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ABSTRACT

Output Feedback Synchronization of Euler-Lagrange
Systems

Elif CICEK

Department of Control and Automation Engineering

Doctor of Philosophy Thesis

Advisor: Assist. Prof. Dr. Janset DASDEMIR

This dissertation is devoted to offer a comprehensive control structure for tracking
synchronization of Euler-Lagrange systems. For this purpose, three different
output-feedback control mechanisms are developed for uncertain systems. Assuming
that only position measurement is available, a linear-filter is suggested to obtain a
surrogate signal, instead of actual velocity errors. Linear-filter output signals and
the position errors are shared over a directed communication, in the presence of
variable time-delay. In the first part of the study, a Lyapunov-based stability analysis
using Lyapunov-Krasovskii functionals is performed to show that designed adaptive
output-feedback controller yields a semi-global asymptotic convergence of error
signals to zero. In the second part, it is proven that suggested robust output-feedback
controller ensures semi-global asymptotic convergence of error signals to an adjustable
hyperball around zero. The synchronization of kinematically redundant systems is
also considered. It is shown that the suggested output feedback controller provides
tracking synchronization on Cartesian space. The analysis results are supported by

presented simulation and experimental studies.

Keywords: Synchronization, uncertain systems, output-feedback control,

Euler-Lagrange systems, time-varying communication delay.
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OZET

Euler-Lagrange Sistemlerin Cikis Geribeslemeli
Senkronizasyonu

Elif CICEK

Kontrol ve Otomasyon Miihendisligi Anabilim Dal1

Doktora Tezi

Danisman: Dr. Ogr. Uyesi Janset DASDEMIR

Bu doktora calismasinda, Euler-Lagrange sistemlerin yoriinge takip senkronizasyonu
icin kapsamli bir denetleyici yapisinin tasarimi ele alinmistir. Bu amacla, belirsizlik
iceren sistemler icin ti¢ farkl ¢ikis geri beslemeli denetim mekanizmasi gelistirilmistir.
Tim denetleyici yapilarinda yalmizca konum bilgisinin ol¢tilebildigi varsayilmus,
gercek hiz hatalar1 yerine kullanilmasi icin yardimer sinyal iireten dogrusal bir
filtre onerilmistir  Dogrusal filtre c¢ikis sinyalleri ve konum hatalari, degisken
zaman gecikmesi varliginda tek yonlii bir haberlesme ag1 {izerinden paylasiimistir.
Lyapunov-Krasovskii fonksiyonelleri iceren kararlilik analizi sonucunda, tasarlanan
uyarlamali denetleyicinin hata sinyallerini yar1 kiiresel asimptotik olarak sifira
siirdiigii gosterilmisti. Onerilen dayanikli denetleyici ise, hata sinyallerinin yari
kiiresel asimptotik olarak orijin ¢evresinde boyutlar1 ayarlanabilir bir kiire cevresine
yakinsamasini saglamistir. Kartezyen uzay iizerinde kinematik acidan fazla serbestlik
derecesi iceren sistemlerin senkronizasyonu konusunda ise, gelistirilen dayanikli
denetleyicinin elemanlar arasinda senkronizasyonu sagladigi gosterilmistir. Sunulan

yapilarin uygulanabilirligi, benzetim ve deneysel calisma sonuclari ile gosterilmistir.

Anahtar Kelimeler: Senkronizasyon, belirsiz sistemler, ¢ikis geribeslemeli denetim,

Euler-Lagrange sistemler, degisken zaman gecikmesi.

YILDIZ TEKNIK UNIVERSITESI
FEN BILIMLERI ENSTITUSU
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1

Introduction

1.1 Literature Review

Synchronization is one of the major areas of interest in the control of
electromechanical systems. Fundamentally, synchronization can be defined as the
mutual time conformity (agreement in time) of the multiple interacting systems
[1]. Most complex processes (assembling, transporting, underway replenishment,
geological surveying, towing large and heavy units, etc) can not be executed efficiently
and safely by a single system. On the other hand, cooperative synchronization
algorithms can bring advantage on flexibility, manipulability and maneuverability.
Historically, many studies associated with synchronization has focused on single or
double integrator dynamic models [2]. It is worth pointing out that due to the
complexity of dynamic (time-varying) systems in real applications, it is exigence to
use nonlinear models to ensure high-precision and accurate tracking synchronization
[3]. As the most frequently used method, the Euler-Lagrange formulation finds place
in distributed synchronization of electromechanical systems, as illustrated in [4], [5]
and [6].

According to the information type and exchange structure between each member
(agent) of the system, synchronization can be investigated under the general

definitions given below:

e Consensus:[7] The aim of the consensus control structure is to ensure "an
agreement" between states/outputs of agents in the system and let them to reach
to an unspecified common value, which is usually the average value of initial

states of agents.

e Tracking Synchronization:[8] The control structure for tracking synchronization
ensures all of the agents follow the given bounded desired trajectory,

simultaneously.



In the literature, existing studies investigate the synchronization problem of
electromechanical systems as a conventional tracking problem with multiple agents,
connected to each other via an appropriate topology. In Leader-Follower approach, as
in [9] and [10], a FSFB PD-type and RISE type controllers are presented, respectively.
In [9] variable time-delay issue is considered. For the consensus structure, [11]
suggests an EMK FSFB controller, that does not need initial condition knowledge and

deals with constant time-delays on the communication topology.

In [12], global asymptotic tracking synchronization is ensured by using a FSFB
adaptive controller. In [13] FSFB velocity-based and acceleration-based control
structures is presented for the synchronization of a system under constant time-delay
effect. In another work [8], synchronization of non-identical agents modeled by
Euler-Lagrange equations is considered and a global asymptotic synchronization result

under constant time-delay effect is provided.

Presented adaptive neural network controller in [14] provides synchronization in
a system with uncertainty and offers a robust term to cope with neural network

approximation errors and additive disturbances.

Studies in [15], [16], [17], [18] and [19] deal with task-space synchronization
(i.e. end-effector synchronization) of robot manipulators. Under the assumption
of kinematic and dynamic uncertainty, [15], [17] and [18] provide adaptive
controllers. These controllers need the measurement of joint velocities and estimate
the end-effector velocities with the help of estimated Jacobian matrix. In addition,
[17] and [18] take constant time-delay on a switching topology and strongly
connected topology into consideration, respectively. Unlike these three works, [16]
deals with variable time-delay problem using a FSFB adaptive controller and also
mentions kinematically redundant robot manipulator structure. A recent study [19]
presents a sliding mode controller and uses a low-pass filter to reduce the chattering

effect on the control signal.

In study [20], the effects of constant time delay on a strongly connected and directed
communication topology is considered and an adaptive FSFB control for multiple
vessels is offered. In [21], synchronization of spacecrafts with a directed spanning tree
communication topology is addressed and an adaptive controller is suggested to deal
with constant time delay and external disturbance. As a recent work, [22] proposes
a robust controller for synchronization of multiple mobile robot manipulators. In the
same study, the effects of constant delay and obstacle avoidance problem are also

considered.
It is worth noting that all control mechanisms mentioned above require FSFB
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structure, i.e. velocity measurement. To reduce the cost and bring robustness against
measurement noise, it is beneficial to use observer or filter structure combining with

synchronization/tracking controller as in a single electromechanical system.

