when it is endowed with the norm

}h} “ inft} f }}g} : f ¨g“ hu.

Remark 4.3 The fact that the pointwise product X dY of Banach function spaces X and

Y is an n.p. product is related to the Fatou property of the spaces involved. In the case

that

G“ X dY “ t f ¨g : f P X , g P Yu

is a Banach function space with the norm

}h}XdY “ inft} f }X}g}Y : h“ f g, f P X , g P Yu,

we have that the Fatou property of both X and Y implies the Fatou property of G (see

[51, Corollary 1] or [52, Theorem 2.3]). By Theorem 2.4 in [52], we have that for all

h PG there are f P X and g PY such that f “ g ¨h and } f }G “ } f }X }g}Y , what means that

BG ĎdpBX ˆBY q.

The factorization of Banach function spaces are considered by some authors to answer

the questions of when the pointwise product of Banach function spaces are again a B.f.s.

and it is possible to factor a B.f.s. through some Banach function spaces. The product of

Banach function spaces, called product Banach function space or generalized Köthe dual

in the literature, is indeed a Banach function space with the mentioned norm under some

assumptions (see [50, 51, 52]). Since this gives rise to a factorization of a Banach function

space through a couple of Banach function spaces by definition, it is closely related with

the notion of compatibility of Banach function spaces. Now, by using the results of the

factorization of Banach function spaces obtained in the references [50, 51, 52], we will

investigate some particular cases for the domain of the linear operator that the symmetric

map is factored through.
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4.1.1.1 Factorization Through r-Convexification In this section, we will take into

account the Banach function spaces with their r-convexifications. Recall that the r-

convexification of a B.f.s. E is denoted by Eprq that is defined in page 12.

Remark 4.4 Let us consider the bilinear operator defined by the (µ-a.e.) pointwise prod-

uct d : EppqˆEpqqÑ Eprq, p f ,gqù f ¨g, where
1
p
`

1
q
“

1
r

for 1ď r ă p,qă8 . This

bilinear map is a norm preserving product (cf. [51, Example 1], [24, Lemma 1] or [23,

Lemma 2.21(i)]). In particular, it is a norming product.

Proof. For any function f PUEprq , we can define the functions h :“ | f |r{psgn f P Eppq and

g :“ | f |r{q P Epqq, where sgn f denotes the sign function of f . By the definition of the

norm of the p-convexification, it follows that }h}Eppq “
›

›

›

ˇ

ˇ

ˇ
| f |r{psgn f

ˇ

ˇ

ˇ

p›
›

›

1{p

E
“ }| f |r}1{pE “

} f }r{p
Eprq

ă 1. Similarly, }g}Epqq “ } f }r{q
Eprq

ă 1. Therefore, UEprq Ď dpUEppq ˆUEpqqq is

obtained.

Let us show now that }h ¨ g}Eprq “ inft}h1}Eppq}g
1}Epqq : h1 P Eppq, g1 P Epqq, h ¨ g “ h1 ¨ g1u

for h P Eppq and g P Epqq. By the Hölder-Rogers inequality we have that h ¨ g P Eprq and

}h ¨g}Eprq ď }h}Eppq}g}Epqq (see page 13 or [24, Lemma 1]). Since this inequality holds for

all couples ph1,g1q such that f “ h ¨g“ h1 ¨g1, we obtain }h ¨g}Eprq ď inft}h1}}g1} : h ¨g“

h1 ¨ g1u. Conversely, consider an arbitrary element f P Eprq. Then f has the following

factorization: h“ | f |r{psgn f P Eppq, g“ | f |r{q P Epqq and h ¨g P Eprq. Moreover, }h}Eppq “

} f }r{p
Eprq

and }g}Epqq “ } f }r{q
Eprq

. Therefore }h}Eppq}g}Epqq “ } f }r{p
Eprq
} f }r{q

Eprq
“ } f }Eprq . This

proves

} f }Eppq “ }h ¨g}Eprq “ inft}h1}Eppq}g
1
}Epqq : h ¨g“ h1 ¨g1u,

thus the pointwise product d from EppqˆEpqq to Eprq is an n.p. product.

It is known that the p-convexification Eppq p0 ă p ă8q of E is order continuous, if E is

so. Consequently, SimpΣq is dense in Eppq, 1 ď p ă8 whenever E is o.c. Therefore, we

get the following corollaries;

Corollary 4.2 Let E be an order continuous Banach function space. Let 1ď ră p,qă8,

where
1
p
`

1
q
“

1
r
. For a Banach space valued bilinear operator B : EppqˆEpqqÑ Y , the

following statements imply each other.

(i) The operator B is symmetric.
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(ii) The bilinear operator B is d-factorable, that is, there exists a bounded operator

T : EprqÑ Y such that B :“ T ˝d.

(iii) The operator B is zero product preserving.

Note that if we consider the Banach function space E “ L1pµqwe obtain that the pointwise

product is an n.p. product from LppµqˆLqpµq to Lrpµq for
1
p
`

1
q
“

1
r

where 1 ď r ă

p,qă8, by the definition of p-convexification.

Corollary 4.3 Let pΩ,Σ,µq be a σ -finite measure space and let 1ď ră p,qă8 such that
1
p
`

1
q
“

1
r

. Consider a Banach space valued bilinear operator B : LppµqˆLqpµq Ñ Y .

Then the following statements imply each other.

(i) The bilinear operator B is symmetric.

(ii) The operator B is d-factorable through a linear bounded operator T : Lrpµq Ñ Y .

(iii) The operator B is zero product preserving.

4.1.1.2 Factorization Through the Duality Map Let E be an order continuous Ba-

nach function space over µ and consider its Köthe dual space E 1. In this section we will

show the case when we consider the pointwise product d : EˆE 1Ñ L1pµq associated to

the duality map, as product. Several well-known results allow to assert that it is in fact an

n.p. product.

Remark 4.5 Recall that the well-known factorization theorem of Lozanovskii states that

for any Banach function space with the Fatou property E and its associate space E 1, the

product space E dE 1 :“ E ¨E 1 is a product Banach function space that is isometrically

equal to L1pµq (see [53], also [54]). In other words, E and E 1 always form a compatible

couple.

By Theorem 4.1 we immediately obtain the following.

Corollary 4.4 Let the set SimpΣq be dense in both E and its associate space E 1, and as-

sume that E has the Fatou property Y is a Banach space. Then, for any bilinear continuous

operator B : EˆE 1Ñ Y the following statements are equivalent.

(i) The bilinear operator B : EˆE 1Ñ Y is d-factorable.

(ii) The operator B is zero product preserving, that is, for each pair of elements f P E

and h P E 1 we have that
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x f ,hy “
ş

Ω
f hdµ “ 0 ñ Bp f ,hq “ 0.

(iii) The operator B is symmetric.

Unifying the classical setting for the relation among the Calderón construction and the

pointwise product, Kolwicz et al have considered the product spaces with the Calderón

construction in [51, Theorem 1]. For example, for a couple of Banach function spaces

Xpµq and Y pµq, they obtained the following isometric equalities in [51]:

• XpµqppqdY pµqpp
1q is equal to the Calderón space Xpµq1{pY pµq1{p

1

for 1 ă p ă8

and 1
p `

1
p1 “ 1,

• XpµqppqdY pµqppq gives the p-convexification of the product B.f.s. XpµqdY pµq

for 0ă pă8, i.e. XpµqppqdY pµqppq “ pXpµqdY pµqqppq,

• XpµqdY pµq can be represented as 1
2 -convexification of the Calderón space

Xpµq1{2Y pµq1{2, that is, XpµqdY pµq “ pXpµq1{2Y pµq1{2qp1{2q.

By this compatible couples, we get the following corollary;

Corollary 4.5 Let Xpµq and Y pµq be order continuous Banach function spaces. Then

i) If 1 ă p ă 8 and 1
p `

1
p1 “ 1, the Banach space valued symmetric operator B :

XpµqppqˆY pµqpp
1qÑ Z factors through a linear operator T : Xpµq1{pY pµq1{p

1

Ñ Z,

where Xpµq1{pY pµq1{p
1

is the corresponding Calderón space.

ii) If Xpµqppq and Y pµqppq form a compatible couple, then every symmetric operator

B : XpµqppqˆY pµqppqÑ Z factors through a linear operator T : pXpµqdY pµqqppqÑ

Z, where 0ă pă8.

iii) If Xpµq and Y pµq form a compatible couple, then every symmetric operator B :

XpµqˆY pµq Ñ Z factors through a linear operator T : pXpµq1{2Y pµq1{2qp1{2qÑ Z.

Remark 4.6 The abstract requirement on the space Gpµq in Theorem 4.1 is clearly ful-

filled when Gpµq is the product space of Xpµq and Y pµq, when they form a compatible

couple. This can be easily checked just by considering its definition. Order continuity of

this space will be relevant through the paper, in particular because it implies density of

the set SimpΣq. When a product space is order continuous in terms of the properties of the

factor spaces is nowadays well-known. The reader can find complete characterizations or

sufficient conditions for this property to hold in several recent papers. For example, the

reader can find in Section 5 of [57] (Corollary 5.3) the following result: if Xpµq and Y pµq
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define a compatible couple of order continuous B.f.s. over a finite measure µ such that

Xpµq Ď Y pµq1, then the product Xpµq ¨Y pµq is order continuous. Another result in this

direction is the following. Take 1ă p, p1 ă8 such that 1{p`1{p1 “ 1, and consider two

Banach function spaces Xpµq and Y pµq. The Calderón space Xpµq1{pY pµq1{p
1

is order

continuous if at least one of the spaces Xpµq and Y pµq is order continuous; see [52].

A necessary and sufficient condition for the order continuity of the Banach function space

Xpµq ¨Y pµq can be given by means of the notion of jointly order discontinuity. Let Xa

denote the subspace of all order continuous elements of the Banach function space X ,

that is, the space of the elements f P X such that for any sequence p fnq
8
n“1 Ă X satisfying

0ď fnď | f | and fnÑ 0 µ´a.e. one has } f }X Ñ 0. A couple of Köthe spaces pX ,Y q is said

to be jointly order discontinuous if there are elements f P XzXa, g P YzYa and a sequence

of measurable sets An ŒH such that for each sequence pBnq
8
n“1 P Σ with Bn Ă An for all

n P N there are a number aą 0 and a subsequence pnkq P N such that either

} f χBnk
}X ě a and }gχBnk

}Y ě a for all k P N,

or

} f χB1nk
}X ě a and }gχB1nk

}Y ě a for all k P N,

where B1n “ AnzBn (see [58, Definition 12]). Corollary 1 in the paper [51] states that the

Banach function space Xpµq ¨Y pµq is order continuous if and only if Xpµq and Y pµq are

not jointly order discontinuous.

Corollary 4.6 Consider order continuous Banach function spaces E, F and G over the

same measure space µ. Suppose that E and F have the Fatou property, G1 is order con-

tinuous, and EdF “ G. Then if the bilinear operator B : EˆF Ñ F is symmetric with

factorization operator TB, the bilinear operator A : E ˆG1 Ñ G1 given by A “ T 1B ˝d is

symmetric also. Conversely, if a bilinear operator A : E ˆG1 Ñ G1 is symmetric with

factorization operator TA, then the operator B : E ˆF Ñ F given by B “ T 1A ˝d is also

symmetric.

Proof. Assume that B is a symmetric operator. Then there is a linear operator TB : GÑ F

defined by Bpe, f q “ T ped f q, e P E, f P F . The linear operator TB has an adjoint operator

T 1B that can be defined having the image in G1, due to the order continuity of G, and

so T 1B : F 1 Ñ G1 is defined by xg,T 1Bp f 1qy “ xTBpgq, f 1y. Theorem 3.7 in [52] states that
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if E, F have the Fatou property and E dF “ G, then E dG1 “ F 1 holds, and so F 1 is

also a product Banach function space, namely E and G1 are a compatible couple. Thus,

we can write f 1 “ e1d g1 for every f 1 P F 1, where e1 P E and g1 P G1. It is clear that

for the linear adjoint operator T 1B there is a symmetric operator A : E ˆG1Ñ G1 defined

by T 1Bp f 1q “ T 1Bpe1d g1q “ Ape1, g1q. Moreover by the definition of the adjoint operator

we obtain the symmetric operator A such that Ape1, g1qg “ xTBpgq, e1d g1y. Conversely,

consider a symmetric operator A : EˆG1Ñ G1. Since the space G1 is order continuous,

SimpΣq “G1. Thus, it allows us to get a factorization for the bilinear operator A such that

TA : F 1 Ñ G1. Therefore, by using adequately the duality properties of the spaces F, G

we obtain a well-defined adjoint operator T 1A : GÑ F and we conclude that the operator

B“ T 1A ˝d is also a symmetric operator.

Corollary 4.7 Suppose that the order continuous Banach function spaces E, F, G defined

over the same measure space have the Fatou property, and E forms a compatible couple

with both F and G such that E dF “ E dG isomorphically. Then, a bilinear operator

B1 : E ˆF Ñ Y is symmetric if and only if there is a symmetric bilinear operator B2 :

EˆGÑ Y and an isomorphism φ : F Ñ G such that B2p¨, ¨q “ B1p¨,φp¨qq.

Proof. Let us assume that B1 is symmetric, then it has a linear factorization T1 : EdF Ñ

Y such that B1pe,gq “ T1ped gq. Since E dF “ E dG isomorphically, it follows that

F “ G isomorphically (see [52, Corollary 2.6]). Therefore, we obtain a bilinear operator

B2 : EˆGÑY defined by B2pe,gq “ T1 ˝d˝pIdˆφqpe,gq, where Id denotes the identity

operator defined on E and the φ is the isomorphism between the function spaces F and G.

Conversely, assume that B2 is symmetric. Then, there is a linear operator T2 : EdGÑ Y

such that T2ped gq “ B2pe,gq. Define the map B1pe, f q “ T2 ˝d˝ pId´1ˆ φ´1qpe, f q “

B2pe,gq. It is easily seen that this is a bilinear map and symmetric.

4.1.2 Properties of Symmetric Bilinear Operators

Now, we will investigate the compactness and summability properties of zero product

preserving map acting on Banach function spaces.

4.1.2.1 Compactness Properties of Symmetric Maps Let us consider an n.p. prod-

uct defined from Xpµq ˆY pµq to Gpµq and a symmetric map B : Xpµq ˆY pµq Ñ Z.
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Assume that simple functions are dense in both Xpµq and Y pµq.

It is easily seen that the symmetric map B is (weakly) compact if and only if the linear

operator T appearing in its factorization is (weakly) compact, due to the definition of the

product. Indeed,

the zpp map B is (weakly) compactðñ BpUXpµqˆUY pµqq is relatively (weakly) compact

ðñ T ˝dpUXpµqˆUY pµqq is relatively (weakly) compact

ðñ T pUGpµqq is relatively (weakly) compact

ðñ T is (weakly) compact.

Now, we will give more specific results for compactness.

Corollary 4.8 If 1 ă r ă p,q ă 8 and
1
p
`

1
q
“

1
r
, each symmetric bilinear operator

B : LppµqˆLqpµq Ñ Z is weakly compact.

Proof. By Corollary 4.3, B factors through a linear factorization operator T : Lrpµq Ñ Z.

Since a linear operator with a reflexive domain is weakly compact, the linear operator T

is weakly compact by the reflexivity of Lrpµq for 1 ă r ă 8. Therefore, the map B is

weakly compact.

Corollary 4.9 Let Xpµq and Y pµq be an order continuous compatible couple with the

Fatou property, and assume that pXpµq ¨Y pµqq1 is order continuous. Then, any symmetric

bilinear continuous operator B : XpµqˆY pµq Ñ Z is weakly compact.

Proof. Since both Xpµq and Y pµq have order continous norm and Fatou property, the

Banach function space Xpµq ¨Y pµq has order continous norm and Fatou property, too (see

[51, Corollary 1]). Then, direct dual spaces computations show that the assumption on

the product Xpµq ¨Y pµq implies that it is reflexive as a Banach space. By the symmetry

of B, it factors through a reflexive space, and so it is weakly compact.

For a range space Z with the Schur property this result can be improved.

Corollary 4.10 Under the assumptions on the compatible couple defined by Xpµq and

Y pµq given in Corollary 4.9, we have that every symmetric bilinear map B : Xpµq ˆ

Y pµq Ñ Z is compact if Z has the Schur property.

Corollary 4.11 Let us consider the weakly compact symmetric bilinear map B : EˆE 1Ñ

Z and the set A P EˆE 1 be a d-weakly compact set (see Definition 3.6 in page 29), then
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BpAq is compact.

Proof. Since B is weakly compact and symmetric map, it factors through a weakly com-

pact linear map T : L1pµq Ñ Z defined by Bp f ,gq “ T p f dgq for all f P E, g P E 1. By the

Dunford–Pettis property of L1pµq, the weakly compact operator T maps weakly compact

sets to norm compact ones. Thus, we get BpAq “ T pt f dg : p f ,gq P Auq is compact.

The following theorem is a consequence of some well-known results on integral repre-

sentation of weakly compact linear operators defined on L1pµq and our previous argu-

ments.

Theorem 4.2 Let pΩ,Σ,µq be a finite measure space and let the set SimpΣq be dense

in both Epµq and its associate space E 1pµq. A symmetric bilinear operator B : Epµqˆ

E 1pµq Ñ Z is weakly compact if and only if it has a representation as Bp f ,gq “
ş

Ω
f ghdµ

for all f PEpµq, g PE 1pµq, where h is an essentially bounded Z-valued Bochner integrable

function defined on µ with a µ´essentially relatively weakly compact range.

Proof. The symmetric map B has a linear factorization through L1pµq, that is, there is an

operator T such that Bp f ,gq “ T p f ¨ gq, T : L1pµq Ñ Z. On the other hand, B is weakly

compact if and only if T is weakly compact by the definition of the product acting in

B.f.s. Dunford–Pettis–Philips’ theorem states that a linear operator T defined on L1pµq to

Z is weakly compact if and only if there exists an essentially bounded Z-valued Bochner

integrable function h defined on µ with a µ´essentially relatively weakly compact range

such that T pkq “
ş

Ω
khdµ for all k P L1pµq (see [21, Ch. III, Theorem 2.12]). Since

T pkq “ T p f ¨ gq “ Bp f ,gq, we get Bp f ,gq “
ş

Ω
f ghdµ for all f P Epµq, g P E 1pµq. This

gives the desired representation.

Let us assume that the space Z is also a Banach lattice. We will say that a bilinear operator

B : XpµqˆY pµq Ñ Z is positive product preserving (ppp for short) if

Bp f ,gq ě 0 whenever f dgě 0 for f P Xpµq and g P Y pµq.

Remark 4.7 It is natural to ask for a relation between positive bilinear maps and positive

product preserving bilinear maps. (Recall that a bilinear map B : Xpµq ˆY pµq Ñ Z is

positive if Bp f ,gq ě 0 for all f P Xpµq`, g P Y pµq`, see Appendix A-2 or [7]). The

answer is the question; every positive product preserving bilinear map is positive bilinear
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map but the inverse is not true in general. Indeed, let us assume that B is positive product

preserving. The order relation of an arbitrary B.f.s. E is given as f1 ě f2 if f1pxq ě f2pxq

a.e. on Ω, for f1, f2 P E. For f P Xpµq`, g PY pµq`, we get f pxq ě 0 and gpxq ě 0 a.e. on

Ω and it follows that

tx PΩ : f pxqgpxq ă 0u Ă tx PΩ : f pxq ă 0uYtx PΩ : gpxq ă 0u.