In this sense, [23] suggests an observer-based EMK controller for a master-slave
structure, while [24] presents an EMK controller, for Leader-Follower coordination
in task-space, that requires the velocity information provided by a virtual leader. In
other studies of the authors, [25] and [26], they redefine Leader-Follower problem

structures for underway replenishment problem of vessels.

Considering the robot manipulator synchronization, [27], [28] and [29] offer
observer-based EMK controllers. As the communication topology [27] suggests
all-to-all connection, while [28] uses directed structure and allows only a subset of

followers have the knowledge of desired trajectory.

The observer-based EMK controller presented in [30], provides synchronization
of multiple vessels, under the effects of external disturbances. In [31], the
synchronization problem of multiple mobile robot manipulators is solved by using an
adaptive control structure. In the designed controller, joint velocities of manipulator
parts are directly measured and used, while the end-effector velocity information is

maintained by a global state observer.

All these studies on synchronization require exact dynamic model knowledge, which
is not always possible to obtain. In this context, as the most related work with the aim
of this thesis, an observer-based EMK control mechanism only for consensus under the

effects of variable time-delay is presented in [32].

1.2 Objective of the Thesis

The aim of this dissertation is to design output-feedback control structures in adaptive
and robust approaches for the distributed tracking synchronization of Euler-Lagrange

systems.

The general problem is handled in two parts; tracking problem to the given desired
trajectory for each agent and synchronization problem between agents in the system.
For this purpose, three different control mechanisms are offered and in all cases it is
assumed that velocity measurement is not available. Inspired by the studies in [33]
and [34], linear-filter structures are suggested to obtain a surrogate signal, instead

actual velocity error. General structures of suggested output-feedback controllers can



be presented as follows

() = Toracking (1) + Y, 8iykayj(e(£) —e;(t — Ty (1))
Je (1.1)

= D Bkl —ep (= T;(0)
jes

where 7,(t) represents the control input of each agent in the system. In the given
formulation, T ,qkisg(t) symbolizes tracking control structure. It is assumed that there
exist uncertainties and external disturbances in the system. To this end, an adaptive
and a robust controller are suggested for the tracking problem. Last two terms given
in (1.1) stand for synchronization, where communication between agents is denoted
by 6,;, i.e. 6;; = 1 or 0. As can be seen from the formulation, position error e;(t —
T;;(t)) and surrogate signal e;;(t — T;;(t)) of neighbor agent, that are shared over
a directed communication topology with a variable time-delay T;;(t), are included
into the proposed tracking control laws. As a result, the presented control structure
regulates the transient period of operation and ensures simultaneous convergence of

position errors to zero.

Hence, as a result of performed the Lyapunov-based stability analysis with
Lyapunov-Krasovskii functionals, the suggested adaptive output-feedback controller
guarantees the semi-global asymptotic convergence of tracking errors of each
agent and synchronization errors between agents to zero, under the effects of
variable time-delay on communication topology and external disturbances. Besides,
proposed robust output-feedback control mechanism ensures semi-global asymptotic
convergence of error signals to an adjustable hyperball around the origin. Presented
simulation and experimental results show that the proposed linear-filter based control

structures are applicable for synchronization.

Synchronization of kinematically redundant robot manipulators in task-space is also
examined. To this end, a new output-feedback robust controller is presented,
that ensures uniform ultimate boundedness of tracking errors for each agent and
synchronization errors between agents, when there exists variable time delay on

communication topology.

1.3 Hypothesis

This dissertation sought to offer solutions on synchronization in the following senses:

a. Similar to a single Euler-Lagrange formulated system, velocity measurement

may not be always available or may cause problems, like measurement noise.
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To overcome this issue, linear-filter based controllers are suggested.

b. Considering the real-time applications, it is hard to implement EMK based
controllers. Sometimes uncertainties on physical parameters (mass, length,
etc.) or lack of information on dynamic equations of the system model cause
performance degradation. To this end, proposed linear-filters are designed
without using dynamic model information. In Section 3, an adaptive controller
is suggested for the case that physical parameters of agents are not known.
The presented robust control structure in Section 4 provides synchronization
without model information, only with the assumption, that the system can be
formulated by Euler-Lagrange equations, theoretically. In Section 5, it is shown
that task-space synchronization under kinematic redundancy can be obtained
with bounded position errors, when there exists partial uncertainty on system
parameters.

c. Based on the existing literature on synchronization, time-delay effects
experienced during the transmission of information is an important problem.
Effects of time-delay in real implementation can not be neglected, because these
effects may cause deterioration or even instability [35, 36]. In this sense, with
the help of Lyapunov-Krasovskii functionals, it is proved that the introduced

control laws cope with the effects of variable time-delays.

Suggested output-feedback control laws differ from the existing literature presented
in Section 1.1, since the effects of lack of velocity measurements, time-varying delay
on a directed communication topology, dynamic model uncertainties and external
disturbances are taken into account, simultaneously.

For the sake of presentation integrity, the prior controller design published in [37],
which suggests solution for the synchronization of Euler-Lagrange systems by using a
linear-filter based adaptive controller with undirected interconnection topology, is not

included in this dissertation due to differences in structures and conditions.



2

Preliminaries

In this chapter some useful definitions and theorems, related with mathematical
aspect of this dissertation, are presented. After introducing the Euler-Lagrange
formulation, detailed information about the experimental setup, used during the test

of the proposed control structures, is given.

2.1 Mathematical Background

2.1.1 Norm Definitions

Definition 2.1. (Vector Norm) [38] Consider a vector x, defined in real or complex
vector space X. The norm function ||-|| symbolizes the mapping of X into R with the

following conditions as

e ||x||=0for Vx €X and ||x|| =0 iff x =0.
e ||ax|| = |all|x]|| for Yx € X and all scalars a.

o lIx+yll <llxll+Illyll for Vx,y € X.

For a vector set X € R", following norms can be defined as

e [lxlf; ZZLl |x; | 1—norm
o b=, (k)" 2—norm
e [Ix]], =2?21(|xi|p)1/p p—norm
® [|x|loo = max;<i<ulx;l o0 —norm

Definition 2.2. (Matrix Norm) [39] A matrix norm [|-|| of A € R™" satisfies the

following conditions



IIA]| > 0 and ||A]] = 0 iff A = 0.

||aAl| = |at|||Al| for all scalar values a.

|IA+ B|| < ||A|| + ||B]| for all matrices with same size.

For matrices with appropriate size ||AB|| < ||A||||B]|.

Considering a symmetrical matrix A € R™"

For all x € R" and x # 0, if x"Ax > 0, then A is positive definite.

For all x € R", if xTAx > 0, then A is positive semi-definite.

For all x € R" and x # 0, if x"Ax < 0, then A is negative definite.

For all x € R", if x"Ax < 0, then A is negative semi-definite.

e If for some x € R" x’Ax > 0 and xTAx < O for other x € R", then A is indefinite.

Definition 2.3. (Function Norms) [39] For a function f : R — R, £, norm of f can

be defined as
inf 1/p
IF O, = ( f If(w)lpdw)
0

where p =[1,00). If p = 00, then ¥, norm of function f is ||f (t)|| = max;self (t)|

2.1.2 Theorems and Lemmas

Theorem 2.1. (Lyapunov Stability Theorem) [40 ] Consider a system defined as x =
f(t,x),x(0) = x, with an equilibrium point at the origin as f(t,0) = 0 and let By, be
a ball around equilibrium point. Then,

e The origin is stable in the sense of Lyapunov, if, for all x € By, there exists a scalar
function V(t,x) > 0and V(t,x) < 0.

e The origin is asymptotically stable if V(t,x) > 0 and V(t,x) < 0 for all x € Bg,.

e The origin is globally asymptotically stable, if By, is replaced by R™ and if V(x, t)
is positive definite, V(t,x) is negative definite and V(t, x) is radially unbounded,

i.e. ||x|| = oo when t — oo.