By the monotonicity of the measure, we get

0ď µptx PΩ : f pxqgpxq ă 0uq ď µptx PΩ : f pxq ă 0uq`µptx PΩ : gpxq ă 0uq “ 0.

This shows that f pxq ě 0 and gpxq ě 0 a.e. on Ω implies f pxqgpxq ě 0 a.e. on Ω, i.e.

f ¨g ě 0 whenever f ě 0 and g ě 0. By the assumption of positive product preservation

we get that Bp f ,gq ě 0 for all f P Xpµq`, g P Y pµq`. Thus B is a positive bilinear map.

To show the inverse is not true in general consider the measure space pr0,1s,Bpr0,1sq,dxq

and an arbitrary positive bilinear map B : L1pr0,1sqˆL1pr0,1sq Ñ Z. For the functions

f “´c and g“´
1
c

, where c P p0,1s, notice that f ¨g“ 1 and f and g is not in L1pr0,1sq`.

This shows that we can find a couple of functions that are not in positive cone with a

positive product. Thus, we can not say Bp f ,gq ě 0 for the functions f “´c and g“´
1
c

even if B is positive and f ¨gě 0. Therefore, we get that the positive product preservation

of a bilinear map can not be decided by the positivitiy of the map.

Recall that a linear operator T between Banach lattices is called positive if T pxq ě 0

whenever xě 0 (see Appendix A-2 or [59, Chapter 1]). Now we will give a factorization

of positive product preserving maps through a positive linear map.

It is clear that a symmetric bilinear map B : XpµqˆY pµq Ñ Z with an order continuous

compatible couple Xpµq, Y pµq is positive product preserving if and only if its factoriza-

tion operator T : Gpµq Ñ Z defined by T p f d gq “ Bp f ,gq is a positive linear operator.

Indeed,

the symmetric map B is pppðñ f dgě 0 implies Bp f ,gq ě 0

ðñ f dgě 0 implies T p f dgq ě 0

ðñ T is positive linear map.

Corollary 4.12 Let Xpµq and Y pµq be a compatible couple such that SimpΣq is dense
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in both. A symmetric positive product preserving bilinear map B : XpµqˆY pµq Ñ `1 is

weakly compact –hence, compact– if and only if the associate space pXpµq ¨Y pµqq1 of

Xpµq ¨Y pµq has order continuous norm.

Proof. By Theorem 4.1, a symmetric map B is weakly compact, positive product pre-

serving if and only if it has a weakly compact positive linear factorization operator T :

Xpµq ¨Y pµqÑ `1 defined by T p f dgq “ Bp f ,gq. It is known that a positive linear operator

from a Banach function space to `1 is weakly compact if and only if the associate space of

its domain has order continuous norm (see [60, pp 275]). Therefore, T is weakly compact

and compact by the Schur property of `1 if and only if the associate space pXpµq ¨Y pµqq1

of Xpµq ¨Y pµq has order continuous norm, what implies that B is compact too.

For example, if 1 ă r ă p,q ă 8 and
1
p
`

1
q
“

1
r
, every symmetric positive product

preserving bilinear map B : Lppµqˆ Lqpµq Ñ `1 is compact. Finally, we show another

result for CpKq-type spaces. Recall that a Banach lattice Z has a strong order unit if there

is an element e in Z with the property that for every z P Z there exists a real number α

such that |z| ď αe.

Corollary 4.13 Let Z be a Dedekind complete Banach lattice with a strong order unit.

Then every symmetric bilinear operator B : XpµqˆY pµq Ñ Z can be written as a differ-

ence of two positive product preserving symmetric bilinear operators.

Proof. Since B is symmetric, there is a linear operator acting in the factorization space

T : Xpµq ¨Y pµqÑ Z such that B factors through T . The operator T is regular, that is, it can

be written as a difference of two positive linear operators, say T1´T2, since the space Z

is a Dedekind complete Banach lattice with a strong order unit [61, Theorem 4.1 ]. Thus,

the operator B can be written as B “ T ˝d “ pT1´T2q ˝d “ T1 ˝d´T2 ˝d. Since T1

and T2 are positive linear operators, it follows that T1 ˝d and T2 ˝d are positive product

preserving symmetric bilinear operators. Therefore, B is written as a difference of two

positive product preserving symmetric bilinear operators.

4.1.2.2 Summability Properties Consider a symmetric Banach space-valued bilinear

operator B : XpµqˆY pµqÑ Z, where Xpµq, Y pµq are Banach function spaces over µ such

that the set of simple functions is dense and the pointwise product d : XpµqˆY pµq Ñ

Gpµq is an n.p. product. In this case, by the factorization given in Theorem 4.1 we obtain
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that for all f1, f2, ..., fn P Xpµq and g1, g2, ...,gn P Y pµq,

n
ÿ

i“1

}Bp fi,giq}Z ď k
n
ÿ

i“1

} fi ¨gi}Gpµq. (4.2)

If we ask Z to have some particular properties, we get a domination –even an integral

domination– for a symmetric bilinear map. The first case that we explain it is associated

to some cotype-related properties of the space Z. Recall that being of cotype 2 implies

the Orlicz property (see page 9 or [18, §8.9]). So, for a Banach space Z with the Orlicz

property, we get the following domination of the symmetric map B. There exists k ą 0

such that for f1, f2, ..., fn P Xpµq and g1, g2, ...,gn P Y pµq,

´

n
ÿ

i“1

}Bp fi,giq}
2
Z

¯1{2
ď

´

n
ÿ

i“1

}T }}p fi ¨giq}
2
Z

¯1{2
ď k sup

εi“¯1

›

›

›

n
ÿ

i“1

εi fi ¨gi

›

›

›

Gpµq
.

As a second example, let us provide some direct applications on summability of certain

bilinear operators. Suppose that E is a Banach function space over a measure µ with

associate space E 1 and let H be a Hilbert space. By Grothendieck’s Theorem, we know

that LpL1pµq,Hq “ Π1pL1pµq,Hq. As a consequence of Pietsch Domination Theorem

(see page 9), we directly obtain the next.

Corollary 4.14 Let the set of simple functions be dense in both E and E 1 and assume that

E has the Fatou property. For any symmetric Hilbert space valued bilinear continuous

map B : E ˆ E 1 Ñ H, there is a positive constant c such that the following equivalent

statements hold.

i) For f1, f2, ..., fn P E and g1, g2, ...,gn P E 1,
n
ÿ

i“1

›

›Bp fi,giq
›

›

H ď c sup
φPBL8

n
ÿ

i“1

|x fi ¨gi,φy|. (4.3)

ii) For f P E and g P E 1,

}Bp f ,gq}H ď c
ż

φPBL8

|x f ¨g,φy|dνpφq, (4.4)

where ν is regular probability measure on the unit ball of L8pµq.

In particular by the Dunford–Pettis property of L1pµq the bilinear map factors through a

completely continuous linear operator.
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4.1.3 Lattice Geometric Inequalities for d-Factorable Maps

We are going to apply some classical arguments on factorization of operators for giving a

particular integral representation for linear maps with good concavity properties.

Firstly, recall some concepts. We will utilise the vector measures that are a generalization

of the notion of measure which are (countably additive) set functions taking vector values

instead of nonnegative real numbers only, i.e. ν : ΣÑ E is a vector measure if it is finitely

additive, where E is a Banach space and Σ is a σ -algebra. It is called countably additive

vector measure if ν is countably additive function; see [21, Chapter I].

Let ν : Σ Ñ E be a vector measure. The variation of ν is the extended nonnegative

function |ν | which is defined by

|ν |pAq “ sup
n
ÿ

i“1

}νpAiq}

for a set A P Σ. The supremum is taken over all partitions A “
Ťn

i“1 Ai of A into a finite

number of pairwise disjoint members of Σ. If |ν |pΩq ă 8, it is said that the variation

|ν | is finite or the vector measure ν is called measure of bounded variation ([21, Section

I.1]).

Let µ be a nonnegative real-valued measure and ν is a vector measure on the same σ -

field Σ. The vector measure ν is said to be µ-continuous, if limµpEqÑ0 νpEq “ 0 for every

E PΩ and this is signified by ν ! µ; see [21, Section I.2].

For a vector measure ν : ΣÑ E, a finite scalar measure µ : ΣÑ r0,8q is called a control

measure if µ and ν are mutually continuous, that is, µpAq Ñ 0 if and only if νpAq Ñ 0.

By one of the theorems of Pettis, this equals to the identity N0pµq “N0pνq ([21, Section

I.2]).

For a x˚ P E˚, xν ,x˚y is the scalar measure defined by xν ,x˚y : A Ñ xνpAq,x˚y, where

A P Σ. |xν ,x˚y| denotes the variation of xν ,x˚y.

We can obtain a class of control measures for a vector measure ν : Σ Ñ E by using the

Rybakov’s Theorem. This theorem states that there is a functional x˚ P E˚ such that the

|xν ,x˚y| “ ΣÑ r0,8q is a control measure for ν , i.e. |xν ,x˚y| has the same null sets as

ν ; see [21, Section IX.2]. The functional x˚ is called Rybakov functional. It is known

that for a Rybakov functional x˚, L1pνq Ď L1p|xν ,x˚y|q and the natural inclusion map is
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continuous ([23, Chapter 3, Thm 3.7.(iv)]).

As usual, we write r f sµ for the equivalence class of almost everywhere equal measurable

functions that are associated with f . Recall that, if Xpµq and Zpηq are Banach function

spaces such that η ! µ and the identification r f sµ ÞÑ r f sη is well-defined, then it is au-

tomatically continuous, since it is a positive map between Banach lattices (see [19, p.

2]). Thus, we can use this assignation to define a (continuous) inclusion/quotient operator

Xpµq ãÑ Zpηq (see [62, p. 90]).

An operator Mψ : XpµqÑY pµq between Banach function spaces is called a multiplication

operator if the value of the Mψ at a function f is given by multiplication by a fixed function

ψ . That is, Mψp f q “ ψ ¨ f for all f P Xpµq, where ψ P L0pµq.

Let T : Xpµq Ñ Y be a continuous linear operator. The optimal domain Zpµq of T is the

largest Banach function space satisfying Xpµq ãÑ Zpµq such that there exists a bounded

linear operator T̃ : Zpµq Ñ Y which is the maximal extension of the operator T ; see [23,

Chapter 1].

Recall that a Banach space X has the Radon-Nikodym property if for any finite measure

µ and any linear operator T : L1pΩ,µq Ñ X there is a bounded µ-measurable function

f : ΩÑ X such that T g“
ş

Ω
f gdµ for all g P L1pΩ,µq ([18, §16.4]).

Theorem 4.3 Consider a compatible couple of Banach function spaces Xpµq and Y pµq

having order continuous norms. Suppose that the product space Xpµq ¨Y pµq is p-convex

for 1ď pă8. Consider a bilinear (continuous) Banach-space-valued operator B : Xpµqˆ

Y pµq Ñ E. The following statements are equivalent.

(i) For f1, ..., fn P Xpµq and g1, ...,gn P Y pµq,

´

n
ÿ

i“1

›

›Bp fi,giq
›

›

p
¯1{p

ď

›

›

›

`

n
ÿ

i“1

| fi ¨gi|
p˘1{p

›

›

›

Xpµq¨Y pµq
. (4.5)

(ii) There are a multiplication operator Mh : Xpµq ¨Y pµq Ñ Lppµq such that }Mh} “ 1

and a linear operator T : Lppµq Ñ E such that B factors as B “ T ˝Mh ˝d, that is,

it factors through the scheme

XpµqˆY pµq B //

d

��

E.

Xpµq ¨Y pµq
Mh // Lppµq

T

OO
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(iii) There is an E-valued vector measure ν such that Lppµq ãÑ L1pνq, and

Bp f ,gq “
ż

Ω

f ptqgptqhptqdνptq, (4.6)

where h defines a multiplication operator Mh : Xpµq ¨Y pµq Ñ Lppµq.

Proof. (i) ñ (ii) Note that the inequality in (i) directly implies that B is 0-product pre-

serving. This means by Theorem 4.1 that it factors through a linear continuous map

S : Xpµq ¨Y pµq Ñ E such that

´

n
ÿ

i“1

›

›Sp fi ¨giq
›

›

p
¯1{p

ď

›

›

›

`

n
ÿ

i“1

| fi ¨gi|
p˘1{p

›

›

›

Xpµq¨Y pµq

for f1, ..., fn P Xpµq and g1, ...,gn P Y pµq by the inequality in (i) again. Consequently, we

get that S is p-concave. By hypothesis, we have that the product space Xpµq ¨Y pµq is p-

convex. A standard application of Maurey-Rosenthal argument ([63, Corollary 5]) states

that any r-concave p1ď rď8q linear operator from a r-convex order continuous B.f.s. to

a B.f.s is factored through Lrpµq via a multiplication operator and a linear operator. This

gives the existence of a norm one multiplication operator Mh : Xpµq ¨Y pµq Ñ Lppµq such

that S “ T ˝Mh, where T : Lppµq Ñ E is a linear continuous map. Composing all the

elements, we get the desired diagram: B“ T ˝Mh ˝d.

(ii) ñ (iii) Note that the space Lppµq is order continuous, so we get that the operator T :

LppµqÑ E defines a (countably additive) vector measure νpAq :“ T pχAq called the vector

measure associated to T where A P Σ. Moreover, if we assume that T is µ-determined,

that is N0pµq “N0pνq, we get that the optimal domain of T exists and it is L1pνq, thus

Lppµq ãÑ L1pνq due to the optimality of the space L1pνq. Besides, the optimal extension

of T is the integral operator Iνpsq “
ş

Ω
sdν , for s P L1pνq and the following commutative

diagram is valid:

XpµqˆY pµq B //

d

��

E

Xpµq ¨Y pµq
Mh // Lppµq

T

OO

� � // L1pνq.

Iν

gg

The reader can find this result in [23, Theorem 4.14]. Note that by the proof given there,

the result is still true if this is not the case, that is, if T is not µ-determined. It is well-

known that the space L1pνq is a Banach function space over a Rybakov measure η for
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ν , and η ! µ because of the continuity of T ; we can change then the inclusion by the

identification of classes r f sµ ÞÑ r f sη , what is sometimes called an inclusion/quotient map,

and the factorization is still preserved. Summing up all these comments, we get that

Bp f ,gq “
ż

Ω

f ptqgptqhptqdνptq

for all f P Xpµq and g P Y pµq.

(iii) ñ (i) A direct computation just using the formula gives this implication. Indeed, if

f1, ..., fn P Xpµq and g1, ...,gn P Y pµq,

´

n
ÿ

i“1

›

›Bp fi,giq
›

›

p
E

¯1{p
ď

´

n
ÿ

i“1

›

› fi gi h
›

›

p
L1pνq

¯1{p
ď

´

n
ÿ

i“1

›

› fi gi h
›

›

p
Lppµq

¯1{p

“

›

›

›
h
`

n
ÿ

i“1

| fi ¨gi|
p˘1{p

›

›

›

Lppµq
ď

›

›

›

`

n
ÿ

i“1

| fi ¨gi|
p˘1{p

›

›

›

Xpµq¨Y pµq
.

An integral with respect to a vector measure is still a rather abstract representation for

the bilinear operator B. However, using the same result for p “ 1 we can still improve

the representation for getting a kernel-type operator whenever the range space E has the

Radon-Nikodym property. Although we will show a special representation for the spe-

cific case of classical bilinear integral operators, we can improve the integral formula

given above for the case of 0-product preserving bilinear operators factoring through a

1-concave linear map. As in Theorem 4.3, we suppose without loss of generality that

the constant appearing in the inequality in (i) equals to 1, that is, no specific constant

appears.

Corollary 4.15 Let µ be a finite measure. Consider a compatible couple of Banach

function spaces Xpµq and Y pµq with order continuous norms. Suppose that E is a Ba-

nach space with the Radon-Nikodym property. For a continuous bilinear operator B :

XpµqˆY pµq Ñ E, the following statements are equivalent.

(i) For f1, ..., fn P Xpµq and g1, ...,gn P Y pµq,

n
ÿ

i“1

›

›Bp fi,giq
›

›ď

›

›

›

n
ÿ

i“1

| fi ¨gi|

›

›

›

Xpµq¨Y pµq
. (4.7)

(ii) There is a (norm one) E-valued vector measure Bochner integrable function Φ P

L8pµ,Eq such that
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Bp f ,gq “
ż

Ω

f ptqgptqhptqΦptqdµptq, (4.8)

where h P
´

Xpµq ¨Y pµq
¯1

.

Proof. (i) ñ (ii) Applying the assumption (i) and Theorem 4.3 we conclude that the

variation of the vector measure is finite. Indeed, it is seen from (i)ñ(ii) and (ii)ñ(iii)

in Theorem 4.3, we get that there is a vector measure ν defined by νpAq “ T pχAq for all

A P Σ. It follows that }νpAq} ď }T }µpAq for all A P Σ. Thus,

|ν |pΩq “ sup
n
ÿ

i“1

}νpAiq} ď sup
n
ÿ

i“1

}T }µpAiq “ }T }µpAq

for all partitions Ω “
Ťn

i“1 Ai of Ω. Since µ is finite, it implies |ν |pΩq ă 8. Then, this

result is obtained as an application of Theorem 4.3. By hypothesis the vector measure

ν provided by this theorem defines an operator w ÞÑ
ş

Ω
wdν : L1pµq ÞÑ E that closes a

factorization diagram as in the theorem. Using the Radon-Nikodym property of E we get

that there is an integrable vector-valued density Φ for the vector measure, in such a way

that dν “Φdµ and so wptq ÞÑ
ş

Ω
Φptqwptqdµptq. This gives (ii).

(ii) ñ (i) Taking into account that Σ Q A ÞÑ
ş

A Φdν P E defines a vector measure, (iii) ñ

(i) in Theorem 4.3 for the case p“ 1 gives (i).

4.1.4 Applications: Representation Formulas for Integral Bilinear Maps

Here, we apply the results given in the previous sections to some particular classes of

bilinear operators that are defined by integral formulas. In order to do that, we will have

to enlarge the notion of product preserving map by including some measurable transfor-

mations. We are interested in considering classical operators as the Hilbert transform, but

the class we will deal with is broader than this. Let us start with a simple example.

Application 4.1 For 1ď p,qă8 such that 1
p`

1
q “

1
2 , let us consider the bilinear operator

B : Lppr0,1sqˆLqpr0,1sq Ñ L2pr0,1sq defined by

Bp f ,gqpxq “
n
ÿ

i“1

´

ż 1

0
rnpyq f pyqgpyqdy

¯

gnpxq, (4.9)

where rn denotes the nth Rademacher function (see page 9), gnpxq“ 2´pn`1q{2χ
r2´n,2p´n`1qspxq
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for x P r0,1s and n“ 1,2, .... It is clear that this bilinear operator is zero product preserv-

ing since Bp f ,gqpxq “ 0 if f pyqgpyq “ 0 dy-a.e. for all y P r0,1s. Therefore, by The-

orem 4.1, it can be written as a linear integral operator such that T p f d gq “ T phq “
řn

i“1

´

ş1
0 rnpyqhpyqdy

¯

gnpxq, where h P L2pr0,1sq “ Lppr0,1sqdLqpr0,1sq.