Lemma 2.2. (Barbalat Lemma) [40 ] Consider a differentiable function f (t) and it has

a finite limit as t — 00. Then,



lim, o f(t) =0, if f (t) is uniformly continuous and lim,_, ., f(t) = k < oco.

lim,_,o, f(t) =0, if f(t) is uniformly continuous and lim,_, ., fooof(co)dco =k<
0.

lim, o, V(t,x) =0, if V(t, x) is lower bounded, V(t,x) is negative semi-definite

and uniformly continuous along the trajectory x = f(t, x).

lim, o0 §(t) = 0, if 8,8 € Lo and g(t) € <, for p = [1,00) where f(t) =
HOR

Theorem 2.3. (Lyapunov-Krasovskii Theorem) [41 ] Consider a function f : R* xC —
R" for the system x = f(t,x,) and there exist scalar, continuous, positive and non-
decreasing functions u(s), v(s) and w(s). The following conditions are satisfied if there

exists a continuous functional V : R x C —» R" as

u(lx,(0)) < V(t,x.) < v(llx.I)
V(t,x.) < —w(|x(0)])

then, x, = 0 is uniformly asymptotically stable, where x, (for a given time instant t)
is a function defined as x,(0) = x(t + 0) for 6 € [—T(t),0] with the finite time-delay
T(t)e Rt and T(t) < 1.

2.1.3 Euler-Lagrange Based Dynamic Model Formulation

For electromechanical systems, the general equation of motion can be obtained by

using Euler-Lagrange formulation as

T=——F"——" (2.1)

where g € R" is the generalized coordinates, T € R" is the generalized forces and L

symbolizes the Lagrange equation as

L(q:q) = T(CI:CZ)_U(Q) (22)

with T(q,q) and U(q) stand for kinetic and potential energies, respectively.

In a multi-agent system consisting N networked electromechanical systems, the

Euler-Lagrange based dynamic model of i‘" agent can be described as



M;(q:)4; + Ci(q;,4:)q; + Fy;q; + Gi(q;) = 7, + b; (2.3)

where the subscript i is an element of the set &, ie. &% = {1,.,N}. In
the equation given in (2.3), q;(t) € R" symbolizes the generalized coordinates,
with its time derivatives ¢;(t) and §;(t). The positive definite, symmetric matrix
M;(g;) € R™" expresses the inertia effects, the matrix C;(g;,q;) € R™" stands for the
Centripetal-Coriolis forces, F;; € R™" denotes the friction effects, vector G;(q;) € R"
represents gravitational forces and 7; € R" denotes the control/torque input. b; € R"
is the unknown external forces and assumed as constant or slowly time-varying [42].

It is assumed that the following properties are valid for the dynamic model given in
(2.3).

Property 1: [39] The inertia matrix M;(q;) is bounded in the sense
m1i||§i||2 < gl‘TMi(qi)gi < m2i||€i||2 V¢ €R™ (2.4)

The scalars m;; and m,; are positive and ||| is the Euclidean Norm operator.

Property 2: [39] The skew-symmetry condition holds for the Coriolis matrix C;(q;,q;)

and the time derivative of M;(q;) as

giT (Mi(qi)_zci(qi’qi)) si=0 V¢, €R™ (2.5)

Property 3: [43] For the vectors ¢;, v; € R", the Coriolis matrix satisfies the following

condition

Ci(q;,v:)s; = Ci(q;, ¢)v. (2.6)

Property 4: [39] The norms of Coriolis and Friction matrices and Gravity vector can

be bounded as

1C:(qi s)Il < Cc2i||€i||, |Fqill < ngi, 1G;(g)Il < CGZi (2.7)

where {¢ , {r, and {;, are positive scalars.



Property 5: [39] The dynamic model given in (2.3) is linearly parametrizable in the
sense

Y:(q;,9:,6:)0; = M(q,)4; + C;(q;,9:)q; + F4:9; + Gi(q;) (2.8)

with 6, € RP the parameter vector and Y;(q;,q;,q;) € R™P the regression matrix

depending on variables q;(t), g;(t), §;(t).

2.1.4 The Jacobian Matrix

As an electromechanical system, the dynamic model of a robot manipulator can be

expressed as given in (2.3).

The end-effector position x; € R™ can be defined in Cartesian space with dimension

m, as

x; = fi(q;) (2.9)

where f;(q;) € R™ represents the direct kinematics as the function of joint angles
q;(t) € R". The generalized Cartesian velocity can be obtained by taking the time

derivation of (2.9) as

x; = Ji(q:)q; (2.10)

where the Jacobian matrix, denoted by J;(q;) € R™™, has the definition

af(a.
)= L8, @11

1
The Jacobian matrix given in (2.10) is invertible, as long as the robot manipulator is
kinematically non-redundant, in other words the dimension of link position variables

n is equal to the dimension of Cartesian space m.

On the other hand, when the robot manipulator is kinematically redundant (i.e. n >
m), the Jacobian matrix is not square and thus, it does not has an inverse. Under these

circumstances, the pseudo-inverse of J;(q;) is defined as
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Jr=Jr (JJ) " (2.12)

with the following condition

JJr=1_ (2.13)

1

where I, € R™™ represents the identity matrix. The pseudo-inverse term given in

(2.12) satisfies the following Moore-Penrose Conditions [44]

Jl‘]l+']l == Ji
JHIJE =Tt
(2.14)
(Ji+Ji)T =JJ;
(Ji‘]i+)T =JJ;
Also, the matrix (I, —J;"J;) satisfies the conditions presented below
Ji(In _J1+Jl) =0
(I,—JrJ)J =0
Lo (2.15)

(In_‘]i+Ji)(In_Ji+Ji) = (In _J:Ji)
(In_‘]i+Ji)T = (In_']:_‘]l)

2.2 Experimental Setup

To examine the applicability of output-feedback control structures given in Section 3
and Section 4, experimental studies have been conducted on a system consisting 3
three-link Touch™ robot manipulators (Figure 2.1), produced by 3D Systems®. The

robot manipulators have the specifications given Table 2.1 [45].

Table 2.1 Touch™ Specifications

Specifications Touch™
Workspace > 160W x 120H x 70D mm
Nominal position resolution -0.055 mm
Maximum exertable force and torque at nominal position 3.3N
Position sensing x,y,z (digital encoders)
Interface USB 2.0

The experiment setup can be seen in Figure 2.2. Each manipulator has been controlled

11



hTM

Figure 2.1 3D Systems Touc robot manipulator

RobotSet 1 Robot Set 2 Robot Set 3

Wireless Network
Adapters

Wireless Modem

Figure 2.2 Experimental setup
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with a separate computer, in the sense of distributed control structure. Encoder
data of manipulators has been collected by using OpenHaptics SDK [46] software
from the control cards of Touch™. All the work on computers has been carried
out using MATLAB™ /Simulink™ and Phansim Toolkit [47]. As an open source
library, Phansim Toolkit collects encoder data with the help of OpenHaptics SDK
codes and makes them readable for MAT LAB™ /Simulink™ . Similarly, the control
signal produced by the model conducted on MATLAB™ /Simulink™, is applied
to manipulators through Phansim Toolkit and OpenHaptics SDK. In order to share
the position errors of the manipulators and the linear filter output signals via the
communication topology given in Chapters 3 and 4, three wireless network adapters
have been installed in the computers that communicate with each other via the
wireless modem and the data has been sent / received using MAT LAB™ /Simulink™
blocks UDP Send/Receive, from the Instrument Control Toolbox. All experiments were

conducted with ODE2 (Heun) solver for a sampling frequency 1kHz.
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3

Adaptive Output Feedback Synchronization

In this section, an output-feedback adaptive control structure for position
synchronization problem of Euler-Lagrange formulated systems is provided. After
the problem definition, suggested filter and controller designs are given, in detail.
Then, Lyapunov-based convergence analysis using Lyapunov-Krasovskii functionals
is utilized to show semi-global asymptotic convergence of all errors, including
synchronization errors, to zero, under the effects of parametric uncertainty, external
disturbances and variable communication delay. Lastly, simulation and experimental

results of proposed filter based adaptive controller are presented.

3.1 Problem Definition

This study focuses on to ensure the trajectory tracking and position synchronization
of each agent in a system, simultaneously. In this manner, the position tracking error
e.(t)eR" (i € & ={1,..,,N}) can be defined for each agent with the dynamical model
given in (2.3), as

e(t) =qqi — ;- (3.1

In (3.1), q4,;(t) represents the desired trajectory and for the sake of subsequent stability
analysis, it is assumed that it is a bounded function of time as well as its first three

time derivatives.

3.2 Filter Design

To deal with the lack of velocity measurement, by using position error information
the following linear filter is constructed to provide position tracking with the output
e;; €R" as

efl(t) - _(kli + 1)ei +pl (3.2)
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where p;(t) € R" is an auxiliary signal with the dynamics

pi(6) =—(ky; + 1+ a)p; + ((ky; + 1) — (ky; + 1) + alky; + 1) + kye;
pi(0) =(ky; + 1)e;(0).

(3.3)

In equations (3.2) and (3.3), ky;, k,; € R™", a € R! are positive constant gains and
a is same for all agents. The proposed design for the linear filter, mainly based on
the work of [33], is similar to a high-pass filter with the position error e;(t) as the
input and the surrogate signal e;,;(t) as the output. The given filter definition is useful
because it does not require any measurements or exact knowledge of dynamic model

other than the position error.

The dynamic model of the linear filter can be obtained by taking the time derivative

of (3.2) and inserting (3.3) as follows
ési(t) = —aes; — (ky; + 1)n; + kye; (3.4)
where the filtered tracking error-like signal n;(t) € R" defined to ease the presentation
n:(t) =¢ +ep te;. (3.5)
Also, by rearranging (3.5) the dynamics of position error for each agent can be
represented mathematically as
e(t)=mn;—es—e (3.6)

as well as the velocity
qi(t)=qqi—m; +esi te;. (3.7)

3.3 Error System Dynamics

As the first step of the process, time derivative of (3.5) is pre-multiplied by M;(q;) and

the open loop dynamics is established as

M;(q)n; = Mi(g:)(Ga; — ;) + Mi(q;)ép; + M;(g;)é;. (3.8)
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Substituting (3.4), (3.6) and inserting for §; from (2.3), it yields

M;(n)n; =M(q:)dai — Ci(qi>qIn: — Ci(qi> M) (qai + €pi + ) + Fgi(qai —mi + e +€;)
+ Ci(q:,qa; + €5 +€:)(qqg; +ep; +e;) + Gi(q;)
— M;(q:)(—kym; — (@ + Deg; + (ky; — 1)e;) + Y46, — 7, — b; — Yy, 6;
(3.9)
where ¢; = ¢4 — é; and the Equation (3.6) are used with the Property 3 in Section
2.1.3. Y, 6;, given in Property 5, is added and subtracted as a step to adaptive control.

For the simplicity, an auxiliary variable, consisting some of the nonlinear terms,
xi(ei(t),ef;(t)) € R" is defined and upper-bounded as

2l < pri(llells llesidDlleill + poi(llell, llegilDllesdI- (3.10)

Details on the bound of y; is presented in Appendix A.1. What is notable about this

definition is y;(e;(t),es;(t)) has an upper-bound with measurable signals.

Then, the open loop error dynamics is obtained in the following form

M;(q:)n; = — Ci(q;,q:)n; — Faim; — 7y — by — Fgym; — M;(q;)kym;

) (3.11)
—Ci(q:,m:)(qq; + e +e;) + Y46, + x1.

3.4 The Proposed Controller Scheme

As previously explained in the concept of this work, to ensure the position tracking
and synchronization of agents in the system and based on the subsequent stability

analysis, filter-based adaptive controller is designed as

T =Yy, éi - i)i —1i(ky; + Des; + vikoie; + Z O;iks;i(e;(t) —e;(t — T;;(t)))

jes

— (ki + 1) D 8,5k () — e (¢ = Ty(1)))

je

(3.12)

with the positive and diagonal control gain matrices y;, ks;;, ky;; € R™", the estimated

parameter vector 6; € R? and external disturbances b, € R”, with the update functions

t t

Lyl (@) +T, f Y] () (esi(w) + ei(w))de

0

0:(6) =Ty, Y, ()e,(£) — Fh-J
0

bi(t) =—Tye,(t)— Ty, f (efi(w) +e;(w))dw
’ (3.13)
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where T}; € RP*? and T,; € R™" are the positive definite, constant and diagonal
adaptation gain matrices. Also, by using (3.5), dynamic definitions for (3.13) can
be presented as .
6, =Ty, Y,
e (3.14)
by =—TLm;.

The proposed control structure (3.12) can be evaluated in two parts. The first
part, consisting first four terms, deal with the tracking problem of each individual
agent. The second part with the last two terms of (3.12) stands for the position and
velocity synchronization problem, respectively. 6;; given in these terms, represents the
communication between agents, i.e. 6;; = 1 if agent j sends information to agent i,
otherwise §;; =0, and # is a subset of & consisting all agents that send information

to agent i.

The signals e;(t—T;;(t)) and e;;(t—T;;(t)) are the versions of e;(t) and e;;(t) subjected

to the time-varying communication delay T;;(t).

Based on the subsequent Lyapunov-based convergence analysis using
Lyapunov-Krasovskii functionals [41], the mentioned time-varying delay T;;(t)

is a continuously differentiable function and satisfies the condition Tij(t) =d; <1.

Considering a real communication system, it can not be expected that the magnitude
of time delay for each interconnection link in the network is same. It will be clearly
seen in the stability analysis, that equal-valued time delay T;;(t) for each link is not

required to provide synchronization.