Application 4.2 The Hilbert transform of a function f pxq is given by

Hp f qpxq “
1
π

p.v.
ż

R
f px´ tq

dt
t

(4.10)

where p.v. denotes the Cauchy principal value. This transform can be considered as the

convolution of f pxq with the tempered distribution p.v. 1
πt . The bilinear Hilbert transform

was introduced by Calderón as the following

Hα1,α2p f ,gqpxq “ p.v.
ż

R
f px´α1tqgpx´α2tq

dt
t
. (4.11)

In [64], Grafakos and Li have obtained a uniform bound for the bilinear Hilbert transform

H1,α : Lp1 ˆLp2 Ñ Lp for the real parameter α and 1 ą 1
p “

1
p1
` 1

p2
ą 1

2 . If we suppose

α “ 1, then it is obviously seen that H1,1p f ,gqpxq “ p f dgq˚pp.v.1
t q “Hp f dgqpxq. Since

H1,1p f ,gqpxq “ 0 if f dg“ 0, the operator H1,1 is a zero product preserving map. Then it

has a linear factorization that is the Hilbert transform defined on Lp1dLp2 “ Lp into Lp.

We can give a more general result for the bilinear Hilbert transform when it is consid-

ered as acting on products of Lorentz spaces. Villarroya defined the generalized bilinear

Hilbert transform by using an arbitrary distribution instead of the tempered distribution in

[65]. The generalized bilinear Hilbert transform is given by

Hu,αp f ,gqpxq “
ż

R
f px´ tqgpx´αtquptqdt (4.12)

where u is a distribution, α P R and f , g are elements of the function space C80 pRq of the

smooth functions with compact support in R. A generalized bilinear Hilbert transform

Hu,α is said to be ppi, qiqi“1,2,3 bounded if it is possible to extend it to a bounded operator

from Lp1,q1 ˆ Lp2,q2 to Lp3,q3 , where 0 ă pi ă 8, 0 ă qi ă 8 for i “ 1,2,3 and Lp,q

denotes the Lorentz function space that consists of measurable functions f endowed with

the norm

} f }p,q“

#

!

q
p

ş8

0 tq{ppinfλ ą 0 : mptx P R : | f pxq| ą λuqqq dt
t

)1{q
, 0ă pă8,0ă qă8,

suptą0 t1{ppinfλ ą 0 : mptx P R : | f pxq| ą λuqq, 0ă pď8,q“8,
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we refer to [66] for Lorentz spaces. Now, consider a ppi, qiqi“1,2,3 bounded generalized

Hilbert transform with the parameter α “ 1. Then, it is seen that the transform Hu,1 is a

zero product preserving operator and Hu,1p f ,gqpxq “ p f d gq ˚u. Since simple functions

are dense in a Lorentz space Lp,q for 0ă p,qă8, by Corollary 4.5 we get a factorization

such that T : rpLp1,q1q1{2pLp2,q2q1{2sp1{2q Ñ Lp3,q3 defined by Hu,1 “ T p f d gq “ p f d

gq ˚ u, where the Calderón space rpLp1,q1q1{2pLp2,q2q1{2sp1{2q is the product space of the

compatible couple Lp1,q1 and Lp2,q2 .

Although the pointwise product of functions appears explicitly in many of the classical

examples of integral operators, most of them are not strictly 0-product preserving. For

example, consider operators defined by the formula of the bilinear Hilbert transform given

above but with compact support,

Hp f ,gq :“
ż

K
f px´ tqgpx´αtq

dt
t
, f , g P L2

pµq, (4.13)

where pK,Σ,dtq is Lebesgue space on a compact set of the real line K, are not product

preserving in general except that α “ 1. In this section we show that it is also possible to

find a weak version of our representation theorem in this case. In order to do that, let us

recall and introduce some concepts and notations.

Let I be r0,1s or r0,8q and m is the Lebesgue measure over I. A Banach function space is

called rearrangement invariant (r.i. shortly) or symmetric if f PX and g is equimeasurable

with f , that is f and g have the same distribution functions d f “ dg, where d f pαq “mptx P

I : | f pxq| ą αuq, α ě 0, then g P X and } f }X “ }g}X ; see [66, Section 2.4].

Let pΩ,Σ,µq be a σ -finite measure space and Xpµq is a Banach function space over µ.

Let φ : Ω Ñ Ω be a bimeasurable (measurable in both directions) bijection. We define

Xφ pµq as the space of (classes of µ-a.e. equal) functions

Xφ pµq :“
 

f P L0
pµq : f ˝φ

´1
P Xpµq

(

endowed with the norm

} f }Xφ pµq
:“ } f pφ´1

p¨qq}Xpµq, f P Xφ pµq.

Note that such a φ defines an isometry, that is, the transformation

∆φ : Xpµq Ñ Xφ pµq given by h ÞÑ ∆φ phq “ h˝φ P Xφ pµq,
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that is clearly defined for all h P Xpµq, is an isometric isomorphism. The functions φ

we are thinking about are typically simple transformations as, for the case of Lebesgue

measure space pr0,1s,Bpr0,1sq,dxq, φ1{2pxq “ x` 1{2 mod 1, x P r0,1s. If we take a

rearrangement invariant space, for example if Xpµq “ Lppr0,1sq for 1 ď p ď8, we have

that Lp
φ1{2
pr0,1sq “ Lppr0,1sq isometrically.

We will consider couples of parametric families tφ 1
x uxPΩ and tφ 2

x uxPΩ of such bimeasur-

able bijections satisfying the requirement that Xφ 1
x
pµq and Yφ 2

x
pµq are compatible for each

x P Ω. Our idea is to recover using these tools a similar definition that the one that gives

for example the bilinear Hilbert transform. Note that the simplest example of such a para-

metric family is when φ 1
x “ φ 1 and φ 2

x “ φ 2 for fixed functions φ 1 and φ 2; we use it just

below.

We are now ready to define a general class of integral-type bilinear operators. Let Zpµq

be a Banach function space over µ. Let Xpµq and Y pµq be compatible Banach function

spaces on µ . In this context, we will say in what follows that a bilinear operator B :

XpµqˆY pµq Ñ Zpµq is an integral bilinear operator if it is defined by a formula as

Bp f ,gqpxq :“
ż

Ω

f pφ 1
x ptqqgpφ

2
x ptqqKpx, tqdt, x PΩ, f P Xpµq, g P Y pµq, (4.14)

where K : ΩˆΩ Ñ R is an integrable kernel such that the expression inside the inte-

gral is well-defined for each x, t, f and g, and integrable, in such a way that Bp f ,gqp¨q P

Zpµq.

Independently of the case of pointwise type bounds depending on x that we will explain

later, we can get direct results when the functions φ 1 and φ 2 are fixed from the general

framework constructed along the paper. So, let us assume for the next result that φ 1
x and

φ 2
x do not depend on x. As a consequence of Lemma 3.1 we obtain the following general

result. Note that it is not restricted to the case of integral bilinear operators, although

it can be applied to this concrete context by its definition. It can be easily checked that

the requirements in the following result are fulfilled in some simple —but meaningful—

cases. For example, using for φ 1 and φ 2 the transformation φ1{2 explained above, we have

that clearly the formula f fg :“ f ˝φ 1 ¨g˝φ 2 defines an n.p. product.

Corollary 4.16 With the same notation and in the setting explained above, suppose that

Xφ 1pµq and Yφ 2pµq define a compatible couple. Assume also that the map given by Xpµqˆ

55



Y pµq Q p f ,gq ÞÑ f ˝ φ 1 ¨ g ˝ φ 2, is an n.p. product. Then the following assertions are

equivalent.

(i) There is a constant k ą 0 such that for every f1, ..., fn P Xpµq and g1, ...,gn P Y pµq,

›

›

›

n
ÿ

i“1

Bp fi,giq

›

›

›
ď k

›

›

›

n
ÿ

i“1

fi ˝φ
1
¨gi ˝φ

2
›

›

›

X
φ1pµq¨Yφ2pµq

. (4.15)

(ii) B is an integral bilinear map that factors through Xφ 1pµq ¨Yφ 2pµq as

Bp f ,gq “ T p f ˝φ
1
¨g˝φ

2
q, f P Xpµq, g P Y pµq, (4.16)

where T : Xφ 1pµq ¨Yφ 2pµq Ñ Zpµq is a linear continuous operator.

Inspired in part by the example of the general Hilbert transform with compact support

explained above, we start now to give a more accurate analysis of the problem of repre-

senting integral bilinear operators.

Lemma 4.1 Let Xpµq and Y pµq be order continuous Banach function spaces over the

measure space pΩ,Σ,µq. Consider an integral bilinear operator B : XpµqˆY pµq Ñ Zpµq.

Fix x P Ω, and let φ 1
x and φ 2

x be two measurable bijections defining isometries Xpµq Ñ

Xφ 1
x
pµq and Y pµq Ñ Yφ 2

x
pµq, respectively. Assume also that Xφ 1

x
pµq and Yφ 2

x
pµq define a

compatible couple.

Then there is a factorization through the product space Xφ 1
x
pµq ¨Yφ 2

x
pµq of the bilinear

functional Bx : XpµqˆY pµq Ñ R defined by

Bxp f ,gq :“ Bp f ,gqpxq “
ż

Ω

f pφ 1
x ptqqgpφ

2
x ptqqKpx, tqdt, f P Xpµq, g P Y pµq. (4.17)

Moreover, the functional ϕx P pXφ 1
x
pµq ¨Yφ 2

x
pµqq˚ that closes the factorization diagram is

ϕxphptqq :“
ş

Ω
hptqKpx, tqdt P R, and so we have that

Bp f ,gqpxq “
@

f pφ 1
x p¨qq ¨gpφ

2
x p¨qq,ϕxp¨q

D

, f P Xpµq, g P Y pµq. (4.18)

Proof. It is worth noting that clearly order continuity of the spaces Xpµq and Y pµq is

automatically transferred to the spaces Xφ 1
x
pµq and Yφ 2

x
pµq. So, the lemma is just a con-

sequence of the factorization theorem for zero product preserving operators and the con-

struction. Indeed, taking into account that ∆φ 1
x

and ∆φ 2
x

are isometries, we can define a

bilinear map
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B1x : Xφ 1
x
pµqˆYφ 2

x
pµq Ñ R

by B1x “ Bx ˝ p∆
´1
φ 1

x
ˆ∆

´1
φ 2

x
q. So, we have a factorization as

XpµqˆY pµq
Bx //

∆
φ1x
ˆ∆

φ2x
��

R,

Xφ 1
x
pµqˆYφ 2

x
pµq

B1x

77

where B1x is a bilinear integral and symmetric operator. Therefore, by Theorem 4.1, and

taking into account that the spaces are order continuous —and so simple functions are

dense—, it can be also factored as

Xφ 1
x
pµqˆYφ 2

x
pµq

B1x //

d

��

R.

Xφ 1
x
pµq ¨Yφ 2

x
pµq

Tx

77

Once the existence of the factorization through the product space Xφ 1
x
pµq ¨Yφ 2

x
pµq has been

established, it is clear that Tx has to be the linear and continuous functional

ϕxphq :“ h ÞÑ
ż

Ω

hptqKpx, tqdt P R,

that belongs to the dual space
`

Xφ 1
x
pµq ¨Yφ 2

x
pµq

˘˚
. Thus, we get that the pointwise evalu-

ation of Bp f ,gq at x can be written as

Bxp f ,gq “ Bp f ,gqpxq “
@

f pφ 1
x p¨qq ¨gpφ

2
x p¨qq,ϕxp¨q

D

.

Let pΩ1,Σ1,µq and pΩ2,Σ2,νq be σ -finite measure spaces and h is an integrable function

on Ω1ˆΩ2, then the well known Fubini’s Theorem indicates that
ż

Ω1ˆΩ2

hpx,yqdpµˆνq “

ż

Ω1

´

ż

Ω2

hpx,yqdµ

¯

dν “

ż

Ω2

´

ż

Ω1

hpx,yqdν

¯

dµ.

This theorem gives directly the next result.

Lemma 4.2 Let Zpµq be order continuous. In the same setting and with the same notation

that in Lemma 4.1 and assuming also that Kpx, tq (and so ϕx) depends only on t, —that is

ϕx “ ϕ for all x for a certain functional ϕ—, we have that for every element ψ P Zpµq1,
A

Bp f ,gq,ψ
E

“

A

ż

Ω

p f ˝φ
1
x qptq ¨ pg˝φ

2
x qptqψpxqdµpxq,ϕptq

E

(4.19)
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for every pair f P Xpµq and g P Y pµq.

The previous results suggest that our general class of integral bilinear operators can be

analyzed in the product factorization framework constructed in the present paper when-

ever some requirements on the pointwise domination are assumed. Thus, next theorem

gives a characterization of general bilinear operators by means of inequalities involving

bimeasurable bijections. As it is seen, the arguments used in the proof are adaptations

of the ones we have used in the rest of the study and belong to the same cycle of ideas.

We use the notation of Theorems 4.1 and 4.2. Note that, as we explained before, the

requirement on the equality of the products is natural if we are working with the class of

rearrangement invariant Banach function spaces.

Theorem 4.4 Let Xpµq and Y pµq be a compatible couple of order continuous Banach

function spaces such that its product is also order continuous, and consider a bilinear

continuous operator B : XpµqˆY pµq Ñ Zpµq. Consider a couple of parametric families

tφ 1
x uxPΩ and tφ 2

x uxPΩ of bimeasurable bijections satisfying that Xφ 1
x
pµq ¨Yφ 2

x
pµq “ Xpµq ¨

Y pµq isometrically for each x PΩ. The following assertions are equivalent.

(i) There is a constant k ą 0 such that for every f1, ..., fn P Xpµq, g1, ...,gn P Y pµq and

x1, ...,xn PΩ,

n
ÿ

i“1

Bp fi,giqpxiq ď k
›

›

›

n
ÿ

i“1

fi ˝φ
1
xi
¨gi ˝φ

2
xi

›

›

›

Xpµq¨Ypµq
. (4.20)

(ii) There is a constant k ą 0 and a function h0 such that the bilinear continuous map B

is an integral map that can be written as

Bp f ,gqpxq “ k
ż

Ω

p f ˝φ
1
x qptq ¨ pg˝φ

2
x qptq h0ptq dµptq, (4.21)

where f P Xpµq, g P Y pµq, x PΩ, and h0 P BpXpµq¨Ypµqq1 .

Proof. For (i)ñ (ii) we use a standard separation argument in a Maurey-Rosenthal fash-

ion, as in the previous section. Consider all the functions Φ : BpXpµq¨Y pµqq1 Ñ R defined

as

Φphq :“
n
ÿ

i“1

Bp fi,giqpxiq´ k
n
ÿ

i“1

ż

Ω

fi ˝φ
1
xi
¨gi ˝φ

2
xi

hdµ (4.22)

for given fi P Xpµq, gi PY pµq and xi PΩ. Each of these functions is convex with respect to

h and continuous with respect to weak*-topology. Besides, the whole family is concave.
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For each fixed function, by the Hahn-Banach Theorem and the inequality in (i), there is an

element hΦ P BpXpµq¨Y pµqq1 such that ΦphΦq ď 0 (alternatively, such an element can found

by applying Ky Fan’s lemma for concave family of continuous functions; see [15, Section

9.10]). Then we get a function h0 P BpXpµq¨Y pµqq1 such that

Bp f ,gqpxq ď k
ż

Ω

f ˝φ
1
x ¨g˝φ

2
x h0ptqdµptq (4.23)

for all functions f ,g and all x PΩ. Since this must happen for all functions f and g we can

change the signus in the inequality above just by changing for example f by ´ f . Thus,

we obtain for all f ,g and x that

Bp f ,gqpxq “ k
ż

Ω

f ˝φ
1
x ¨g˝φ

2
x h0ptqdµptq. (4.24)

(ii)ñ (i) is given by a direct calculation.

4.2 dPˆQ-Factorable Bilinear Operators acting in Sequence Spaces

In this section, we will concern with the pointwise product acting on sequence spaces and

we will give a factorization theorem for zero product preserving bilinear maps defined

on a Cartesian product of Banach sequence spaces. Using the isomorphisms, we will

introduce a general notion for pointwise product.

Remark 4.8 The pointwise product d : `p ˆ `q Ñ `r, ppxkq,pykqq ù xk ¨ yk is an n.p.

product, where 1{p`1{q“ 1{r and 1ď ră p,qă8 (see [51, Example 1] and references

therein). In particular, it is a norming product.

Proof. Indeed, for pxkq P `
p and pykq P `

q we get pxk ¨ykq P `
r and }pxk ¨ykq}rď}pxkq}p}pykq}q

by the Hölder-Rogers inequality (see page 13 or [24, Lemma 1]). To establish the con-

verse, let us assume that pzkq P `
r. Define the pxkq and pykq by setting xk :“ |zk|

r{psgnzk

and yk :“ |zk|
r{q for all k PN, where sgnzk is the sign function of zk. We obtain that pzkq “

pxkq ¨ pykq and pxkq P `
p, pykq P `

q with the norms }pxkq}p “
›

›p|zk|
r{psgnzkq

›

›

p “
›

›pzkq
›

›

r{p
r

and }pykq}q “
›

›p|zk|
r{qq

›

›

q “
›

›pzkq
›

›

r{q
r . So,

›

›pzkq
›

›

r “
›

›pzkq
›

›

r{p
r

›

›pzkq
›

›

r{q
r “ }pxkq}p}pykq}q.

Therefore, }pxk ¨ ykq}r “ inft}px1kq}p}py1kq}q : px1kq P `
p, py1kq P `

q, pxk ¨ ykq “ px1k ¨ y
1
kqu. The

inclusion is seen easily if we choose the }pzkq}r ă 1. Consequently, d is an n.p. product

on `pˆ `q.

Theorem 4.5 Let
1
p
`

1
q
“

1
r

for 1 ď r ă p,q ă 8. Consider the Banach space-valued
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bilinear operator B : `pˆ `q Ñ Y . The following assertions are equivalent.

(1) The operator B is d-factorable. That is, there is a linear and continuous operator

T : `r Ñ Y such that B“ T ˝d.

(2) There is a positive real number K such that, for all a1, ..., an P `
p and b1, . . . , bn P `

q,

the following inequality holds

›

›

›

n
ÿ

i“1

Bpai,biq

›

›

›

Y
ď K

›

›

›

n
ÿ

i“1

aidbi

›

›

›

`r
. (4.25)

(3) The operator B is zero product preserving, that is, Bpx,yq “ 0 whenever xd y“ 0.

Namely, the following diagram commutes whenever one of the above conditions holds.

`pˆ `q B //

d

##

Y

`r.

T

OO

Proof. (1)ô(2) is proved in Lemma 3.1 for an arbitrary product and p2qñ p3q is obvious.

It only remains to show that p3q implies (1). So let us show that there is a linear continuous

operator T such that B :“ T ˝d whenever the operator B is a zero d-preserving. Indeed,

define the map Tn : `pd `q Ñ Y , Tnpzq :“ Bpzd χt1,2,...,nu,χt1,2,...,nuq for all n P N, where

z P `pd `q. Note that zd χt1,2,...,nu P `
p, and χt1,2,...,nu P `

q, and so Tn is well defined for

each n P N. The linearity of Tn is a consequence of the linearity of the bilinear operator

B in the first variable. To show the boundedness of the map Tn, we give an equivalent

formula for this operator. Since χt1,2,...,nu “
řn

i“1 χtiu, we have

Tnpadbq “ Bpadbdχt1,2,...,nu,χt1,2,...,nuq “
n
ÿ

i“1

Bpadbdχt1,2,...,nu,χtiuq.

The pointwise product of a “ pαkq
8
k“1 P `

p and b “ pβkq
8
k“1 P `

q is ad b “ pαkβkq
8
k“1 “

ř8
k“1 αkβkχtku. By the continuity of B, the image of the couple pa,bq P `pˆ `q under the

bilinear operator B is

Bpa,bq “ B
´

8
ÿ

k“1

αkχtku,
8
ÿ

m“1

βmχtmu

¯

“

8
ÿ

k“1

αk

8
ÿ

m“1

βmBpχtku,χtmuq.

Since χtkud χtmu “ 0pk ‰ mq and by the zero d-preserving property of the operator B,
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we have Bpa,bq “
ř8

k“1 αkβkBpχtku,χtkuq. Thus,

Tnpadbq “
n
ÿ

i“1

Bpadbdχt1,2,...,nu,χtiuq

“

n
ÿ

i“1

B
´

8
ÿ

k“1

αkβkχtkudχt1,2,...,nu,χtiu

¯

“

n
ÿ

i“1

n
ÿ

k“1

αkβkBpχtku,χtiuq.

Using the zero d-preserving property once again, we obtain

Tnpadbq “
n
ÿ

i“1

αiβiBpχtiu,χtiuq

“ B
´

n
ÿ

i“1

αiβiχtiu,
n
ÿ

i“1

χtiu

¯

“ B
´

n
ÿ

i“1

αiχtiu,
n
ÿ

i“1

βiχtiu

¯

.

By the boundedness of the bilinear operator B, it follows that

sup
zPU`r

}Tnz}Y “ sup
pa,bqPU`pˆU`q

z“adb

›

›

›
B
´

n
ÿ

i“1

αiχtiu,
n
ÿ

i“1

βiχtiu

¯
›

›

›

Y

ď sup
pa,bqPU`pˆU`q

z“adb

n
ÿ

i“1

|αiβi|}Bpχtiu,χtiuq}Y ă8.

This shows that Tn is (uniformly) bounded, n P N, and therefore pTnq
8
n“1 is a bounded

sequence of linear operators acting on `r, since `r “ `pd `q. Indeed, note that since d

is an n.p. product, we have that it is surjective and preserves the norm, and so for every

x P `r we find adequate a P `p and b P `q such that x“ adb.

The sequence pTnpad bqq8n“1 is a Cauchy sequence for every a P `p and b P `q and it is

convergent by completeness of the Banach space Y . Indeed, since ad b P `r, then for

every ε ą 0, there is an N P N such that

›

›

›

8
ÿ

i“n

αiχtiu

›

›

›

`p

›

›

›

8
ÿ

i“n

βiχtiu

›

›

›

`q
ă

ε

}B}
p@ną Nq.

Using again that Bpχtiu,χt juq “ 0 if i‰ j, we obtain
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}Tmpadbq´Tnpadbq}Y “
›

›

›
B
´

m
ÿ

i“n`1

αiβiχtiu,
m
ÿ

i“n`1

χtiu

¯
›

›

›

Y

ď }B}
›

›

›

m
ÿ

i“n`1

αiχtiu

›

›

›

`p

›

›

›

m
ÿ

i“n`1

βiχtiu

›

›

›

`q

ă ε p@mą ną Nq.

Let us define now the limit operator T : `r Ñ Y of the operator sequence pTnq
8
n“1, that is

T padbq “ limnÑ8Tnpadbq. It is easily seen that T is well defined and linear. This allows

us to define the operator Tn in all `r. Since pTnpadbqq converges for every adb P `r, then

it is bounded for every adb. By the Uniform Boundedness Theorem, it follows that T is

continuous. Therefore, we obtain

Bpa,bq “ lim
nÑ8

n
ÿ

i“1

αiβiBpχtiu,χtiuq

“ lim
nÑ8

Tnpadbq “ T padbq.

Besides, the image of an element is independent from its representation. Indeed, for the

element x“ a1db1 “ a2db2, we obtain

T pa1db1q “ lim
nÑ8

Bpa1db1dχt1,2,...,nu,χt1,2,...,nuq

“ lim
nÑ8

Bpa2db2dχt1,2,...,nu,χt1,2,...,nuq “ T pa2db2q.

Hence we obtain the factorization of the bilinear operator B through the pointwise product

as B“ T ˝d. This finishes the proof.

Now we will give a general version of the theorem above. Consider two Banach spaces

E and F that are isomorphic —as Banach spaces— to `p and `q, respectively, and the

isomorphisms are given by the operators P : E Ñ `p and Q : F Ñ `q. We define the

product dPˆQ : EˆF Ñ `r by

dPˆQpx,yq “ PpxqdQpyq, x P E, y P F.

Let us illustrate this definition by the following diagram;
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EˆF
dPˆQ //

PˆQ
��

`r.

`pˆ `q
d

77

In this situation, a bilinear map B : E ˆ F Ñ Y will be called zero dPˆQ-preserving

if

dPˆQpx,yq “ 0 implies Bpx,yq “ 0

for all x P E and y P F .

Corollary 4.17 Let
1
p
`

1
q
“

1
r

for 1 ď r ă p,q ă8. Let the Banach spaces E and F be

isomorphic to `p and `q by means of the isomorphisms P and Q, respectively. Consider

a Banach space valued bilinear operator B : EˆF Ñ Y . The following assertions imply

each other.

(1) The operator B isdPˆQ-factorable. That is, there exists a linear continuous operator

T : `r Ñ Y such that B“ T ˝dPˆQ, and the following diagram commutes;

EˆF B //

PˆQ
��

Y.

`pˆ `q d // `r

T

OO

(2) There is a positive real number K such that, for every finite set of elements txiu
n
i“1 P

E and tyiu
n
i“1 P F , the following inequality holds

›

›

›

n
ÿ

i“1

Bpxi,yiq

›

›

›

Y
ď K

›

›

›

n
ÿ

i“1

PpxiqdQpyiq

›

›

›

`r
. (4.26)

(3) The operator B is zero dPˆQ-preserving, that is, x dPˆQ y“ 0 implies Bpx,yq “ 0.

Proof. Let us prove that (3) implies (1). Under the conditions of the theorem, consider

the bilinear map B“ B˝ pP´1ˆQ´1q : `pˆ `q Ñ Y. We have that for all x P E and y P F,

xdPˆQ y “ PpxqdQpyq “ 0 implies that 0 “ Bpx,yq “ BpPpxq,Qpyqq “ 0. That is, since

P and Q are isomorphisms, we have that for all a P `p and b P `q, ad b “ 0 implies that

Bpa,bq “ 0.

We are in situation of using Theorem 4.5 for B. So we have that there is a linear operator

T : `r Ñ Y such that B “ T ˝d. By the definition of B, we obtain B “ B ˝ pPˆQq “
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T ˝d˝pPˆQq, the required factorization.

The equivalences among the three statements of the corollary follow directly using Lemma

3.1 and this factorization.

It is easily seen that any d-factorable bilinear map B : `pˆ `p Ñ Y that factors through

`r for 2r “ p is symmetric in the sense that Bpa,bq “ Bpb,aq for all a, b P `p, since

Bppanq,pbnq “ T ppand bnqq “ T ppbnd anqq “ Bppbnq,panq holds for all panq, pbnq P `
p

by the commutativity of the pointwise product.

Corollary 4.18 Let the Banach space X be isomorphic to `p for p ě 2 by means of the

isomorphism P. Then any zero dPˆP-preserving bilinear map B : XˆX ÑY satisfies the

symmetry condition, that is Bpx,yq “ Bpy,xq for all x, y P X .

Proof. Since the map B is zerodPˆP-preserving, it isdPˆP-factorable. Then, for r“ p{2

there is a linear continuous map T : `r Ñ Y defined by Bpx,yq “ T ˝d˝ pPˆPqpx,yq “

T pPpxqdPpyqq. By the commutativity of the pointwise product we get the symmetry;

Bpx,yq “ T pPpxqdPpyqq “ T pPpyqdPpxqq “ Bpy,xq.

Remark 4.9 The extension of the result given in Theorem 4.5 from the case of d to the

case of dPˆQ products implicitly shows a fundamental fact about factorization through

the pointwise product. The requirement “adb“ 0 implies Bpa,bq “ 0” can be understood

as a lattice-type property: indeed, note that for sequences a and b in the corresponding

spaces, adb“ 0 if and only if a and b are disjoint, and so we can rewrite the requirement

of being zero d-preserving as “if |a|^ |b| “ 0, then Bpa,bq “ 0”. Since P and Q are just

(Banach space) isomorphisms, we have shown that the property is primarily related to the

pointwise product, and not to the lattice properties. The result is particularly meaningful

if we consider P and Q to be the isomorphisms associated to changes of unconditional

basis of `p and `q whose elements are not in general disjoint.

Remark 4.10 Consider the bilinear map B : E ˆE˚ Ñ Y , where E is isomorphic to `p

and ˚ denotes the topological dual of E. This bilinear map can only be dPˆQ-factorable

through the sequence space `1. Indeed, let P denote the isomorphism between E and

`p pp ě 1q. Since the duals of isomorphic spaces are isomorphic, it follows that E˚ is

isomorphic to p`pq˚ “ `p˚ for
1
p
`

1
p˚
“ 1 by the isomorphism P˚ that is adjoint map of
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P. Therefore B can only be dPˆP˚-factorable and in this case it is factored through `1.

4.2.1 Compactness and Summability Properties

Corollary 4.17 provides a fundamental tool to obtain the main properties including the

compactness and summability properties of zero dPˆQ-preserving bilinear maps. It is

already clear that (weak) compactness of the factorization map T is necessary and suf-

ficient condition for the (weak) compactness of the zero dPˆQ-preserving map B by the

definition of the norm preserving product. Indeed,

zpp map B is (weakly) compactðñ BpUX ˆUY q is relatively (weakly) compact

ðñ BpP´1
pU`pqˆQ´1

pU`qqq is relatively (weakly) compact

ðñ BpU`pˆU`qq is relatively (weakly) compact

ðñ T ˝dpU`pˆU`qq is relatively (weakly) compact

ðñ T pU`rq is relatively (weakly) compact

ðñ T is (weakly) compact.

Now, we will give more specific situations. Note that the norming property of the point-

wise product d can be expanded to closed unit ball as B`r Ď B`p d B`r by choosing

}pzkq}r ď 1 in Remark 4.8, where 1{p`1{q“ 1{r and 1ď r ă p,qă8.

Proposition 4.1 Let
1
p
`

1
q
“

1
r

for 1ď ră p,qă8. Suppose that there are isomorphisms

P : E Ñ `p and Q : F Ñ `q such that the bilinear operator B : EˆF Ñ Y is zero dPˆQ-

preserving. Then

(i) BpEˆFq is a linear space.

(ii) If P and Q are isometries, then BpBE ˆBFq is convex.

(iii) If r “ 1 and Y is reflexive, then BpBE ,yq is a relatively compact set for every y P F

as well as Bpx,BFq is relatively compact for every x P E.

(iv) If r ą 1, then BpBE ˆBFq is relatively weakly compact.

(v) If 1ď să r ă8 and Y “ `s, then BpBE ˆBFq is relatively compact.

Proof. Consider the factorization for B given by B“ T ˝ pPdQq.

(i) Sinced is a norming product and B factors through it by Theorem 4.5, we have that
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BpEˆFq “ T p`pd `qq “ T p`rq, that is, the range of a linear map. So it is a linear

space.

(ii) Clearly, A“ PdQpBE ˆBFq “ B`pdB`q “ B`r is a convex set, and so T pAq is also

convex.

(iii) Note that there is a sequence b “ Qpyq such that A “ PdQpBE ,yq is equivalent to

B`pdbĂ `1. Recall that 1ă p,qă8. Note also that T : `1 ÑY is weakly compact

by the reflexivity of the range space Y . Since the closed unit ball of a reflexive space

is weakly compact, this gives rise to weak compactness of the set A in `1. Thus, we

have that T pAq is relatively compact by the Dunford–Pettis property of `1.

(iv) Since BpBE ˆBFq “ T pPpBEqdQpBFqq, and PpBEqdQpBFq is equivalent to the

unit ball of the reflexive space `r, we get the result.

(v) Recall that by Pitt’s Theorem (see page 8), every bounded linear operator from `r

into `s is compact whenever 1 ď s ă r ă 8. The factorization gives directly the

result.

As in Section 4.1.2.2, our first summability property for zero preserving bilinear maps is

a direct consequence of Grothendieck’s Theorem. It also provides an integral domination

for B. The second corollary is obtained as a result of the Schur’s property of `1 and it is

again an application of the compactness properties of the bounded subsets of `1.

Corollary 4.19 Let H1,H2 and H3 be separable Hilbert spaces. Let B : H1ˆH2 Ñ H3 be

a zero dPˆQ-preserving bilinear operator. Then

(i) for every x1, ...,xn P H1, y1, ...,yn P H2 there is a constant K ą 0 such that
n
ÿ

i“1

›

›

›
Bpxi,yiq

›

›

›
ď K sup

z1PB`8

n
ÿ

i“1

ˇ

ˇ

ˇ

A

PpxiqdQpyiq,z1
Eˇ

ˇ

ˇ
, (4.27)

(ii) and there is a regular Borel measure η over B`8 such that

}Bpx,yq} ď K
ż

B`8

|xPpxqdQpyq,z1y|dηpz1q, x P H1, y P H2. (4.28)

Proof. Let us consider the dPˆQ-preserving bilinear map B : H1ˆH2 Ñ H3. Since any

separable Hilbert space is isomorphic to the sequence space `2, we can define a bilinear

map B“BpP´1ˆQ´1q : `2ˆ`2ÑH3. ThedPˆQ-preserving property of B implies thed-

preserving property of the map B. Therefore, by Corollary 4.17 we have the factorization
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B :“ T ˝d, where T : `1 Ñ H3. One of the result of Grothendieck’s Theorem states that

every linear operator from `1 to a Hilbert space is 1-summing. It follows that, for every

x1, ...,xn P H1, y1, ...,yn P H2 there is a constant K ą 0 such that
n
ÿ

i“1

›

›

›
Bpxi,yiq

›

›

›
“

n
ÿ

i“1

›

›

›
BpPpxiq,Qpyiqq

›

›

›
ď K sup

z1PB`8

n
ÿ

i“1

ˇ

ˇ

ˇ

A

PpxiqdQpyiq,z1
E
ˇ

ˇ

ˇ
.

The second inequality of the corollary is clearly seen by Pietsch domination theorem (see

page 9 or [15, Theorem 2.12]). This theorem states that every 1-summable operator has

such a regular Borel measure. Thus, we get a regular Borel measure η over B`8 satisfying

}Bpx,yq} “ }BpPpxq,Qpyqq} ď K
ż

B`8

|xPpxqdQpyq,z1y|dηpz1q, x P H1, y P H2.

The following corollary is obtained as a result of the Schur’s property of `1 and it is again

an application of the compactness properties of the bounded subsets of `1:

Corollary 4.20 Let H1,H2 and H3 be separable Hilbert spaces. Let B : H1ˆH2 Ñ H3 be

a zero dPˆQ-preserving bilinear operator. Then:

(i) For every couple of sequences pxiq
8
i“1 in H1 and pyiq

8
i“1 in H2 such that pPpxiqd

Qpyiqq
8
i“1 is weakly convergent, we have that pBpxi,yiqq

8
i“1 converges in the norm.

(ii) For S1ĎH1 and S2ĎH2 such that PpS1qdQpS2q Ď `1 is relatively weakly compact,

i.e. S1ˆS2 isdPˆP-relatively weakly compact, we have that BpS1ˆS2q is relatively

compact.

We can obtain some summability results if we consider the range space Y with some

cotype-related properties. It is known that a Banach space has the Orlicz property, if it is of

cotype 2 (see page 9 or [18, §8.9]). It follows that for any zero dPˆQ-preserving bilinear

map B : EˆF Ñ Y whose range space Y has the Orlicz property, we get a domination as

follows: there exists k ą 0 such that for x1, ...,xn P E and y1, ...,yn P F ,

´

n
ÿ

i“1

›

›Bpxi,yiq}
2
Y

¯1{2
ď k sup

εiPt´1,1u

›

›

n
ÿ

i“1

εi pPpxiqdQpyiqq
›

›

`r .

4.2.2 Applications of Zero dPˆQ-Preserving Bilinear Maps

Finally, let us give some applications for the zero dPˆQ-preserving bilinear maps.
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Application 4.3 Consider a bilinear continuous operator B : `2ˆ `2 Ñ `1. It is known

that the pointwise product d from `2 ˆ `2 to `1 is a norming product. Let pa,bq “

p
ř8

k“1 αkχtku,
ř8

m“1 βmχtmuq P `
2ˆ `2. Then the image of this element under pointwise

product is

adb“
´

8
ÿ

k“1

αkχtku

¯

d

´

8
ÿ

m“1

βmχtmu

¯

“

8
ÿ

k“1

αk

8
ÿ

m“1

βmpχtkudχtmuq “

8
ÿ

k“1

αkβkχtku.

Thus, for the finite sets of sequences a1, ...an, b1, ...,bn we have

n
ÿ

i“1

aidbi “

n
ÿ

i“1

8
ÿ

k“1

αikβikχtku “

8
ÿ

k“1

´

n
ÿ

i“1

αikβik

¯

χtku.

This is a sequence in absolutely summable sequence space `1 such that its general term is

zk “
řn

i“1 α i
kβ i

k for every k P N.

The `1 norm of this sequence is }zk}`1 “
ř8

k“1 |
řn

i“1 αikβik|. By Lemma 3.1, we obtain

that the bilinear operator B is factorable by the pointwise product if and only if there is a

constant K for all finite sequences pxiq
n
i“1, pyiq

n
i“1 P `

2 such that

›

›

›

n
ÿ

i“1

Bpxi,yiq

›

›

›

1
ď K

8
ÿ

k“1

ˇ

ˇ

ˇ

n
ÿ

i“1

αikβik

ˇ

ˇ

ˇ
.

Let us consider now a more specific bilinear operator B : `2ˆ `2 Ñ `1: a diagonal multi-

linear operator. Recall that a bilinear operator B PBp`2ˆ`2, `1q is called bilinear diagonal

if there is a bounded sequence ξ “ pξkqk such that Bpa,bq “
ř8

k“1 ξkαkβkχtku. By Hölder

inequality, it is easily seen that B PBp`2ˆ`2, `1q if and only if ξ P `8. For arbitrary finite

sequences pxiq
n
i“1, pyiq

n
i“1 Ă `2, we obtain

›

›

›

n
ÿ

i“1

Bpxi,yiq

›

›

›

1
“

›

›

›

n
ÿ

i“1

8
ÿ

k“1

ξkαikβikχtku

›

›

›

1

ď }ξk}8

8
ÿ

k“1

ˇ

ˇ

ˇ

n
ÿ

i“1

αikβik

ˇ

ˇ

ˇ
“ K

8
ÿ

k“1

ˇ

ˇ

ˇ

n
ÿ

i“1

αikβik

ˇ

ˇ

ˇ
.

Therefore, we obtain that every bilinear diagonal operator is factorable through d. Re-

mark that a bilinear diagonal operator satisfies that Bpx,yq“ 0 whenever xdy“ 0. Namely,

every diagonal operator is zero product preserving.

Application 4.4 Take into account the bilinear continuous operator B : `2ˆ `2 Ñ `1 given

by Bpx,yq “ a˚pxdyqwhere a P `1 and ˚ is convolution defined on `1 by the rule pa˚bqn“
ř8

m“´8 ambn´m for a,b P `1 (it is known that `1pZq is a unital Banach algebra under
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convolution and satisfies `1pZq˚`1pZq“ `1pZq). It is clear that if xdy“ 0 then Bpx,yq“ 0.