Finally, the closed loop dynamics for the filtered tracking error-like signal 1);(t) can be
obtained by using (3.11) and (3.12) as,

Mi(@)n; =Yy;0, + b, — Ci(q;, )mi — Faymi — Mi(q)kyim; — Ci(qi, m:)(Gai + ep; +e;)
2+ 1R+ Deg— vikoie, — D kayyei(6) — (¢ — Ty (1))
jes:

+ (kg 1) 2 kayi(egi0) ey (t =Ty (1))
= (3.15)

where 0, € R? and b, € R" represent the difference between the real values and

estimated values of agents’ parameters and external disturbances, respectively, as in
the fOl‘n’l Of éi = 91' - éi and Bi == Bi - bi’
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3.5 Stability Analysis

Theorem 3.1. The filter structure of (3.2)-(3.3) and the output feedback control law
given by (3.12) with the estimation rules in (3.13) ensure semi-global asymptotic con-
vergence of all errors to zero and synchronization of the system, that consists of N agents

with the dynamic structure given in (2.3), in the following sense
tlim yi(t)=0 (3.16)

where
yO= [ mO7 ex e sy |
and
,

si(0)= [ 8i(e()—e;(t =Ty &yj(esi(t) —ep;(t—Ty(O)" |

All closed-loop signals remain bounded, as long as following gain conditions hold

o ksij A ke +1H(1— dij)+ Ao tkeoi} +7tzmax{k2j}(1 - dij)+7tiax{k4ij}(1 —d;;)
Amin{k4ij} 4Amin{k4ij} Amin{k4ij} 4)'min{k4ij}di2j 4Amin{k4ij}

Amin{k1i} + Ly > Loy (Cai + les; 01 + lle; (O + 2 + Z 1%
i€

ke Ph Abaetkas}
Koi  Pui | Zmaxtai)

ko =
Yi 4V 4y,
v = ki A2 o tksi) N P_Sl
a 4qa 4a
1- dij (1- dij) 1

A fka > 14 + +
mln{ 31]} 4 4d12] 4(1_dij)

kei:>1+4+

W 4(1—d;;)

2
ke > Z Ouz1d;;

€S
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2
ky; > Z O1Za1d;;

=

where

21 = (Aiax{kmi} + Aiax{km}), Zo1i = Arznax{ksu} + lfnax{km}az

and the subindice | symbolizes other agents in the system, that receive information from
agent i. Additionally, it is possible to show that the synchronization error between q;(t)
and q;(t) satisfies

lim g;(t) —q;(t)=0 (3.17)

if all agents have the same desired trajectory q4, or
tl_igloql'(t)_q]'(t):CIdi(t)_de(t) (3.18)

in case of different desired trajectories.

Proof. For each agent in the system, a non-negative function V;;(t) can be defined and

the sum of these functions can be used to prove the stability of whole system as

Vi(t) :Z V()

ey
1 o
:EZ {ﬂiTMi(ql‘)Tli + eiTkziYiei + e;l.}’iefi + OiTrlilei
e (3.19)
+ biTrz_il b; + Z 0;i(e;(t) —e;(t— Tij(t)))TkSij(ei(t) —e;(t —T;(t)))
jeS;
+ Z 6;i(epi(t) —ep;(t— Tij(t)))Tk4ij(efi(t) —ep(t— Tij(t)))}
JjeS;
which can be bounded as
2y (OIF < 2, Ih(DI1* < Vi(£) < A,llh (D (3.20)
where
~ ~ T
R =[y"(6) B7(e) 67(0)] (3:21)
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and

1 . _ -
A1i :Emln{mli’ Amin{'}/i}: Amin{kZi}) AmirL{kBij}’ Amin{k4ij}: A'min{l—‘l'l}: kmin{rzl'l}}

1

1 _ _
A’Zi :Emax{mZi’ A’max{’}/i}ﬂ A’max{kzi}a A’max{kSij}ﬁ A’max{kéﬁj}) A’max{rlil}: A'max{rzl'l}}-
(3.22)

Taking the time derivative of (3.19), the following equation can be obtained

N
Vi(t) :Z {niT[Ydiei +b; — Ci(q;, 4 — Farmi — Mi(g)kym;
i=1

—Ci(qi>Mi)(qq; + e + ;) + Mi(q)n; + xi + vilky + Des; — vikoe;
= D kg (et — e (t = Ty (D)) + (ki + 1) D kg e (6) — e (e — Ty (1)) ]

jes JESA
1, AV .
+ EniTMi(qi)ni — 0T, 'y, Yyim; — b T Tym; + eiTkzl'Yi[")i —€f— ei]
+ e;ﬂ/i[ —aep; — (ky + 1), + kZiei] + Z &;i(e(t) —e;(t —T; ()"
JES

X kagj [ 0:(6) — e4(1) — e(£) — (1 = dyy)m; (£ — Ty (1))
+ (1 —d;;)ep;(t — T;(t)) + (1 — d;;)e;(t — Tij(t))]
+ D5 (6) — e, (£ — T, (6))"

j&s

X kagj| — e () = (g + 1 (6) + kgge,(0) + (1= diy)(ky; + D (£ — T;,)

+ (1 —d;j)aes;(t — T;;(t)) — (1 — d;;)kyje;(t — Tij(t))]}

(3.23)
where (3.4), (3.6), (3.14), (3.15) were utilized. By employing the upper-bound in
(3.10) and making some algebraic manipulations (3.23) can be reformulated as
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AGEDD { — [ oy + My A er 12 + [ ZcaiCai + el + eI [l 12
i=1

+ pllmllllel +P21||"’li||||efi|| —koyille;|® _Yia”efi”Z

= 8 Amintkais Hle(£) — (e — Ty (D)1

—Jzy 81 AminikaisYalles(£) —es;(t = T, ()]
+§5ff(1—du)lmax{ksu}llei(t)—ej(t—Tij(t))unn]-(t—Tl.j(t))”
' Jzy 04j(1 = dij) Amax (Raij} Amas Uk} + Ullegi () = (6 = Ty (I (£ = T, (O
+ Jzy 8 Amax {ksyj e (t) — e; (¢ = Ty ()l lleg; (6]
+ JGZy 8:(1 — di) Atk Hle(6) — e;(t — Ty ()l (6 — T ()]
+ ]Zy 8 Amax ks Hle(£) — e;(t — Ty (EDllle; (¢ — T ()
+J.€Z:5;5ijdijlm‘1x{k‘“f}a”efi(t)_efj(t_ T, ()llley, (¢ = Ty (E)]
+JZ;5if"max{’<4w}7kmax{kzi}Ilefl-(t)—efj(t— Ty (el
=7
#3780 s s ) e~ Tij(t))nnej(t—Tij(t))u}.
i<

(3.24)

If we select a, y; and k,; as given in the Theorem (3.1) with adding and subtracting
2[In,(DII7, Zjey; 5ij(1—dij)(7trznax{ksij}+7tﬁmx{k4ij})”nj(f—Tij(f))”Z, Zjeg; 5ij(1—dij)di2j(l,2nax{k3ij}+
22 o tkaiiPlle; (€ = TN, Xjes, 6ij4(1+dij)”efi —epi(t =T (ODIP, Xjes 61(1—di)d2 (A%, {kaij} +
o222, Aksi;Dlles; (¢ — Ty(O)I> and Y., 6 (1 + )y (14:1? + 4(11%_)) lle; — e;(t — T, ()| to

max

the right-hand side, the upper bound becomes,

21



AGEDD { — [ Zo + Maihimintkr} JIndl + [ ZcaiCac + legall + lleall) + 2,12
i=1

- k6i”ei”2 _k7i”efi||2

(1-dy) (-dp) 1
—Zéij[xmin{kgij}—(1+ vt ae T as dij))]||ei(t>—ej(t—Tij(t))||2

JES

= 280k g en ()= e e~ Ty (I
ij

JES

+ 30651 —di )2, kst + 22 Ak DIy (e = Ty ()]

JES

+ >0 65d2 (A2, Ak} + @222 (kg Dlles; (£ — Ty ()

JES

+ 28 d2 (A2 kg + A2 (g Dlle;(t — Ty (0)]?

JES

[ &2t = ] = [ 2l lima ]
e (ki Y1) T
_§5ij[ 12 j

— A s /1= dy ;e = T (DI

->6] i 3”}|| s (Ol = llei(6) —e;e — Ty (D]

j&

->6] ’“‘”‘{ 4”}|| (O = Ao e, (0) = e (6 = T (DI |
JESA

-,/1—di. 2
_;51']'_ 5 ]”ei(t)_ej(t—Tij(t))”_xmax{kgij}v1—dij||7]j(t_Tij(t))”:|

J1—d;;
_Z 0y od ]”ei(t)_ej(t_ T (DI _Amax{k?)ij}dij\/ 1—d;;lles;(t — Tij(t))”]z

lles;:(t) —ef;(t — T;;(O)]

e ij

r 2
- 20057 || ei(0) = et = Ty (O — Apr lgsi iy /1 — dysatlles (£ — Ty (D]
jeSA -

lle;(t) —e;(t — Ti; (DI — A ks 1 V1- d;jlle;(t — Tij(t))”]z
Amax{kajHles(t) —eg;(t — T ()]

— Amaxkaij}d;; V1 —d;jlle;(t — Tij(t))ll]z}-

(3.25)

_;5”-2,/1—%
_25“-,/1 a,
ij

2d;;

j&#
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Since, the squared terms in brackets are always positive, the right-hand side of (3.25)
can be further upper-bounded as

N
AGED) { — ey + M Aminlea Il + [ oo + llegl + llegdl) + 2 1, 12
i=1

- k6i”ei”2 _k7i||efi||2

(1-dy) (-dp 1
—Z&j[xmm{kgg}—(w v e taas dij))]||ei(r)—ej(t—Tij(t))||2

JES

= 280 ks g en (0= et~ Ty (I
ij

JES
+ 3061 —di )2, Ak} + 22, Ak Dl (e = Ty ()]
JES

+ 21 65d2 (A2, Ak + @222 (kg Dlles;(t — Ty(O)IP

JES

+ Z 0y U(Arznax{km]} + Afnax{kﬁj})”ej(t = Tij(t))”Z}-

JES

(3.26)

The remaining part of the stability analysis proceeds with the following
Lyapunov-Krasovskii functional to prove that the time-varying delay subjected terms
do not effect the stability of the system

t t
AGEAGED I f ! () (@)dw+ Y > 5i,-z1ijd5j e (w)e;(w)dw
t—T;;(t) t=T;;(t)

€Y j€S €Y jES,

t
+225ij22ijdfjj ef (w)e;(w)dew.
t—T;;(t)

€Y jES (3 27)

The given function can be bounded similar as in (3.20). After some algebraic

manipulations the upper bound for V,(t) can be written as
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Vy (1) SZ { - (ngi + mlilmin{kli}) - (CCZi(gdi + el + e ) +2 + Z 511'2111) lIm:(6)II?
ic e

€S

— | kei— > 8122y | lle (D]

€S

— | Ky — > 812z | e (D]

- 1-d; (1-d;) 1
- §:5l~ lmin{ki~}—(1+ -+ ~ + ﬂIIei(t)—e(t—Ti~(t))||2
= 3 4 4d% 4(1—dy) J J
1
=376 ksiy— | e (0) - »(t—Ti-(t))HZ}.
jeZy; J_ 5ij 4(1_dij)] €f €fj J

(3.28)

As long as the gain conditions given in Theorem (3.1) hold, V,(t) in (3.28) is negative
semi-definite
V(1) < —xlly (O (3.29)

with x € R* and y(t) = [le(t) Yy (t) ... yAT,(t)]T. V,(t) is a decreasing function
with a maximum value of V,(0). Then, it can be said that y(t), 0(t), b(t) € £Z.,. Using
(3.4) and (3.6), with the fact that e(t), n(t), e;(t) € L, it is clear that e;(t),é(t) €
Y. as well as p(t),p(t) € Z.,. Also, q(t) € ¥, since q,(t) is bounded. Since
0(t),b(t) € ¥., and 0, b are constant, é(t) and b(t) are bounded and converge
to constant values. By utilizing all these bounded signals, it can be concluded that
7(t) € %, owing Y,(t) is bounded function of q,(t),g,(t),q,(t).

Integrating both sides of (3.29), it is clear that y(t) € %, and employing Barbalat’s
Lemma [40], the analysis can be finalized that all error signals in y(t) converge to
zero semi-globally asymptotically as t — o0, since y(t) € ¥, N %, and the gain k;
can be selected arbitrarily large to cover any set of initial conditions.

Also, from (3.29), it is clear that
and can be said that

tl_lglo e;j(t) —e;(t — T;;(t)) = q4i(t) — q;(t) — qq;(t — T;;(£)) + q;(¢ — T;;(¢)) = 0. (3.31)
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After adding and subtracting q;(t) and q4;(t) to the right-hand side of the equation,
it is obtained
Jim e;(t) — e;(t = T;;(£)) =q;(6) = q;(£) — ¢;() + qa;(t) — qa;(£) + qas(¢)
+q;(t — T;;(t)) — qq;(t — T;;(t))
=q;(t) — q;(t) +e;(t) — qq;(t) + qa;(t) —e;(t — T;(¢))

=0
(3.32)
and as stated in Theorem (3.1),
lim q;(6) —q;(t) = qai(£) — qq;(¢) (3.33)
if agents have different desired trajectories, or
lim g;(t)—gq;(¢) =0 (3.34)
in case of same qg, since lim,_, ., e;(t), e;(t — T;;(t)) = 0.
|

3.6 Simulation Results

The simulation study is set up to assess the feasibility of the proposed linear filter in
(3.2)-(3.3) and the control structure (3.12), in MATLAB™ /Simulink™ consisting
of 5 two-link robot manipulators, with the following dynamics

[ p1+2pscos(q;,) p,+pscos(q;,) M d, ] (3.35)
P>+ pscos(q;,) P2 qi,
4 —pssin(q;,)q;, —pssin(q,)(q;, +4;,) q;,
p38in(qi2)qi1 0 qi,

+|:fd1 0 :||:qi1:|:|:7i1:|
0 fa qi, Ti,
where p,, p,, p; and f4, f42 stand for the mass parameters and friction coefficients,

respectively, with the numerical values listed in Table 3.1 [37]. Communication
topology between robot manipulators is illustrated in Figure 3.1.
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The unknown parameter vector 0 is in the form of

T
9:[1)1 P> P3 fa fdz:l (3.36)

and all the parameter and disturbance estimates are initialized to zero, 6(0), b(0) = 0.

The desired trajectory of all robot manipulators is defined as

22.92sin(1.5t)(1 —exp(—0.3t3))

1145+ 22.925in(1.56)(1 — exp(~03¢%)) | €] (3.37)

qq(t) =

and the disturbance signal applied to the second link of the Robot 4 between t =
25— 26s is given in Figure 3.2.