Then by Theorem 4.5, we obtain a factorization operator T : `1 Ñ `1 for B such that

T pzq “ T pxd yq “ Bpx,yq defined by T pzq “ a ˚ z. It is known that an operator T on

`1pZq is of the form a ˚ z if and only if it is translation invariant, i.e. TA “ AT , where

Apzqpnq :“ zpn` 1q ([67, pp. 63]). Thus, we conclude that a zero product preserving

bilinear operator B : `2ˆ `2 Ñ `1 factors through a translation invariant linear operator if

and only if there is an a P `1 such that Bpx,yq “ a ˚ pxd yq for all x,y P `2.

Application 4.5 Consider any bilinear map B : L2r0,2πsˆL2r0,2πsÑY such that Bp f ,gq“

0 whenever f d
p̂ p

g“ pf dpg“ 0 for f , g P L2r0,2πs, wherepdenotes the Fourier transform.

Plancherel’s theorem states that the Banach space L2r0,2πs is isometrically isomorphic to

`2 by the Fourier transform (see page 16). Therefore, by Corollary 4.17 we get a factor-

ization for the d
p̂ p

-factorable bilinear map B such that B“ T ˝d˝pp̂ pq and the bilinear

map B is symmetric by Corollary 4.18. The class of these bilinear maps was investigated

by Erdoğan et al in [68] and the results of this study will be given in the first section of

the next chapter.

Now, we will give a more specific example. H and H2 stand for the holomorphic func-

tions on the unit disc D and the Hardy space of functions, respectively. The Hardy space

H2, that is a closed subspace of L2r0,2πs, consists of the functions whose all Fourier coef-

ficients with negative index are zero. It is possible to represent any holomorphic function

f PH as a Taylor polynomial f pzq “
ř8

n“0 anzn. Moreover, this representation is given

by the Fourier coefficients for the elements of H2 and H2 is isomorphically isomorphic to

the sequence space `2 by means of Fourier transform.

Arregui and Blasco defined the u-convolution of the holomorphic functions f and g in H

given by f pzq “
ř8

n“0 anzn and gpzq “
ř8

n“0 bnzn as f ˚u gpzq “
ř8

n“0 upan,bnqzn, where

u : CˆCÑ C is a bilinear continuous map (see [69, Definition 1.1.]). If we consider the

bilinear map u defined as upan,bnq “ and bn, then we get f ˚u gpzq “
ř8

n“0pand bnqzn.

Therefore, it is seen that u-convolution defined on H2ˆH2 to H2 is zero d
p̂ p

-preserving,

since f d
p̂ p

g “ pf pnqd pgpnq “ 0 implies f ˚u g “ 0 for all f , g P H2. By Corollary 4.17,

it follows that there is a linear map T : `1 Ñ H2 such that f ˚u g “ T ppf pnq d pgpnqq “
ř8

n“0 xnzn, where pxnq is the sequence in `1 obtained by the pointwise product pf pnqdpgpnq.

Also, by Corollary 4.18 it is obtained that u-convolution is a symmetric map.
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CHAPTER 5
——————————————————————————————-

CONVOLUTION FACTORABILITY OF BILINEAR OPERATORS

Throughout the chapter we will use the convolution operator defined on the Banach space

L1pGq by the formula

f ˚gpxq “
ż

G
f py´1xqgpyqdµpyq, (5.1)

where G is a compact Abelian group with Haar measure µ .

In particular, we are interested in the compact Abelian group T that is the circle group –the

real line mod 2π . It is known that the convolution operation ˚ on L1pTq has commutativity

and associativity properties, that is, f ˚g“ g ˚ f and f ˚ pg ˚hq “ p f ˚gq ˚h for all f ,g,h P

L1pTq; see [26, Chapter 1].

The aim of this chapter is to obtain a class of bilinear maps acting on a product of Hilbert

spaces of integrable functions, respectively, a product of Banach algebras of integrable

functions that can be factored through the convolution operation. Moreover, we will see

that the class of these bilinear maps what will be called ˚-factorable is equivalent to zero

convolution product bilinear maps. We will investigate compactness and summability

conditions of ˚-factorable bilinear maps under the assumptions of some classical proper-

ties. Finally, we present some applications of ˚-factorable bilinear maps and a represen-

tation for Hilbert-Schmidt operators.

Note that the results of Section 5.1 and Section 5.2 are preseted in the published papers

[68] and [70], respectively.
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5.1 ˚-Factorable Bilinear Maps on Hilbert Spaces of Integrable Functions

In Section 2.2, we give some preliminaries related with group algebras. Since we state that

we will be interested in compact Abelian group T, it is useful to recall these informations

for the circle group T. The complex space WpTq of functions defined on T spanned by

all continuous positive-definite functions on T coincides with the set of functions which

have absolutely convergent Fourier series. The space WpTq is a unital Banach algebra of

functions under pointwise operations known as Wiener algebra ([29, Theorem 32.10]). It

is isomorphic to the Banach algebra `1pZq by the isomorphism given by Fourier transform

and it is endowed with the norm } f }W “ } f̂ }1 for f PWpTq, where f̂ denotes the Fourier

transform of f .

Now we will show that the convolution operation ˚ is an n.p. product from L2pGqˆL2pGq

to WpGq for an arbitrary compact Abelian group G, where WpGq is the unital Banach

algebra of the functions with absolutely convergent Fourier series.

Remark 5.1 Let G be a compact Abelian group. Convolution map acting in L2pGq ˆ

L2pGq to WpGq is an n.p. product. In particularly, it is a norming product.

Proof. Let us consider h PUWpGq. By using Theorem 34.15 in [29] it is seen that there

exist the functions f ,g P L2pGq such that h “ f ˚ g and these functions can be chosen in

such way that 1 ą }h}W “ } f }22 “ }g}
2
2, that is p f ,gq P UL2pGqˆUL2pGq. Thus, we get

UW Ď ˚pUL2pGqˆUL2pGqq.

Now, let us show } f ˚g}W “ inft} f 1}2}g1}2 : f 1, g1 P L2pGq, f 1 ˚g1 “ f ˚gu for every f , g P

L2pGq. By Theorem 34.14 given in [29], we have that } f ˚ g}W ď } f }2}g}2. Since the

inequality is obtained for all couples p f 1, g1q satisfying f ˚g “ f 1 ˚g1, it follows that } f ˚

g}Wď inft} f 1}2}g1}2 : f 1, g1 P L2pGq, f 1 ˚g1“ f ˚gu. For the converse inequality, consider

arbitrary elements f , g P L2pGq. Then, h “ f ˚ g PWpGq and satisfies } f }22 “ }g}
2
2 “

} f ˚ g}W “ }h}W (see [29, Theorem 34.14 and 34.15]). Therefore, }h}W “ } f ˚ g}W “

} f }2}g}2 and } f ˚ g}W “ inft} f 1}2}g1}2 : f 1, g1 P L2pGq, f 1 ˚ g1 “ f ˚ gu is obtained for

every f , g P L2pGq.

Hereafter, we deal with the bilinear maps B : L2pTqˆL2pTq ÑY , so we will consider the

n.p product ˚ defined on L2pTqˆL2pTq to the Wiener algebra WpTq.

Theorem 5.1 Let T be the real line mod 2π and let Y be an arbitrary Banach space. For a
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bilinear continuous operator B : L2pTqˆL2pTq ÑY , the following statements are equal;

i) The bilinear map B is zero product preserving, that is, Bp f ,gq “ 0 if f ˚g“ 0,

ii) There exists a linear and continuous map T : WpTqÑY such that B“ T ˝˚, i.e. the

operator B is ˚-factorable.

iii) There is a constant K such that for all f1, f2, ... , fn, g1, g2, ... ,gn P L2pTq, we have

›

›

n
ÿ

i“1

Bp fi,giq
›

›

Y ď K
›

›

n
ÿ

i“1

xi ˚ yi
›

›

W
. (5.2)

In this case, the following triangular diagram commutes;

L2pTqˆL2pTq B //

˚

''

Y

WpTq.

T

OO

Proof. Assume first B is zero product preserving. By Plancherel’s theorem it is known

that the linear mapq: `2pZq Ñ L2pTq is an isometric isomorphism, then we can define the

bilinear operator

rB
`

panq,pbnq
˘

:“ B
`

panqq,pbnqq
˘

, panq,pbnq P `
2
pZq, (5.3)

which clearly provides rB
`

pf ,pgq “ Bp f ,gq and the commutativity of the diagram

L2pTqˆL2pTq B //

p̂ p

��

Y.

`2pZqˆ `2pZq
rB

99 (5.4)

Now, we prove that there is a bounded linear map rT : `1pZq Ñ Y such that the following

diagram commutes

`2pZqˆ `2pZq rB //

d
��

Y,

`1pZq
rT

99 (5.5)

where d is the pointwise product of sequences.

For each N P N we define the linear map rTN : `1pZq Ñ Y by

rTN
`

panq
˘

:“ rB
`

panq,χr´N,NsXZ
˘

, panq P `
1
pZq. (5.6)
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We claim that, since B is zero product preserving, we have that rBpχtiu,χt juq “ 0 when

i‰ j. Indeed, since

0“ χtiu ¨χt ju “
z

}χtiu ¨
z

}χt ju “
`

}χtiu ˚}χt ju
˘

p,

the zero product preserving property of B together with (5.4) gives rB
`

χtiu,χt ju
˘

“B
`

}χtiu,}χt ju
˘

“

0. Using this remark it is easy to see that

rTN
`

panq
˘

“
ÿ

| j|ďN

a j rB
`

χt ju,χt ju
˘

. (5.7)

Therefore

›

›
rTN
`

panq
˘
›

›

Y ď
ÿ

| j|ďN

›

›

›
a j rBpχt ju,χt juq

›

›

›

Y

“
ÿ

| j|ďN

›

›

›

rBpa jχt ju,χt juq

›

›

›

Y

ď }rB}
ÿ

| j|ďN

›

›a jχt ju
›

›

`2pZq}χt ju}`2pZq

“ }rB}
ÿ

| j|ďN

|a j| ď }rB}
›

›panq
›

›

`1pZq,

and so rTN is continuous; in fact the family trTN : N P Nu is uniformly bounded, since

}rTN} ď }rB} for all N P N. Moreover, for each fixed panq P `
1pZq,

`

rTN
`

panq
˘˘

is a Cauchy

sequence in the Banach space Y , and so it is convergent. Indeed, for a given ε ą 0, there

exists k P N such that
ř

| j|ąN

ˇ

ˇa j
ˇ

ˇ ă ε{}rB} for all N ě k. By using (5.7) we have that for

all M ą N ě k,

›

›
rTM

`

panq
˘

´ rTN
`

panq
˘
›

›

Y “
›

›

ÿ

| j|ďM

a j rBpχt ju,χt juq´
ÿ

| j|ďN

a j rBpχt ju,χt juq
›

›

Y

ď
ÿ

Nă| j|ďM

›

›
rBpa jχt ju,χt juq

›

›

Y

ď }rB}
ÿ

| j|ąN

|a j| ă ε.

Therefore by using Banach-Steinhaus theorem —the Uniform Boundedness Principle—

the map rT : `1pZq Ñ Y given by

rT
`

panq
˘

:“ lim
NÑ8

rTN
`

panq
˘

, (5.8)

is linear and bounded. Finally, by the continuity of rB and again (5.7) we have
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rB
`

panq,pbnq
˘

“

8
ÿ

j“´8

a jb j rBpχt ju,χt juq

“ lim
NÑ8

ÿ

| j|ďN

a jb j rBpχt ju,χt juq

“ lim
NÑ8

rTN
`

panbnqq “ rT ˝d
`

panq,pbnq
˘

,

and so the commutativity of (5.5) follows.

On the other hand, given a linear map rT : `1pZq Ñ Y we can use that the Wiener algebra

WpTq is isometrically isomorphic to `1pZq by the Fourier transform to define an operator

T : WpTq Ñ Y by

T p f q :“ rT ppf q, f PWpTq. (5.9)

This gives the factorization

`1pZq rT //

q

��

Y.

WpTq
T

== (5.10)

Finally, the classical identity yf ˚g “ pf ¨ pg that works in general for f ,g P L1pTq allows to

write ˚ “q˝d˝ppˆpq. Hence, we obtain the commutativity of the diagram

L2pTqˆL2pTq p̂ p //

˚

33`2pZqˆ `2pZq d // `1pZq q //WpTq, (5.11)

and (ii) holds.

The equivalery of the statements (ii) and (iii) have already been seen in Lemma 3.1. The

zero product preserving property of the B is obvious by both the statements (ii) and (iii).

The proof is completed.

Actually, putting together the commutativity of diagrams (5.4), (5.5), (5.10) and (5.11)

we have proved that:

Corollary 5.1 Let T be the real line mod 2π and let Y be an arbitrary Banach space. For

the bilinear continuous operator B : L2pTq ˆ L2pTq Ñ Y to be zero product preserving,

it is a necessary and sufficient condition that there exist linear and bilinear continuous

operators such that the following diagram commutes
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L2pTqˆL2pTq

˚

""

B //

p̂ p

��

Y

`2pZqˆ `2pZq

d
��

rB

99

`1pZq

q

��

rT

BB

WpTq

T

FF

wherepandqstand for the Fourier and the Inverse Fourier transforms, respectively, and d

is the pointwise product of sequences.

Remark 5.2 Seeing the proof of our result we can give an explicit formula for the operator

T in terms of the classical Dirichlet kernel. We claim that the map T of the theorem is

given by

T p f q “ lim
NÑ8

B
`

f ,DN
˘

,

where DN stands for the Dirichlet kernel which is given by the formula

DNpxq “
ÿ

| j|ďN

ei jx.

Indeed just observe that
`

χr´N,NsXZ
˘

q

“
ÿ

| j|ď8

χr´N,NsXZp jqei jx
“ DNpxq,

and use (5.9), (5.8), (5.6) and (5.3) to obtain

T p f q “ rT
`

pf
˘

“ lim
NÑ8

rTN
`

pf
˘

“ lim
NÑ8

rB
`

pf ,χr´N,NsXZ
˘

“ lim
NÑ8

B
`

f ,pχr´N,NsXZq
q

˘

“ lim
NÑ8

B
`

f ,DN
˘

.

Corollary 5.2 A zero product preserving bilinear map B : L2pTqˆL2pTq ÑY is symmet-

ric, that is Bp f ,gq “ Bpg, f q for all f , g P L2pTq.

Proof. Since the map B is zero product preserving, then there is a linear continuous map

T : WpTq Ñ Y defined by Bp f ,gq “ T ˝ ˚p f ,gq. By the commutativity of the convolution

product we get Bp f ,gq “ T p f ˚gq “ T pg ˚ f q “ Bpg, f q.
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5.1.1 Properties of ˚-Factorable Maps on Hilbert Spaces

Some direct consequences on the properties of zero product preserving bilinear maps

defined on Hilbert spaces of integrable functions can be fixed by using some classical

properties. We will analyze separately the main two cases that are reasonable to consider

in our context: when Y is a reflexive space, and when Y is a Banach space with the Schur

property. In the first one, —that regards topological properties— we will provide some

information in the case that B is weakly compact. In the second one it will be shown that

zero product preserving operators have good summability properties in case Y has some

suitable geometric properties. We will finish the section by showing an application of our

results to what is called generalized convolution.

5.1.1.1 Compactness Properties As in the pointwise product case, it is easily seen

that a zero product preserving map B is (weakly) compact if and only if the linear operator

T appearing in its factorization is (weakly) compact, due to the definition of product.

Indeed,

the zpp map B is (weakly) compactðñ BpUL2pTqˆUL2pTqq is relatively (weakly) compact

ðñ T ˝ ˚pUL2pTqˆUL2pTqq is relatively (weakly) compact

ðñ T pUWpTqq is relatively (weakly) compact

ðñ T is (weakly) compact.

Now, we assume that the bilinear map B : L2pTqˆL2pTq Ñ Y is weakly compact and we

will get some particular results. The following result shows that zero product preserving

operators satisfy a certain kind of Dunford–Pettis property.

Corollary 5.3 Let B : L2pTqˆL2pTq Ñ Y be a zero product preserving weakly compact

bilinear map, and let A be an ˚-relatively weakly compact set (see Definition 3.6). Then

BpAq is relatively compact.

Moreover, if there is a ˚-relatively weakly compact bilinear operator B for Y , then Y is

finite dimensional.

Proof. This is just a consequence of the fact that `1 has the Dunford–Pettis property.
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Since we have the factorization though `1 of B, and such factorization satisfies that

˚pUL2pTqˆUL2pTqq “UWpTq,

we have that pp˚pUL2pTqˆUL2pTqqq “U`1 . Therefore, T ˝q : `1 Ñ Y is weakly compact.

Take an ˚-relatively weakly compact set A. We have thatpp˚Aq is then a relatively weakly

compact of `1. The Dunford–Pettis property of `1 gives then that T ˝q˝p˝ ˚pAq “ T ˝

˚pAq “ BpAq is relatively compact. The last statement is then clear.

This theorem can be improved for the case that Y has the Schur property. We will prove

that zero product preserving bilinear maps give a characterization for the space `1 under

a bit more restrictive requirements on B.

Corollary 5.4 Let B : L2pTqˆL2pTq Ñ Y be a zero product preserving weakly compact

bilinear map. Let Y be a Banach lattice with the Schur property. Then B
`

UL2pTqˆUL2pTq
˘

is a relatively compact set in Y.

Consequently, if B is norming product for Y , then Y is finite dimensional.

Proof. We use Theorem 2 in [71], that establishes that a Banach space Y has the Schur

property if and only if every weakly compact operator from `1 to Y is compact. As we

shown in the proof of Corollary 5.3 we have thatpp˚pUL2pTqˆUL2pTqqq “U`1 . Therefore,

T ˝q : `1 Ñ Y is weakly compact, and so the Schur property for Y gives that it is also

compact. Then obviously norming property of B implies that Y has finite dimension.

Corollary 5.5 A Banach space Y is isomorphic to `1 if and only if it admits an equiva-

lently zero product preserving bilinear map B : L2pTqˆL2pTq Ñ Y such that B is a norm

preserving product from L2pTqˆL2pTq to Y (see the Definition 3.7 for equivalently zero

product preserving bilinear map).

Proof. The direct implication is obvious: if R : `1 Ñ Y is an isomorphism, just take B “

R˝p˝˚. For the converse implication, suppose that B satisfies the requirements. Now take

into account that we have a factorization of B as B “ T ˝ ˚ as a consequence of Theorem

5.1. Since we also have that Bp f ,gq “ 0 implies f ˚ g “ 0, we have that T (and so the

operator rT defined in the proof of Theorem 5.1) is injective. But B is a norm preserving

product, and so we have that

rT pU`1q Ď kUY Ď k BpUL2pTqˆUL2pTqq “ k rT pU`1q.
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This gives the result.

5.1.1.2 Summability Properties For a zero product preserving bilinear map B : L2pTqˆ

L2pTqÑY , the factorization given by Theorem 5.1 implies that for all f1, ..., fn, g1, ...,gn P

L2pTq,
n
ÿ

i“1

›

›Bp fi,giq}Y ď k
n
ÿ

i“1

›

›pfi ¨ pgi
›

›

`1 “ k
n
ÿ

i“1

8
ÿ

j“1

ˇ

ˇai
j bi

j
ˇ

ˇ,

where pai
jq and pbi

jq are the sequences of Fourier coefficients of fi and gi, respectively.

If we assign some conditions to the range space Y , we obtain improved summability

results. Firstly, we will consider Hilbert valued bilinear maps and this assumption will

give us an integral domination.

Theorem 5.2 If H is a Hilbert space and B : L2pTqˆL2pTq Ñ H is zero product preserv-

ing, then there is a constant k ą 0 such that the following equivalent assertions hold.