Table 3.1 Actual Robot Parameters

Parameters | Robot 1 | Robot 2 | Robot 3 | Robot 4 | Robot 5
p;1 [kg.m?] | 2.355 3.473 3.105 2.734 | 3.207
Pis Lkg.m2] | 0.2095 | 0.193 | 0.3012 | 0.412 | 0.212
Dis Lkg.m%] | 0.195 | 0.242 | 0.241 | 0.322 | 0.293
fain [Nm.s] 5.3 4.2 4.9 4.73 4.89
faio [INm.s] 1.1 1.5 1.24 1.62 1.23

Figure 3.1 Communication topology

Initial states of joint positions are assumed arbitrarily as

0:(0)=[ 30 30 ] [deg] 2:(0)=[ 10 10 ] [deg]
4:(0)=[ 40 40 ] [deg] 4:(0)=[ 20 20 ] [deg]

4s(0)=[ 50 0 ] [deg]
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and ¢;(0) = 0. The control and adaptation gains are set to the following values

ky=diag{ 6 15 } ky=diag{ 6 6}
ky; =diag{ 60 100 } kyy=diag{3 1}
y,=diag{ 10 5 } a=0.01

I, =diag{ 80 10 10 100 100 }
F2i=diag{ 3 8 }

Lastly, time-varying delay values on the communication topology are taken as

T15(t) = 0.1+ 0.06sin(t)

T,,(t) = 0.12 + 0.05sin(0.5t)

T,,(t) = 0.15 + 0.14sin(0.3t) (3.38)
Ts,(t) = 0.08 + 0.02sin(0.5t)

T5s5(t) = 0.3+ 0.2sin(0.4t).

Disturbance Applied to the Second Link of Robot 4

e e e

15 5 10 15 20 25 30
Time [s]

Figure 3.2 Disturbance signal subject 2" link of robot 4
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Link Positions of Robot Manipulators 6ij=0

|---Desired
—Robot 1
—Robot 2
..|~—Robot 3

—Robot 4
—Robot 5

q,, [deg]

25 30

q,, [deg]

0 5 10 15 20 25 30
Time [s]

Figure 3.3 Link positions without synchronization 6,;; = 0

Link Positions of Robot Manipulators 6ij=l

|---Desired
—Robot 1
—Robot 2
..|~—Robot 3

—Robot 4
—Robot 5

., [deg]

0 5 10 15 20 25 30

q,, [deg]

0 5 10 15 20 25 30
Time [s]

Figure 3.4 Link positions with synchronization 6;; =1
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In Figures 3.3 and 3.4, link positions without and with synchronization can be seen,
respectively. Without synchronization (i.e.5;; = 0), robot manipulators reach to the
desired trajectory from different points. On the other side, when synchronization
is activated (i.e.5;; = 1), manipulators meet, then converge to the given desired
trajectory, simultaneously and time-varying communication delays do not effect
convergence of manipulators. Also, from Figures 3.5 and 3.6 position errors converge
to zero in both cases with the help of the disturbance estimator, but as an advantage of
synchronization, disturbance signal effect the relevant manipulator less, when there
is a synchronization between manipulators. As given in Figures 3.8 and 3.9 estimated
parametric values and disturbance values converge to constant values. Applied control

signals are depicted in Figure 3.10.

Position Errors of Robot Manipulators Bij:O

—Robot 1
—Robot 2

Robot 3
“'|—Robot 4
—Robot 5

25 30

: A

10 15 20 25 30
Time [s]

Figure 3.5 Position errors without synchronization 6;; =0
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Position Errors of Robot Manipulators 6ij:1

—Robot 1

—Robot 2

§ Robot 3

o, “|—Robot 4

= —Robot 5
0 5 10 15 20 25 30

>

e,, [deg]

10 15 20 25 30
Time [s]

Figure 3.6 Position errors with synchronization 6;; =1

Synchronization Errors of Robot Manipulators 6“.:1

—R1-R3
—R2-R4

R3-R5
—R4-R1,
|—R5-R2

15 20 25 30

e

0 5 10 15 _ 20 25 30
Time [s]

Figure 3.7 Position synchronization errors with synchronization 6;; = 1
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Estimated Parameter Values 6ij=1
10 ! ! ! !

—Robot 1

—Robot 2
“]-—Robot 3
—Robot 4

—Robot 5
25 30

Figure 3.8 Parameter estimation values with synchronization 6;; = 1
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Estimated Disturbance Values 6ij:1

4
—Robot 1
—Robot 2
i Robot 3
—Robot 4
—Robot 5
2 5 10 15 20 25 30
10
5.

0 5 10 15 20 25 30
Time [s]

Figure 3.9 Disturbance estimation values with synchronization 6;; =1

Control Inputs Bijzl

10
—Robot 1
— 5 ~.|—Robot 2
§ Robot 3
—~ 0 “\|—Robot 4
‘“?_' —Robot 5
(g -5/

|
=
(@)

10 15 20 25 30

o
(6]

7,0 (Nl

0 5 10 15 _ 20 25 30
Time [s]

Figure 3.10 Control input signals with synchronization 6;; =1
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3.7 Experimental Results

The experimental study is performed on the system given in Section 2.2. To show the
applicability of proposed linear filter in (3.2)-(3.3) and the control structure (3.12),
first two links of robot manipulators are used with the dynamics as follows

m;, 0 qi, + —¢i, i, —Ci,q; qi, + 0 _| T
0 My, qiz Cilqh 0 qu pi4COS(in) Ti,

(3.39)
where
m; . =p; cos(q;,) + p;,

m;,, =p;, (3.40)
Ci :pilsl.n(qiz)cos(qiz)

and the control input of 37 links are set to zero. The control and adaptation gains are

adjusted to the following values

ky=diag{ 3 3} ky =diag{ 12 10 }
kyy=diag{ 3 5 } ky;=diag{ 0.1 0.1}
y,=diag{ 05 0.8 } a =100

ny=diag{ 70 1 1 1}
I, =diag{ 05 3 }

and all the parameter and disturbance estimates are initialized to zero, é(O), b(0)=0.

The desired trajectory of all robot manipulators is defined as

14.325in(0.4t)(1 — exp(—0.3t3%))

41
14.32 + 8.59sin(0.46)(1 —exp(~0.3¢7) | 181 G4V

qq(t) =

and the disturbance signal applied to the second link of Robot 2 between t = 15—17s

is given in Figure 3.12.
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Since, the natural time-delay values caused by wireless modem are small, to show
the effectiveness of the proposed control mechanism, following time-delay values are

added on Simulink

T, , =0.1+ 0.05sin(0.2¢)
T, ; =0.08 +0.02sin(0.5¢) (3.42)
Ty, =0.095 + 0.03sin(0.25¢)

for the communication topology as in Figure 3.11.

Figure 3.11 Communication topology

Disturbance Applied to the Second Link of Robot 2

08 ”
o N
o A
S04F
o | I S— -
oA I
of -
% 5 120 1;5 220 25
Time [s]

Figure 3.12 Disturbance signal subject 2"¢ link of robot 2

In Figures 3.13 and 3.14, link positions without and with synchronization are
presented, respectively. Especially from the q;, values of manipulators, it can be seen
that synchronization terms (i.e.5;; = 1) create a significant difference and guarantee

simultaneous convergence of manipulators to the desired trajectory under the effect
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Link Positions of Robot Manipulators 6”.:0

Desired
—Robot 1
—Robot 2
—Robot 3

: N

0 5 1015 20 25

Figure 3.13 Link positions without synchronization 6;; =0

Link Positions of Robot Manipulators 6”.:1

Desired
—Robot 1
—Robot 2
—Robot 3

5 N

Figure 3.14 Link positions with synchronization 6;; = 1
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of time-varying communication delays. Also, from the comparison of Figures 3.15
and 3.16, it is clear that with the effect of synchronization, manipulators converge to
the desired trajectory with the same position errors and as depicted in Figure 3.17,

synchronization errors converge to zero before the position errors of manipulators.