(i) For f1, ..., fn, g1, ...,gn P L2pTq,
n
ÿ

i“1

›

›Bp fi,giq}H ď k sup
ϕPB`8

n
ÿ

i“1

ˇ

ˇ

@

pfi ¨ pgi,ϕ
Dˇ

ˇ“ k sup
pϕ jqPB`8

n
ÿ

i“1

ˇ

ˇ

8
ÿ

j“1

ai
j bi

j ϕ j
ˇ

ˇ, (5.12)

where pai
jq and pbi

jq are the sequences of Fourier coefficients of fi and gi, respec-

tively.

(ii) For f ,g P L2pTq,

›

›Bp f ,gq}H ď k
ż

B`8

ˇ

ˇ

@

pf ¨ pg,ϕ
D
ˇ

ˇdηpϕq “ k
ż

B`8

ˇ

ˇ

8
ÿ

j“1

a j b j ϕ j
ˇ

ˇdηpϕq, (5.13)

where η is a regular probability measure on the unit ball of `8 given by the Pietsch

Domination Theorem, and pa jq and pb jq are the sequences of Fourier coefficients

of f and g, respectively.

Proof. Since B is a zero product preserving map, by Corollary 5.1 it factors through the

linear operators T and T̃ as B“ T ˝˚ and B“ T̃ ˝d˝pˆp. The linear operator T̃ : `1ÑH is

a summing operator as a consequence of Grothendieck’s Theorem Lp`1,Hq “Π1p`
1,Hq.

The summability of the operator T̃ implies the summability of the operator T , by the

isometry between the spaces `1 and WpTq. The first assertion is seen directly by being 1-

summing of the operator T̃ and the definition of the summable operator. Second statement
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is a result of Pietsch’s Domination Theorem.

Secondly we will consider the space Y with a cotype-related property and as an `p-space,

respectively. If we assume Y is of cotype 2, then this implies Y to have Orlicz property

(see page 9 or [18, §8.9]). Thus, we get a domination for any zero product preserving

bilinear map with a range space that has Orlicz property as follows: there exists k ą 0

such that for f1, ..., fn,g1, ...,gn P L2pTq,

´

n
ÿ

i“1

›

›Bp fi,giq}
2
Y

¯1{2
ď k sup

εiPt´1,1u

›

›

n
ÿ

i“1

εi pfi ¨ pgi
›

›

`1.

Corollary 5.6 Let 1 ď p ď 8, and take r satisfying 1{r “ 1´ |1{p´ 1{2|. For a zero

product preserving bilinear map B : L2pTq ˆ L2pTq Ñ `p, there exists a constant k ą 0

such that for f1, ..., fn,g1, ...,gn P L2pTq,
´

n
ÿ

i“1

›

›Bp fi,giq}
r
`p

¯1{r
ď k sup

εiPt´1,1u

›

›

n
ÿ

i“1

εi pfi ¨ pgi
›

›

`1 “ k sup
pϕ jqPB`8

n
ÿ

i“1

ˇ

ˇ

8
ÿ

j“1

ai
j bi

j ϕ j
ˇ

ˇ,

where pai
jq and pbi

jq are the sequences of Fourier coefficients of fi and gi, respectively.

Proof. It is easily seen by the factorization of the zero product preserving operator B

through the space `1 and the following result that can be found found in [18, §34.11]

Lp`1, `pq “Πr,1p`
1, `pq for 1ď pď8 and r such that 1{r “ 1´|1{p´1{2|.

This corollary provides the same result given in Theorem 5.2 for the case p“ 2.

Finally, we will give a result that is a consequence of the classical Littlewood inequality,

that can be written as Lp`1, `4{3q “ Π4{3,1p`
1, `4{3q (see [18, §34.12]): for a `4{3-valued

zero product preserving map B, we obtain that

´

n
ÿ

i“1

›

›Bp fi,giq}
4{3
`4{3

¯3{4
ď k sup

ϕPB`8

n
ÿ

i“1

ˇ

ˇ

@

pfi ¨ pgi,ϕ
D
ˇ

ˇ.
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5.1.2 Applications of ˚-Factorable Maps Acting in Hilbert Spaces

We show some examples of zero product preserving bilinear operators concerning recent

developments in bilinear Fourier analysis.

Application 5.1 The first example is constructed by using translation invariant linear op-

erators, —sometimes called convolution operators or multipliers—: they are the opera-

tors that commute with translations. The bibliography on this topic is deep and wide, we

mention here only the classical paper by Cowling and Fournier [72]. Thus, consider an

operator T : L2pTq Ñ L2pTq that satisfies that T f ˚ g “ T p f ˚ gq. For example, we can

take a convolution operator Tk : L2pTq Ñ L2pTq with convolution kernel k P L2pTq, that

is Tk f :“ k ˚ f . Consider now the bilinear map Bk : L2pTqˆL2pTq Ñ L2pTq defined by

convolution of Bkp¨, ¨q :“ Tkp¨q ˚ p¨q. Then we have

Bkp f ,gq “ Tkp f q ˚g“ pk ˚ f q ˚g“ k ˚ p f ˚gq “ Tkp f ˚gq,

for f ,g P L2pTq. It is easily seen that the bilinear map Bk is zero prouct preserving since

Bkp f ,gq “ 0 if f ˚ g “ 0. Therefore it has a linear factorization by Theorem 5.1, besides

the factorization map is Tk.

Although we note that for the convolution map defined in products of spaces of continuous

functions, these arguments for translation invariant bilinear maps can already be found in

the paper by Edwards [73]; see the proof of Proposition 1 in this paper. If PpDq is a linear

partial differential operator, bilinear maps as PpDqp f ˚gq are also usual in applications of

the harmonic analysis.

Application 5.2 Consider a Banach space Z and a Bochner 2-integrable function Φ :

r0,2πs Ñ Z and the vector-valued-kernel bilinear operator B : L2pTqˆL2pTqÑ Z defined

by

Bp f ,gq :“
ż 2π

0

ż 2π

0
Φpxq f px´ yqgpyqdydx. (5.14)

This bilinear map can be written as p f ,gq ÞÑ
ş2π

0 Φpxqp f ˚gqpxqdx, and then it is 0-valued

when f ˚g“ 0. Therefore, by the factorization theorem of bilinear maps on Hilbert spaces

of integrable functions (Theorem 5.1), we get that B factors through a linear map T :

WpTq Ñ Z such that Bp f ,gq “ T p f ˚gq “ T phq “
ş2π

0 Φpxqhpxqdx, where h“ f ˚g.

Application 5.3 Let us explain some relations of our class with a genuine bilinear version
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of convolution, that is given by the so-called translation invariant bilinear operators. A

considerable effort has been made recently for understanding this class of maps in the

setting of the multilinear harmonic analysis; we refer to [74] and the references therein

for information on the topic. They are given —in the case we consider R as measurable

space and the operator is defined by a non-negative regular Borel measure µ— by the

formula

Bµp f ,gq :“
ż

R

ż

R
f px´ yqgpx´ zqdµpy,zq, f ,g P L2

pRq, (5.15)

(see [74] and the references therein). We consider the “compact group version” of this

definition with a slight modification. Take µ “ kpzqdydz for k P L2r0,2πs and consider

the map

Bkp f ,gq :“
ż 2π

0

ż 2π

0
f py´ xqgpx´ zqkpzqdydz

“

ż 2π

0
f py´ xqpk ˚gqpxqdy, f ,g P L2

r0,2πs.

Using this, and if Ψ is a Z-valued Bochner 2-integrable function —Z is a Banach space—,

we can define the Z-valued kernel bilinear map by

BΨ,kp f ,gq “
ż 2π

0
Ψpyq

`

ż 2π

0
f py´ xqpk ˚gqpxqdx

˘

dy, f ,g P L2
r0,2πs.

Clearly,

BΨ,kp f ,gq “
ż 2π

0
Ψpyqpk ˚ p f ˚gqqpyqdy,

and this is 0 if f ˚g“ 0. Thus, by the factorization theorem, BΨ,k can be written as BΨ,k “

TΨ,k ˝˚, where TΨ,k is a linear continuous map defined by TΨ,kphq “
ş2π

0 Ψpyqpk ˚hqpyqdy

for all h PWpr0,2πsq.

Application 5.4 Let 1ă pă8 and consider the continuous bilinear map u : `pˆ`p1Ñ `1

given by the pointwise product uppaiq,pbiqq :“ paiqdpbiq “ paibiq P `
1. We will use for this

example the u-convolution for spaces of Bochner integrable functions defined by Blasco

in [75] (see also [76, 77]). Following [75] and the notation in this paper, the u-convolution

can be defined as a bilinear map ˚u : L1pT, `pqˆL1pT, `p1q Ñ L1pT, `1q by the formula

φ ˚u ψptq “
ż 2π

0
upφpeis

q,ψpeipt´sq
qq

ds
2π
P L1

pT, `1
q, (5.16)

for φ P L1pT, `pq, ψ P L1pT, `p1q. Consider now to sequences of integrable functions
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pkiq and pviq and assume that the linear maps T1 : L2pTq Ñ L1pT, `pq and T2 : L2pTq Ñ

L1pT, `p1q given by

T1p f qpwq :“
8
ÿ

i“1

pki ˚ f qpwqei P `
p, T2pgqpwq :“

8
ÿ

i“1

pvi ˚gqpwqei P `
p1 ,

are well-defined for all f ,g P L2pTq and continuous. We consider the bilinear map B :“

˚u ˝ pT1,T2q : L2pTqˆL2pTq Ñ L1pT,Zq. Let us show that it is zero product preserving.

Indeed, for a fixed couple of functions f ,g P L2pTq, we have

Bp f ,gqptq “
ż 2π

0

´

8
ÿ

i“1

pki ˚ f qpeis
qpvi ˚gqpeipt´sq

qei

¯ ds
2π

“

8
ÿ

i“1

´

ż 2π

0
pki ˚ f qpeis

qpvi ˚gqpeipt´sq
q

¯ ds
2π

¯

ei P `
1.

Thus, Bp f ,gq “
ř8

i“1pki ˚ viq ˚ p f ˚ gqei, and so it is zero product preserving. As the

result of Theorem 5.1, B can be factor through the convolution and the linear map T phq “
ř8

i“1ppki ˚ viq ˚hqei.

Application 5.5 Generalized Convolution Let us finish the section by showing a remark

on a new construction that has shown to be useful for applications. It concerns to what

is called generalized convolution; the reader can find information about in [78, Definition

2.3] (see also the references in this paper for the original definitions). Let U1,U2 and U3 be

linear spaces (may be different) on the same field of scalars and let V be a commutative

algebra. Suppose that K1 P LpU1,V q, K2 P LpU2,V q and K3 P LpU3,V q are the linear

operators from U1,U2 and U3 to V respectively.

Definition 5.1 (Definition 2.3 in [78]) A bilinear map ˚ : U1 ˆU2 Ñ U3 is called the

convolution with weight-element δ —an element of the algebra V — for K3,K1,K2 (in

that order) if the following identity holds:

K3p˚p f ,gqq “ δK1p f qK2pgq, (5.17)

for any f PU1 and g PU2. The equality above is called the factorization identity of the

convolution.

Fix U1“U2“ L2pTq, U3“V “WpTq and K3“ id and consider ˚ as the usual convolution

bilinear map. Let us write now a characterization of when a bilinear map defined as a

product in the algebra of two linear operators define a generalized convolution associated

to ˚. Indeed, as a consequence of Theorem 5.1 we directly obtain the following
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Corollary 5.7 Consider two operators S1,S2 : L2pTqÑWpTq and δ PWpTq, and consider

the bilinear map B : L2pTq ˆ L2pTq ÑWpTq given by Bp¨, ¨q “ δ S1p¨qS2p¨q. Then the

following assertions are equivalent.

(i) B is zero product preserving.

(ii) There is an operator T : WpTq ÑWpTq such that ˚ is a convolution with weight δ

for T,S1,S2.

In this case, the factorization identity is T ˝ ˚ “ B“ δ S1 S2.

5.2 Factorization for Bilinear Maps Defined on Banach Modules

In Section 2.2 we stated that the subalgebras LppTqp1 ď p ă 8q, CpTq, WpTq of the

algebra L1pTq are left Banach L1pTq-modules with respect to convolution for the circle

group T such that the space of trigonometric polynomials IpTq is a dense subspace in

these algebras. Thus implies that L1pTq ˚MpTq “ MpTq, where MpTq P
!

LppTqp1 ď

p ă 8q,CpTq,WpTq
)

. Moreover, a left bounded approximate identity of L1pTq is also

a left bounded approximate identity for them, i.e. limα }hα ˚ g´ g} “ 0, where phαq is

a left bounded approximate identity of L1pTq. Therefore we obtain the following re-

mark.

Remark 5.3 As a consequence, we conclude that ˚pUL1pTq ˆUMpTqq “ UMpTq, where

MpTq P
!

LppTqp1 ď p ă 8q,CpTq,WpTq
)

, that is, convolution is a norming product

on L1pTqˆMpTq.

Now we will give a factorization theorem through the convolution product for the zero

product preserving bilinear maps acting on a Cartesian product of the above subalgebras.

Since we consider the nets called approximate identities that appear as substitute for the

unit element of a Banach algebra, we will need the generalization of Banach-Steinhaus

Theorem to nets.

Theorem 5.3 [79, pp. 141] Banach-Steinhaus Theorem for Nets Let E be a barrelled

space and F is locally convex. Let pAαqαPI be a net in LpE,Fq such that for every x PE the

net pAαxqαPI is bounded in F and converges to an element A0x P F . Then A0 P LpE,Fq.

Theorem 5.4 For the bilinear operator B : L1pTqˆMpTqÑY , where MpTq P
!

LppTqp1ď

pă8q,CpTq,WpTq
)

, the following statements are equivalent.
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i) Bp f ,gq “ 0 whenever f ˚g“ 0, i.e. B is zero product preserving.

ii) There is a linear continuous operator T : MpTq Ñ Y such that B :“ T ˝ ˚, that is, B

is ˚´factorable.

iii) There is a constant K such that for all f1, f2, ..., fn P L1pTq and g1,g2, ...,gn PMpTq,

we have
›

›

›

n
ÿ

i“1

Bp fi,giq

›

›

›

Y
ď K

›

›

›

n
ÿ

i“1

fi ˚gi

›

›

›

MpTq
. (5.18)

As a consequence of this theorem, we have a factorization for B which satisfies the fol-

lowing scheme whenever any of the statements above holds;

L1pTqˆMpTq B //

˚

��

Y.

MpTq
T

99

Proof. Lemma 3.1 shows that the factorization gives the inequality written in (iii), and it is

obvious that (iii) implies (i). Then, we will only prove that every zero product preserving

bilinear operator has a factorization. Assume that the continuous bilinear operator B maps

zero the couples of functions whose convolution is equal to zero. Since T is a compact

topological group, the set of trigonometric polynomials IpTq is dense in both L1pTq and

MpTq. A trigonometric polynomial on T is an expression of the form
řN

n“´N aneint , where

panq is a finite sequence of scalars. It is known that L1pTq has a bounded 1 approximate

identity such that its elements are positive definite trigonometric polynomials and it is

also an approximate identity for the subalgebra MpTq. Let us denote it by phαqαPI . Since

hα is a trigonometric polynomial for each α , it can be written by the expression hα “

řNα

j“´Nα
hpαq jei jt , where hpαq j is the jth Fourier coefficiant of hα .

Assume that f and g are trigonometric polynomials. So, they can be written with the

forms f “
řN f

k“´N f
fkeikt and g “

řNg
l“´Ng

gleilt . It is seen by the definition of the convo-

lution operation that eikx ˚ eilx “ 0 if k ‰ l. Indeed,

eikx
˚ eilx

“

ż 2π

0
eikpx´tqeiltdt

“ eikx
ż 2π

0
eipl´kqtdt

“ eikx
ż 2π

0
rcospl´ kqt` isinpl´ kqtdts “ 0
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It follows that

hα ˚ f “
N1
ÿ

k“´N1

hpαqk fkeikt and hα ˚g“
řN2

k“´N2
hpαqkgkeikt

where N1 “ mintN f ,Nαu and N2 “ mintNg,Nαu, respectively.

For a fixed α , let us define the bilinear operator Bα : L1pTq ˆMpTq Ñ Y , Bαp f ,gq “

Bphα ˚ f ,hα ˚ gq. It is easily seen that pBαqαPI is a net of well-defined, continuous bi-

linear operators. Using the zero product preserving property of the operator B, for the

trigonometric polynomials f and g, we get that

Bαp f ,gq “ Bphα ˚ f ,hα ˚gq

“ B
`

N1
ÿ

n“´N1

hpαqn fneint ,
N2
ÿ

k“´N2

hpαqkgkeikt˘

“

N
ÿ

n“´N

phpαqnq2 fngnBpeint ,eint
q pN “ mintN1,N2uq

“ Bp
N
ÿ

n“´N

hpαqneint ,
N
ÿ

n“´N

hpαqn fngneint
q

“ Bphα ,hα ˚ f ˚gq.

Now, we show the same equality for elements that are not trigonometric polynomials.

Due to density, for each element f P L1pTq and g PMpTq, there are sequences psnq
8
n“1 and

prnq
8
n“1 of trigonometric polynomials such that f “ limnÑ8 sn and g “ limnÑ8 rn. Then

we obtain that

Bαp f ,gq “ Bαp lim
nÑ8

sn, lim
nÑ8

rnq “ lim
nÑ8

Bαpsn,rnq

“ lim
nÑ8

Bphα ˚ sn,hα ˚ rnq

“ lim
nÑ8

Bphα ,hα ˚ sn ˚ rnq.

It is known that, continuous multilinear operators are separately continuous. By using

the separately continuity of the bilinear operators B and ˚ defined on L1pTqˆMpTq, and

commutativity of the convolution we obtain
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Bαp f ,gq “ lim
nÑ8

Bphα ,hα ˚ sn ˚ rnq

“ Bphα , lim
nÑ8

hα ˚ sn ˚ rnq

“ Bphα , lim
nÑ8

sn ˚ rn ˚hαq

“ Bphα , lim
nÑ8

sn ˚ lim
nÑ8

rn ˚hαq

“ Bphα , f ˚g ˚hαq “ Bphα ,hα ˚ f ˚gq.

Therefore, the values of the bilinear operator Bα defined above can be written as Bαp f ,gq“

Bphα ,hα ˚ f ˚gq for every f P L1pTq and g PMpTq.

Now, define the map Tα : MpTq Ñ Y as Tαpvq “ Tαp f ˚gq “ Bαp f ,gq for each α P I. The

map Tα is well-defined, linear, continuous operator. Indeed, for f1 ˚g1 “ f2 ˚g2,

Tαp f1 ˚g1q “ Bαp f1,g1q “ Bphα ,hα ˚ f1 ˚g1q “ Bphα ,hα ˚ f2 ˚g2q “ Tαp f2 ˚g2q.

Linearity of the map T is seen by the bilinearity of the operator B and the convolution

product. Last we will show the continuity of T . Using the continuity of the operator Bα ,

the following holds

sup
f˚gPUMpTq

}Tαp f ˚gq}Y “ sup
p f ,gqPUL1pTqˆ UMpTq

}Bαp f ,gq}Y ă8.

Consequently, we obtain a net of continuous linear operators pTαqαPI . Besides,

}Tαp f ˚gq}Y “ }Bphα ,hα ˚ f ˚gq}Y ď }B}}hα}L1pTq}hα ˚ f ˚g}MpTq.

Let us say }hα ˚ f ˚ g}MpTq “ cα , then it is seen that pTαp f ˚ gqqαPI is a bounded net for

each f ˚ g such that }Tαp f ˚ gq}Y ď cα . Define the pointwise limit operator T p f ˚ gq :“

limα Tαp f ˚gq. It is clearly well-defined and linear. Also, for f ˚g PMpTq,

T p f ˚gq “ lim
α

Tαp f ˚gq “ lim
α

Bαp f ,gq

“ lim
α

Bphα ˚ f ,hα ˚gq

“ Bplim
α

hα ˚ f , lim
α

hα ˚gq “ Bp f ,gq.

It follows that, the net pTαp f ˚gqqαPI converges to T p f ˚gq “ Bp f ,gq P Y . Since normed

spaces are locally convex and Banach spaces are barreled, the requirements of the Banach-
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Steinhaus Theorem for nets are satisfied Thus, it is obtained that the limit operator T is

continuous. Therefore, a factorization for the bilinear operator B is found as Bp f ,gq “

T ˝ ˚p f ,gq “ T p f ˚gq. This completes the proof.

Remark 5.4 Since there is not a unit element in L1pTq, the concept of approximate

identity comes into prominence. There are some well-known important examples of

approximate identities in L1pTq such as Fejér Kernel and Poisson Kernel defined by

Fnpxq “
ř

| j|ďn

´

1´ | j|
n

¯

ei jx and Ppr,xq “
ř

r| j|ei jx, respectively. These are also posi-

tive summability kernels (see [26, Def. 2.2.]) that give rise to an approximate identity.

F ˚ f and p ˚ f give Cesaro and Abel means of Fourier series of a function f and they are

related with some important partial differential equations. One of these important kernels

can be used in our factorization theorem. A more detailed account on summability kernels

may be found in [26].

Corollary 5.8 Any zero product preserving bilinear map B : L1pTqˆL1pTq Ñ Y satisfies

the symmetry condition, that is Bp f ,gq “ Bpg, f q for all f , g P L1pTq.

Proof. Since the map B is zero product preserving, then there is a linear continuous map

T : L1pTq Ñ Y defined by Bp f ,gq “ T ˝ ˚p f ,gq. By the commutativity of the convolution

product we get the symmetry; Bp f ,gq “ T p f ˚gq “ T pg ˚ f q “ Bpg, f q.

5.2.1 Properties of ˚-Factorable Operators on Banach Modules

In this section, we investigate some compactness and summability properties for the

˚´factorable operators using some classical properties and results, such as Grothendieck’s

theorem or cotype-related properties.

5.2.1.1 Summability Properties Now we analyze some direct summability properties

of ˚´factorable bilinear operators in two particular cases: when Y is a Hilbert space and

when Y has some cotype-related properties.

Corollary 5.9 Let Y be a Hilbert space H and let B : L1pTqˆWpTqÑY be a zero product

preserving operator, where WpTq denotes the Wiener algebra. Then the operator B factors

through an absolutely summing operator T̃ as B “ T̃ ˝p˝ ˚, wherepdenotes the Fourier

transform. As a consequence, in this case there is a constant cą 0 such that the following

statements hold.
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(i) For f1, ..., fn P L1pTq, g1, ...,gn PWpTq,
n
ÿ

i“1

›

›Bp fi,giq}H ď c sup
ϕPB`8

n
ÿ

i“1

ˇ

ˇ

@

zfi ˚gi,ϕ
D
ˇ

ˇ“ c sup
pϕ jqPB`8

n
ÿ

i“1

ˇ

ˇ

8
ÿ

j“1

ai
j ϕ j

ˇ

ˇ, (5.19)

where pai
jq is the sequence of Fourier coefficients of the convolution product fi ˚gi

for i“ 1,2, ...,n.

(ii) For f P L1pTq and g PWpTq,

›

›Bp f ,gq}H ď c
ż

B`8

ˇ

ˇ

@

yf ˚g,ϕ
Dˇ

ˇdηpϕq “ c
ż

B`8

ˇ

ˇ

8
ÿ

j“1

a j ϕ j
ˇ

ˇdηpϕq, (5.20)

where η is a regular probability measure on the unit ball of `8 given by the Pietsch’s

Domination Theorem, and pa jq is the sequence of Fourier coefficients of the con-

volution product f ˚g.

Proof. Assume that B is zero product preserving. By Theorem 5.4 we know that B has

a factorization B “ T ˝ ˚. Using the fact that WpTq is isometrically isomorphic to the

sequence space `1pZq by the Fourier transform, we can define the linear continuous oper-

ator

T̃ ppanqq :“ T p}panqq, panq P `
1
pZq,

which satisfies T̃ pyf ˚gq “ T̃ ˝pp f ˚ gq “ T p f ˚ gq “ Bp f ,gq and the commutativity of the

diagram

L1pTqˆWpTq

˚

��

B // H.

WpTq

p

��

T

99

`1pZq

rT

BB

One of the well-known instances of Grothendieck’s Theorem states that

Lp`1
pZq,Hq “Π1p`

1
pZq,Hq.

Using this, we obtain that T̃ is a summing operator. The statements (i) and (ii) can be

easily seen as a consequence of the definition of summing operator and the Pietsch’s

Domination Theorem.

Corollary 5.10 Let MpTq be L1pTq or CpTq, and let Y be a Hilbert space H. Consider
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the zero product preserving bilinear continuous map B : L1pTqˆMpTq Ñ H. Then the

operator B factors through an absolutely 2-summing operator. As a consequence, there is

a constant cą 0 such that the following statements hold.

(i) For f1, ..., fn P L1pTq, g1, ...,gn PMpTq,
´

n
ÿ

i“1

›

›Bp fi,giq}
2
H

¯1{2
ď c sup

ϕPBMpTq˚

´

n
ÿ

i“1

ˇ

ˇxϕ, fi ˚giy
ˇ

ˇ

2
¯1{2

. (5.21)

(ii) For f P L1pTq and g PMpTq,

›

›Bp f ,gq}H ď c
´

ż

BMpTq˚

ˇ

ˇ

@

f ˚g,ϕ
D
ˇ

ˇ

2 dηpϕq

¯1{2
, (5.22)

where η is a regular probability measure on the unit ball of MpTq˚ given by Pietsch’s

Domination Theorem.

Proof. By applying Grothendieck’s Theorem it can be easily seen that LpL1pTq,Hq “

Π2pL1pTq,Hq and LpCpTq,Hq “Π2pCpTq,Hq. Therefore, we get the desired result from

definition of summable operator and Pietsch’s Domination Theorem.

Finally, consider a Banach space Y which is of cotype 2. Thus, it has the Orlicz property

(see page 9 or [18, §8.9]). It follows that for any ˚´factorable bilinear map B : L1pTqˆ

MpTq Ñ Y , a domination is obtained by the assumption Y is of cotype 2:

´

n
ÿ

i“1

›

›Bp fi,giq}
2
Y

¯1{2
ď c sup

εi“¯1

›

›

›

n
ÿ

i“1

εip fi ˚giq

›

›

›

MpTq

for f1, ..., fn P L1pTq, g1, ...,gn PMpTq.

Corollary 5.11 Let us assume that B : L1pTqˆCpTq Ñ Y is zero product preserving and

the range space Y is of cotype 2. Then for some 1 ď p ă 8 there exists a probability

measure µ PCpTq˚ with the property that for a given ε ą 0 we can find an Npεq ą 0 such

that for all p f ,gq P L1pTqˆCpTq

}Bp f ,gq}Y ď Npεq
´

ż

T
| f ˚g|pdµ

¯1{p
` ε} f ˚g}CpTq.

Proof. By Theorem 5.4, the operator B has a factorization B :“ T ˝ ˚. It is known that

any linear map from CpKq –K is compact Hausdorff space– to a Banach space being of

cotype 2 is 2-summing; see [15, Theorem 11.14]. Since the Banach space Y is of cotype 2

and T is compact, the linear operator T : CpTq ÑY is 2-summing. Therefore, it is weakly
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compact. Theorem 15.2 in [15] gives a characterization of weakly compact operators and

states that a linear operator T : CpTq Ñ Y is weakly compact if and only if there exists

a probability measure µ PCpTq˚ with the property that for a given ε ą 0 we can find an

Npεq ą 0 such that for all h PCpTq

}T phq}Y ď Npεq
´

ż

T
|h|pdµ

¯1{p
` ε}h}CpTq.

Since h“ f ˚g for p f ,gq P L1pTqˆCpTq, we get

}Bp f ,gq}Y ď Npεq
´

ż

T
| f ˚g|pdµ

¯1{p
` ε} f ˚g}CpTq.

In the next corollary we use the definition of equivalently zero product preserving map,

see Definition 3.7 in page 30.

Corollary 5.12 A Banach space Y is isomorphic to the Banach space MpTq, where MpTq P
!

LppTqp1ď pă8q,CpTq,WpTq
)

if and only if there exists an equivalently zero product

preserving norming bilinear map B : L1pTqˆMpTq Ñ Y.

Proof. If Y is isomorphic to the Banach space MpTq by the isomorphism S : MpTq Ñ Y ,

then we obtain an equivalently zero product preserving norming bilinear map by B“ S˝˚.

For the converse, let us consider the equivalently zero product preserving norming bilinear

map B. By Theorem 5.4, we have a factorization such that the linear operator T is injective

since f ˚g“ 0 whenever Bp f ,gq “ 0. Using the norming property of B, we get

T pUMpTqq Ď kUY Ď kBpUL1pTqˆUMpTqq “ kT pUMpTqq.

5.2.1.2 Compactness Properties Similarly to the pointwise product case, it is easily

seen that a zero product preserving map B is (weakly) compact if and only if the linear

operator T appearing in its factorization is (weakly) compact, due to the definition of

product. Indeed,

the zpp map B is (weakly) compactðñ BpUL1pTqˆUMpTqq is relatively (weakly) compact

ðñ T ˝ ˚pUL2pTqˆUMpTqq is relatively (weakly) compact

ðñ T pUMpTqq is relatively (weakly) compact

ðñ T is (weakly) compact.

Theorem 5.5 A zero product preserving bilinear operator B : L1pTqˆMpTq Ñ Y satisfy
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the following statements.

(i) The range set BpL1pTqˆMpTqq is a linear space.

(ii) BpUL1pTqˆUMpTqq is a convex set.

(iii) BpUL1pTqˆUL2pTqq is relatively weakly compact, that is, B is weakly compact oper-

ator.

(iv) Let Y “ `s, where 1ď să 2, BpUL1pTqˆUL2pTqq is relatively compact.

Proof. Since the given bilinear operator is zero product preserving, by Theorem 5.4, it is

˚´factorable by the linear operator T : MpTq Ñ Y .

(i) By the ˚´factorability of B and norming property of the convolution product, BpL1pTqˆ

MpTqq “ T pL1pTq ˚MpTqq “ T pMpTqq. That shows that the range of B is a range of a

linear map, therefore it is a linear space.

(ii) Since UL1pTq˚UMpTq“UMpTq and UMpTq is a convex set, the image BpUL1pTqˆUMpTqq“

T pUMpTqq is also convex.

(iii) Since L2pTq is a reflexive space, the linear operator T : L2pTqÑY is weakly compact.

By the factorization, it follows that BpUL1pTqˆUL2pTqq “ T pUL1pTq ˚UL2pTqq “ T pUL2pTqq

is relatively weakly compact.

(iv) By Plancherel’s Theorem it is well-known that the Fourier transform p is a linear

isometry of L2pTq onto `2pZq, and so the inverse Fourier transformq is a linear isometry

of `2pZq onto L2pTq. Since we have a factorization of B through L2pTq by the convolution

product, we get that T q̋: `2 Ñ `s is a linear continuous operator. Thus this linear operator

is compact by Pitt’s Theorem (see page 8). Therefore, T ˝q˝p˝ ˚pUL1pTq ˆUL2pTqq “

T ˝q˝pUL2pTq “ T ˝q˝U`2pTq “ BpUL1pTqˆUL2pTqq is relatively compact.

Corollary 5.13 Let MpTq be either the whole algebra L1pTq or the subalgebra CpTq and B

is a zero product preserving bilinear operator. Let the set AĂ L1pTqˆMpTq be ˚- weakly

compact (see Definition 3.6), then BpAq is norm compact.

Proof. We obtain this as a consequence of the Dunford–Pettis property of the spaces

L1pTq and CpTq. The zero product preserving bilinear operator B is ˚´factorable. Since

˚pAq is weakly compact, BpAq “ T ˝˚pAq is weakly compact. Using Dunford–Pettis prop-

erty, we get compactness of the set BpAq.
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5.2.2 Integral Representation for ˚-Factorable Maps

Since there is an identification between functions on the circle group T and 2π-periodic

functions on R, the measure on T is defined due to this identification. The interval r0,2πq

is considered as a model of T and the Lebesgue measure on T is the restriction of the

Lebesgue measure on R to r0,2πq (see [26, Chapter 1]). Moreover, the circle group T is

Hausdorff.

From this point of view, we can establish integral representations for ˚-factorable bilinear

maps defined on Banach modules. We will need some notions and results related with

vector measures, so we refer to the reader Section 4.1.3.

Theorem 5.6 Consider a Banach space-valued bilinear continuous map B : L1pTqˆLppTqÑ

E, where 1ď pă8. Then the following statements imply each other.

(i) For any finite subsets p fiq
n
i“1 Ă L1pTq and pgiq

n
i“1 Ă LppTq,

´

n
ÿ

i“1

›

›Bp fi,giq
›

›

p
¯1{p

ď

›

›

›

`

n
ÿ

i“1

| fi ˚gi|
p˘1{p

›

›

›

LppTq
. (5.23)

(ii) There exist a norm one multiplication operator Mh : LppTq Ñ LppTq and a linear

operator S : LppTq Ñ E such that B factors as B“ S ˝Mh ˝ ˚, that is,

L1pTqˆLppTq B //

˚

��

E.

LppTq Mh // LppTq

S

OO

(iii) There is an E-valued vector measure ν such that LppTq ãÑ L1pνq, and

Bp f ,gq “
ż

T
p f ptq ˚gptqqhptqdνptq, (5.24)

where h defines a multiplication operator Mh : LppTq Ñ LppTq.

Proof. Firstly, let us show (i)ñ (ii). The inequality given in (i) implies the ˚-factorability

of B. Thus, by Theorem 5.4, B factors through the linear map T : LppTq Ñ E. This linear
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map satisfies the following by the hypothesis for p fiq
n
i“1 Ă L1pTq and pgiq

n
i“1 Ă LppTq;

´

n
ÿ

i“1

›

›T p fi ˚giq
›

›

p
¯1{p

ď

›

›

›

`

n
ÿ

i“1

| fi ˚gi|
p˘1{p

›

›

›

LppTq
.

This gives the p-concavity of the linear map T . The Corollary 5 given in [63] states, as

an application of Maurey-Rosenthal theorem, that for a p-concave linear operator with a

p-convex order continuous domain there is a norm one multiplication operator Mh such

that the linear operator factors through this multiplication operator. Since LppTq is p-

convex order continuous and T is p-concave, then there is a multiplication operator Mh :

L1pTq ˚LppTqp“ LppTqq Ñ LppTq and a linear continuous map S : LppTq Ñ E such that

T :“ S ˝Mh. Consequently, we get the factorization B“ S ˝Mh ˝ ˚.

(ii)ñ(iii) Since LppTq is order continuous, the linear map S : LppTq Ñ E defines a count-

ably additive vector measure νpAq “ SpχAq, where A P BpTq. We have that LppTq ãÑ

L1pνq by the optimality of the space L1pνq. Since the optimal extension of S is the inte-

gral operator

Iνpsq “
ż

T
sdν ,

for s P L1pνq, the following commutative diagram is obtained:

L1pTqˆLppTq B //

˚

��

E

LppTq Mh // LppTq

S

OO

� � // L1pνq.

Iν

gg

This result can be found in [23, Th.4.14]. It is well-known that the space L1pνq is a Banach

function space over a Rybakov measure η for ν , and η ! dt because of the continuity of

T ; we can change then the inclusion by the identification of classes r f sdt ÞÑ r f sη , what

is sometimes called an inclusion/quotient map, and the factorization is still preserved.

Composing all these, we obtain

Bp f ,gq “
ż

T
p f ptq ˚gptqqhptqdνptq,

for all p f ,gq P L1pTqˆLppTq.
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(iii)ñ (i) by a direct computation, we get for all p fiq
n
i“1 Ă L1pTq and pgiq

n
i“1 Ă LppTq,

´

n
ÿ

i“1

›

›Bp fi,giq
›

›

p
E

¯1{p
ď

´

n
ÿ

i“1

›

›p fi ˚giqh
›

›

p
L1pνq

¯1{p
ď

´

n
ÿ

i“1

›

›p fi ˚giqh
›

›

p
LppTq

¯1{p

“

›

›

›
h
`

n
ÿ

i“1

| fi ˚gi|
p˘1{p

›

›

›

LppTq
ď

›

›

›

`

n
ÿ

i“1

| fi ˚gi|
p˘1{p

›

›

›

LppTq
.

As a result, it is easily seen that any ˚-factorable bilinear map B : L1pTq ˆ L1pTq Ñ E

has an integral representation Bp f ,gq “
ş

Tp f ˚ gqhdt, where h P L8pdt,Eq, if E has the

Radon-Nikodym property. Such a representation can be given for a ˚-factorable bilinear

map acting in L1pTqˆL1pTq with an arbitrary range space under the assumption of weak

compactness.

Theorem 5.7 Any weakly compact ˚-factorable bilinear continuous map B : L1pTq ˆ

L1pTq Ñ E has an integral representation Bp f ,gq “
ş

Tp f ˚ gqhdt where h P L8pdt,Eq

for all f ,g P L1pTq.

Proof. Since B is ˚-factorable, it has linear continuous factorization operator T : L1pTqÑ

E defined as Bp f ,gq “ T p f ˚gq. T is weakly compact since B is weakly compact. By the

strong version of Dunford–Pettis Theorem, the weakly compact linear operator T has an

integral representation such that T p f ˚ gq “
ş

Tp f ˚ gqhdt ([18, Appendix C]). This gives

the desired representation.

We will finish the section by providing an integral representation for weakly compact

operators acting in L1pTqˆCpTq.

Theorem 5.8 A Banach space-valued ˚-factorable bilinear operator B : L1pTqˆCpTqÑE

is weakly compact if and only if B has the integral representation Bp f ,gq “
ş

Tp f ˚ gqdν

for f P L1pTq and g PCpTq, where ν is a countably additive E-valued vector measure on

the Borel sets in T.

Proof. By the ˚-factorability of the map B, it has a linear factorization through the space

CpTq. By the norming property of ˚, B is weakly compact if and only if T is so. Since

the Banach-valued bounded linear operator T is weakly compact if and only if there can

be found a countably additive E-valued vector measure ν on the Borel sets in T such that

Bp f ,gq “ T p f ˚gq “
ş

Tp f ˚gqdν for all f ˚g“ h PCpTq (see [21, Section VI.2]).
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5.2.3 Applications of ˚-Factorable Operators

We finish the section by giving some applications for integral transforms and Hilbert-

Schmidt integral operators.

Application 5.6 ˚´Factorable Integral Operator Our first application is related to the

integral transformations that have an important role in many fields such as optics and sig-

nal processing, due to their usefulness to solve problems in linear differential equations.

Fourier, Mellin and Laplace transforms are some of these well known integral transfor-

mations. Let us give a general definition for them. Consider function spaces Xpµq and

Y pνq —where µ and ν are σ -finite measure spaces—, and let I denote an integral trans-

formation. The integral transform of a function f ptq with respect to the kernel Kpx,αq is

given by the equation

Ip f q “
ż

Ω

f pxqKpx,αqdx (5.25)

(for more information see [80, Section 1]). All integral transforms satisfy the convolu-

tion property, that states that the integral transform of convolution of two functions are

equal to the product of their transforms. Namely, integral transforms satisfy the following

equality;

Ip f ˚gq “ Ip f qIpgq

for all functions f ,g in the corresponding domain.

Consider an integral transformation I : L1pTq Ñ Y and let B : L1pTqˆMpTq Ñ Y given

by Bp f ,gq “ Ip f qIpgq, where MpTq P
!

LppTqp1ď pă8q,CpTq,WpTq
)

. Then, the map

B is a zero product preserving operator if and only if B satisfies a factorization through a

linear operator T : MpTqÑY such that T p f ˚gq “ Ip f ˚gq for all f ,g in the corresponding

domains. That is, B factors through an integral transform.

Application 5.7 Representations For Hilbert-Schmidt Operators By Factorable Maps

Let us show now some applications of the representations for Hilbert-Schmidt operators.

Let T PLpHq. Recall that T is called a Hilbert-Schmidt operator if for some complete or-

thonormal system peiqiPI ĂH the sum
ř

iPI }Tei}
2 is convergent. The space of all Hilbert-

Schmidt operators defined on H is denoted by HSpHq; see [81, Definition 1.b.14].
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Theorem 5.9 [81, Proposition 1.b.15] Let pΩ,µq be a finite measure space and H “

L2pΩ,µq, and consider a linear operator T : H Ñ H. Then T P HSpHq if and only if

there is a kernel k P L2pΩ2,µ2q such that

T f pxq “
ż

Ω

kpx,yq f pyqdµpyq, f P H, x µ´a.e. (5.26)

Theorem 5.10 (Mercer theorem) [81, Theorem 3.a.1] Let pΩ,µq be a finite measure

space and k P L8pΩ2,µ2q be a kernel such that Tk : L2pΩ,µq Ñ L2pΩ,µq is positive, that

is, xTkp f q, f y2 ě 0 for all f . Then the eigenvalues pλnpTkqq of Tk are absolutely summable.

Besides the eigenfunctions fn P L2pΩ,µq of Tk, associated with those n such that λnpTkq ‰

0, and normalized by } fn}2 “ 1, actually belong to L8pΩ,µq with supn} fn}8 ă8

kpx,yq “
ÿ

nPN
λnpTkq fnpyq fnpxq

holds µ2-a.e., where the series converges absolutely and uniformly µ2-a.e.

By Remark 5.3, we know that every function f P L2pTq can be written as a convolution

product of the functions h and g such that h P L1pTq and g P L2pTq. By using this, we

obtain the following.

Corollary 5.14 Let T : L2pTq Ñ L2pTq. T P HSpL2pTqq if and only if there is a kernel

k P L2pT2q such that

T ph ˚gqpxq “
ż

T

ż

T
kpx,yqhpy´ zqgpzqdµpzqdµpyq

“

ż

T
kpx,yqph ˚gqpyqdµpyq

for all h P L1pTq and g P L2pTq.

Corollary 5.15 Consider the elements appearing in Mercer Theorem and assume that its

requirements are satisfied. Let p fnq
8
n“1 be the sequence of the eigenvectors of Tk, and

suppose that each of them can be written as the convolution product fn “ hn ˚ gn, n P N.

Then the series expansion of the kernel can be written by using the convolution product

as follow.

kpx,yq “
ÿ

nPN
λnpTkqphn ˚gnqpyqphn ˚gnqpxq.

Recall that a bounded linear map T : H1 Ñ H2 between Hilbert spaces is called nonnega-
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tive if xT f , f y2 ě 0 for all f PH1 [82, pp. 24]. It is well-known that nonnegative operators

are self adjoint, i.e. T ˚ “ T for a nonnegtive T .

Corollary 5.16 Consider a compact zero product preserving bilinear operator B : L1pTqˆ

L2pTq Ñ L2pTq such that xBp f ,gq, f ˚gy2 ě 0 for all f P L1pTq, g P L2pTq. Then B has a

uniformly convergent series representation.

Proof. By applying Theorem 5.4 we obtain a factorization operator T for B such that

T p f ˚ gq :“ Bp f ,gq. Due to the norming property of the convolution it is seen that T is

compact if and only if the operator B is compact. Since the condition xBp f ,gq, f ˚gy2 ě 0

is given, it follows that xT p f ˚ gq, f ˚ gy2 ě 0. This shows that T is a nonnegative self-

adjoint operator. By the Spectral Theorem (see [82, pp. 24]), it follows that a linear,

self-adjoint, compact operator admits a uniformly convergent representation such that

T “
ř

nPNλnpT qx . ,φnyφn, where λn’s and φn’s are eigenvalues and eigenvectors of T ,

respectively. By using L1pTq ˚L2pTq “ L2pTq, it is seen that every eigenvector φn allows

a factorization such that φn “ an ˚bn, where an P L1pTq, bn P L2pTq. Then we obtain that

Bp f ,gq “
ř

nPNλnpT qx f ˚g,an ˚bnypan ˚bnq for all p f ,gq P L1pTqˆL2pTq.

It is clear that every linear operator T : L2pTq Ñ L2pTq gives rise to a continuous bilinear

operator B : L1pTqˆL2pTq Ñ L2pTq defined by T p f q “ Bph,gq, where f “ h ˚ g. More-

over, if this linear operator is a Hilbert-Schmidt operator, then B is an integral operator.
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CHAPTER 6
——————————————————————————————-

RESULTS AND DISCUSSION

We obtained that several developments in functional analysis follow the same idea: a

factorization through a canonical product. We find this with the convolution product, the

pointwise product for function spaces, the Banach algebra product.

The characterizations in all these cases are similar. We have an algebraic condition as

being a zero preserving map, that is equivalent to an summability inequality, and this can

be written as a factorization theorem through the product and a linear map.

The summability characterization allows to relate bilinear maps with p-summing opera-

tors, what give a lot of information about the bilinear maps. We show some applications

in this direction.

Factorization allows to obtain a lot of topological information by means of the results

that we know for the linear factor. Compactness and weak compactness are easily ob-

tained.

Summing up all what we got, we found a complete description of the class of prod-

uct factorable equations. Applications to integral and kernel bilinear operators are also

given.
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APPENDIX-A
——————————————————————————————-

BASIC DEFINITIONS

A-1 Weak Topology

The weak topology or the topology σpX ,X˚q of a normed space X is the induced topology

by the topological dual space X˚ of X . That is the smallest topology for the space provided

that every functional in the dual space is continuous [14].

A base for the weak topology of the space X is the collection of the all sets of the form

tv P X : | fipu´ vq| ă ε, fi P X˚, i “ 1,2, ...,nu, where u P X and n is a positive finite

integer.

If a topological property is satisfied with respect to the weak topology, it is said to be

a weak property or to hold weakly. For example, we say a sequence pxiq
8
i“1 is weakly

convergent to x P X –denoted by xi Ñ
w x– if it converges with respect to the topology

σpX ,X˚q and a set A in X is weakly compact if it is compact in the σpX ,X˚q.

A-2 Vector Lattices

Let pA,ďq be an ordered set. A is called lattice if a least upper bound denoted by x_ y“

suppx,yq and a greatest lower bound denoted by x^y“ infpx,yq exist for any x,y P A [83,

Section 1.1].

An ordered set A is called order bounded if it is bounded both above and below [83,

Section 1.1].

A real vector space A equipped with an order ď is called ordered vector space if it satisfies

translation invariance and positive homogeneity [83, Section 1.1].

104



In addition, if pE,ďq is an ordered vector lattice that order structure is lattice, then E is

called Riesz space [83, Section 1.1].

The positive cone E` of a Riesz space E is the set tx P E : x ě 0u [19, Section 1.a].

The elements x, y P E are said to be disjoint, written x K y, if |x| ^ |y| “ 0, where |x|

denotes the absolute value of x P E defined by |x| “ x_p´xq [83, Section 1.1].

A Riesz space is said to be Archimedean if x ď 0 holds whenever the set tnx : n P Nu is

bounded from above [83, Definition 1.1.7(i)]. Function spaces are important examples of

Archimedean vector lattices.

A Riesz space is called Dedekind complete if every non-empty order bounded set has a

supremum and an infimum [83, Definition 1.1.7(ii)].

Let E be a Riesz space. A sequence pxnq
8
n“1 P E converges u-uniformly to an element x

in E if for given ε ą 0 there is an N P N such that |xn´ x| ď εu for all n ě N. It is said

that the sequence pxnq
8
n“1 P E converges relatively uniformly to x if pxnq

8
n“1 converges

u-uniformly to x for some u P E` [84, Theorem 16.2].

A subset A of the Riesz space E is called (relatively) uniformly closed if for every rela-

tively uniformly convergent sequence in A, all relatively uniform limits of the sequence

are in A. The empty set and E itself are uniformly closed, and finite unions and arbitrary

intersections of uniformly closed sets are uniformly closed. Thus, the uniformly closed

sets are exactly the closed sets of a certain topology in E, the relatively uniform topology

[84, p.84].

For an e in E`, the sequence pxnq
8
n“1 in E is called an e-uniform Cauchy sequence when-

ever, for any ε ą 0, |xm´ xn| ď εe for every m,n ě N. The Riesz space E is called uni-

formly complete if, for every e in E`, every e-uniform Cauchy sequence has an e-uniform

limit [84, p.248].

Let E be a Riesz space with with the norm }.}. E is called a Banach lattice if the norm }.}

is a lattice norm, that is |x|ď |y| implies }x} ď }y}, and E is complete with respect to this

norm [83, Definition 1.1.5].

For a set pxiqiPΛ in the Banach lattice E,
Ž

iPΛ
xi or l.u.b. pxiqiPΛ denote the unique element

x P E provided

• x ě xi for every i P Λ
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• for a y P E, y ě x whenever y ě xi for all i P Λ

A Banach lattice is said to be order complete (σ -order complete) whenever every order

bounded set (sequence) has a least upper bound [19, Definition 1.a.3.]. A Banach lattice

E is order continuous (σ -order continuous) if downward directed sets (sequences) con-

verging to 0 converge also in the norm [19, Definition 1.a.6]. For a Banach lattice E, the

following implications hold (This result can be found in [19, Proposition 1.a.8.]);

E is σ -complete and σ -o.c. ô E is o.c. ô E is complete and o.c.

Any Köthe function space is a Banach lattice with the order defined by f ě 0 if f pxq ě 0

a.e. and this lattice is order complete [19, Section 1.b]. Thus, it is seen that a B.f.s. is o.c.

if and only if it is σ -o.c.

Let E and F be Riesz spaces. A linear continuous map T : E Ñ F is called lattice homo-

morphism if

T px_ yq “ T x_Ty and T px^ yq “ T x^Ty

for all x,y P E [83, Definition 1.3.10].

A linear operator T : X ÑY between Archimedean Riesz spaces is called positive if x ě 0

implies T x ě 0 and is called regular if it can be written as a difference of two positive

linear maps [83, Definition 1.3.1]. The operator T is called increasing if x ě y implies

T x ě Ty, so T preserves the order.

A linear map defined on a vector lattice to a vector lattice is called order bounded if it

maps order bounded set to an order bounded set.

Let X ,Y,Z be Riesz spaces. A bilinear map B : X ˆY Ñ Z is called Riesz bimorphism

(respectively, bipositive) if the maps

for any y P Y`, x ÞÝÑ Bpx,yqpx P Xq

for any x P X`, y ÞÝÑ Bpx,yqpy P Y q

are homomorphism (respectively, positive) [7]. Note that the term bipositive was used by

Fremlin in the paper [3] and it is known that a bilinear map is bipositive if and only if it

is positive in the sense that Bpx,yq ě 0 for all x P X` and y P Y` [7]. Analogously, the

bilinear map B : X ˆY Ñ Z is called regular if it can be written as a difference of two

positive bilinear maps [7]. Finally, recall that a bilinear map B : X ˆY Ñ Z is said to be
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orthoregular if it is difference of two positive orthosymmetric bilinear map [5].

A commutator r , sB of a bilinear map B : XˆX Ñ Z is defined by rx,ysB“Bpx,yq´Bpy,xq

for all x,y P X .

A-3 Banach Algebras

A linear space A over the field K is called algebra with an associative multiplication

x,y Ñ xy of Aˆ A to A, called product, such that it is distibutive and satisfies for all

x,y P A and α PK

αpxyq “ xpαyq “ pαxqy.

Moreover, if the algebra A is a Banach space endowed with the norm }.}, then A is said

to Banach algebra whenever it holds }xy} ě }x}}y} for all x,y P A. For definitions, see

Chapter 1 in [85].

Let A be a normed algebra with norm }.} and L be a normed linear space with norm |}.}|

over the same field K. L is said to be a normed left A-module with the bilinear map

AˆLÑ L defined by pa, lq Ñ al provided the followings

i) a1pa2lq “ pa1a2ql pa1,a2 P A, l P Lq;

ii) there exists a positive constant K such that |}al}| ď K}a}|}l}| pa P A, l P Lq.

The normed right A-module is defined similarly, and the space L is called A-bimodule if

it is both right and left A-module. A normed left (right) A-module is called a Banach

left (right) A-module if it is complete as a normed linear space. These definitions can be

found in [85, §9].

A Banach algebra A is said to be unital, if there is a (unique) element e P A, called unit

(or identity) element, such that a “ ae “ ea for every a P A [85, Definition 1]. Some

of the non-unital Banach algebras have a net called approximate identity that deals as a

substitute for a unit element. Namely, a net peλ qλPI in a non-unital Banach algebra A

is called left (right) approximate identity if peλ xqλPI ppxeλ qλPIq converges to x for every

x P A. The left (right) approximate identity peλ qλPI is said to be bounded –by bound k- if

there is a positive constant k such that }eλ } ď k [85, §11].

A linear map T : E Ñ F between Banach algebras is called algebra homomorphism if
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T pxyq “ T pxqT pyq holds for every x,y P E [85, Chapter 1].

Finally, note that a C˚-algebra is a closed algebra of bounded linear operators defined on

a Hilbert space H such that the operation of taking adjoints of operators is closed [85,

§12].
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APPENDIX-B
——————————————————————————————-

TENSOR PRODUCT AND LINEARIZATION

In this appendix, we will explain tensor products and how they act as a ”linearizing space”

for bilinear maps.

B-1 Tensor Product of Banach Spaces

The tensor product X bY of the Banach spaces X and Y is a space of linear functionals

on BpX ˆY,Kq that is constructed as the following way; for the elements x P X and y P Y

let us define the map

xb y : BpX ˆY,Kq ÑK

by

pxb yqψ “ xψ,xb yy “ ψpx,yq

for each bilinear functional ψ on X ˆY . The form xb y given by the evaluation at the

point px,yq is called an elementary tensor [86, Chapter 1].

The subspace of the dual BpX ˆY,Kq˚ spanned by the elementary tensors txb y : x P

X , y P Yu is called the tensor product of X , Y and is denoted by X bY . The elements of

the space X bY is called tensors and a typical tensor u P X bY has the form

u“
n
ÿ

i“1

λixib yi,

where n P N, pλiq
n
i“1 PK, pxiq

n
i“1 P X , pyiq

n
i“1 P Y [86, Chapter 1]. Using the properties of
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elementary tensors, representation of a tensor u can be rewritten in the form

u“
n
ÿ

i“1

xib yi.

For the detailed theory of tensor product we refer to [13] and [86].

A Linearization Tool for Bilinear Maps

Since it is sometimes difficult to deal with bilinear maps the answer of whether we can

linearize the bilinear maps comes into prominence. This is possible by the tensor product

space X bY of the X , Y . The philosophy of tensor products is that: to exchange bilinear

maps on a given space with simpler linear maps on a more complicated space.

For the Banach spaces X , Y we consider the special bilinear map

px,yq P X ˆY Ñ xb y P X bY

behaves like a universal bilinear map, that is, every other bilinear map on X ˆY can be

factored through this space via a linear mapping [86, Chapter 1].

The Proposition 1.4 in [86] states that for every bilinear mapping B : XˆY Ñ Z there is a

unique linear map BL : X bY Ñ Z defined by

BL

´

n
ÿ

i“1

xib yi

¯

“

n
ÿ

i“1

Bpxi,yiq.

The correspondence BÐÑBL identifies an isomorphism between the vector spaces BpXˆ

Y,Zq and LpX bY,Zq and the linear map B is called the linearization of the bilinear map

B.

The situation is illustrated by the following diagram;

X ˆY B //

%%

Z

X bY.

BL

OO

B-2 The Projective Tensor Norm

It is important to investigate a norm on the tensor product X bY in order to obtain a

linearization for bounded bilinear operators.
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The natural norm, known as projective norm on X bY is defined as

πpuq “ inf
!

n
ÿ

i“1

}xi}}yi} : u“
n
ÿ

i“1

xib yi

)

,

where the infimum is taken over all possible representations of the tensor u [86, Chapter

2].

This norm satisfies the equality πpxb yq “ }x}}y} for all elementary tensors xb y.

The tensor product X bY endowed with the projective norm π is denoted by X bπ Y

and the completion of X bπ Y by Xb̂πY . An element u P Xb̂πY has the representation

u“
ř8

i“1 xib yi such that
ř8

i“1 }xi}}yi} ă 8, therefore the projective norm of u is

πpuq “ inf
!

8
ÿ

i“1

}xi}}yi} : u“
8
ÿ

i“1

xib yi

)

where the infimum is taken over all possible representations of the tensor u as above [86,

Chapter 2].

Linearization of Continuous Bilinear Operators

For every continuous bilinear operator B : X ˆY Ñ Z there exists a unique continuous

linear map BL : Xb̂πY Ñ Z defined by

BLpxb yq “ Bpx,yq,

for every x PX , y PY . The correspondence BÐÑBL is an isometric isomorphism between

the vector spaces BpX ˆY,Zq and LpXb̂πY,Zq [86].

B-3 Injective Tensor Norm

The injective tensor norm on X bY is defined by

εpuq “ sup
!ˇ

ˇ

ˇ

n
ÿ

i“1

φpxiqψpyiq

ˇ

ˇ

ˇ
: φ P BX˚, ψ P BY˚

)

,

where
řn

i“1 xibyi is any representation of u in tensor product XbY [86, Section 3.1].

The tensor product X bY with the injective norm ε is denoted by X bε Y and the com-

pletion of X bε Y , called the injective tensor product of X , Y , by Xb̂εY [86, Chapter

3].

Similar to the projective tensor norm, the injective tensor norm satisfies the equality εpxb
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yq “ }x}}y} for all elementary tensors xb y and these norms hold the inequality εpuq ď

πpuq for every tensor u [86, Proposition 3.1.].

B-4 Reasonable Crossnorm

A. Grothendieck gave the general study of tensor norms and he provided the properties

that a tensor norm has to possess.

A norm α on XbY is called reasonable crossnorm if the following properties hold.

1. αpxb yq ď }x}}y} for every x P X and y P Y ,

2. For every φ P X˚ and ψ P Y ˚, the linear functional φ bψ on X bY , defined by

φ bψpuq “
řn

i“1 φpxiqψpyiq for u “
řn

i“1 xi b yi, is continuous and }φ bψ} ď

}φ}}ψ} (see [86, §6.1] or [18, §12.1]).

The projective and the injective tensor norms satisfy these conditions and they are the

greatest and the least reasonable crossnorms, respectively.

Proposition 6.1 in [86] shows that a norm α on X bY is a reasonable crossnorm if and

only if the inequalities εpuq ď αpuq ď πpuq hold for all u P X bY and moreover, for any

reasonable crossnorm α the equality αpxbyq “ }x}}y} holds for every x P X , y PY .
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