Besides, as observed in simulation study, position errors converge to zero in both cases
with the help of the disturbance estimator, but as an advantage of synchronization,
added disturbance signal effect the relevant manipulator less and the position error of
Robot 2 converge to zero faster than the case when 6;; = 0. As given in Figures 3.18
and 3.19 estimated parametric values and disturbance values converge to constant

values. Finally, applied control signals for all manipulators are introduced in Figure
3.20.

Position Errors of Robot Manipulators 6".:0

—Robot 1
—Robot 2
= —Robot 3
S,
!
o Y AN L. .
20 25
= | |
S —
o
® ]
1% 5 1015 20 25

Figure 3.15 Position errors without synchronization 6;; =0
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Position Errors of Robot Manipulators 6”.:1

RN SR A— —Robot 1
“““““““““““ WW—RobotZ
> —Robot 3
0, :
h.
v SR ST N S
10 15 20 25
= ]
() :
5, :
w
10 15 20 25

Figure 3.16 Position errors with synchronization 6;; = 1

Synchronization Errors of Robot Manipulators 6ij=1

QOF _
= 7 ; _Rl R3“
=R S S— S — — —RyRy
el : _R3—R2
[ 0
o
(]

_20 “““““““““““““““““““““““ . e B o
0 5 10 15 20 25

8 F PP PP e

g

™ =

' T S S —

@

10 15 20 25
Time [s]

Figure 3.17 Position synchronization errors with synchronization 6;; = 1
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Estimated Parameter Values 6ij:1

—Robot 1
—Robot 2
—Robot 3
20 25
20 25
20 25
10 15 20 25

Time [s]
Figure 3.18 Parameter estimation values with synchronization 6,;; = 1

Estimated Disturbance Values 6”:1

0.2
—Robot 1
o1f R — S — O — —Robot 2
—Robot 3
_01 ““““““““““““““““““““““““ “““““““““““““““““““““““““““““““““““““
0% 5 10 15 20 25

IR 5 1015 20 25
Time [s]

Figure 3.19 Disturbance estimation values with synchronization 6;; = 1
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Control Inputs 6”:1

T (1) INm)]

T() INm]

03 5 1015 20 25

Figure 3.20 Control input signals with synchronization 6;; =1
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4

Robust Output Feedback Synchronization

The section below presents a solution for position synchronization problem of
Euler-Lagrange formulated systems with an output-feedback robust control structure.
After the problem definition, suggested model-free filter and controller structures
are introduced, in detail. By employing a Lyapunov-based convergence analysis
using Lyapunov-Krasovskii functionals, it is concluded that all errors, including
synchronization errors, converge to an adjustable hyperball and stay bounded,
under the effects of parametric uncertainty, external disturbances and variable
communication delay. Lastly, simulation and experimental results of proposed filter

based robust controller are presented.

4.1 Problem Definition

In this part of the thesis, it is aimed to provide an output-feedback robust controller for
the problem defined in Chapter 3. Unlikely the presented former filter based controller,
in this chapter model free structures for both filter and controller are proposed. The

basic performance criteria is similar to the one given in Section 3.1 as below

e(t) =quq —q; (4.1)

where q,;(t) represents the desired trajectory and it is assumed that it is a bounded

function of time as well as its first three time derivatives.

4.2 Filter Design

Since it is assumed that the velocity variables are not measurable, the following linear
filter structure with the output e;; € R" is designed

er; = p; — (kqy; + 1e;. (4.2)
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The variable p;(t) € R" is an auxiliary variable with the dynamic equation

pi = _(kli + 1 + a)pl + ((kli + 1)2 + Ol(kli + 1) - (kli + 1) + kzl')ei - rfi. (4.3)

In the given equation, ky;, k,; € R™", a € R! are positive constant gains and a is same

for all agents. r;(t) € R" is an auxiliary variable with the dynamic

’;fi = _kfirfi + efi (44)

where k;; € R™" is the positive constant gain. Proposed design for the linear filter,
basically derived from the works of [48] and [34], is redesigned according to the
subsequent stability analysis and is similar to a high-order compensator, with the
position error e;(t) as the input and the surrogate signal e;;(t), instead of the actual
velocity error, as the output. The given filter definition requires just the position error
information like in Section 3.2.

To obtain the dynamics of e fi(t), time derivative of (4.2) is taken and (4.3) and (4.4)

are substituted

éfi = _aefi - (kli + 1)7’1 + k2i€i - rfi. (4.5)

The auxiliary signal n;(t) € R" has the following expression

M =ep e +é;. (4.6)

By using (4.6), derivative of position error and velocity variable can be formulated as

below

& ="M;—ep—e 4.7)

qi =qqi —M;i Tepi e (4.8)
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4.3 Error System Dynamics

After pre-multiplying time derivative of (4.6) with M;(g;) and substituting (4.5), (4.7)
the open loop dynamics are generated as

Mn; =M;G4; — T — b; + C(q;,9:)q; + F4iq; + Gi(q;) — Mikym; — My((a + ey, +14;)

+ M;(ky; — 1)e; + Ny; — Ny,
4.9)

where

Ny = M;(q4:)dq; + Ci(qai>44:)da; + Faiqa: + Gi(qq;)- (4.10)

Using the Property 3 in Section 2.3.1, (4.8) and performing some algebraic
manipulations, (4.9) can be rewritten as

Mn; = N,—Ci(q;, §In; —Fami —©;— bi— Miky;m; + Ny, — Ci(q;, Qs +epte)n;. (4.11)

The auxiliary signal N; can be bounded with the norm of measurable signals as

NI < pyi(lledll, llegiDllesll + paiCllesll llegiIDllegill + psillrg: - (4.12)

Details on (4.12), is presented in Appendix A.2.

4.4 The Proposed Control Scheme

In this section, to ensure the position tracking and synchronization of agents in the
system, a model-free robust controller is presented. Based on the subsequent stability
analysis, the controller is designed as

T, =—vi(ky; + Deg; +vikye; + Bitanh(e; + kpirp) — i)i
+ Z 8;iksij(e;(t) —e;(t — T;;(£))) — (kq; + 1)2 O;ikaii(esi(t) —ef;(t — T;(t)))

je j&es

(4.13)

with the positive and diagonal control gain matrices v, ks;;, ks;; € R™", the estimated
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external disturbances Bi € R", with the update function

S

b,=-T, (ei(t) + f (efi(w) + ei(co))dw) 4.14)
0

where I; € RP*? is the positive definite, constant and diagonal adaptation gain matrix.
With the help of 7); defined in (4.6), dynamic of Abi can be defined as

The proposed control structure given in (4.13) has two general parts similar to the
control structure in Section 3.4, except the model-free tracking control side. Unlikely
in (3.12), the term f3;tanh(e; + k;;1y;) is used to compensate the effects of nonlinear
terms in the dynamics [49]. The synchronization side has the same properties with
(3.12).

With the substitution of the control law (4.13) into (4.11), the closed loop dynamics
for the filtered tracking error-like signal n;(t) can be obtained as

M;m; =y(ky; + 1)es; — vikye; — Bitanh(e; + kgirp) + b+ N, + Ny,
- Z O;jks;i(e;(t) —e;(t — T;;(t))) + (ky; + 1) Z 6;ika;i(esi(t) —ef;(t — T;;(t)))

je je

—Ci(q:,9)M; — Fyim; — Miky;m; — Ci(q;, Qa; + €5 + ),
(4.16)

where b; € R" represents the difference between estimated and real values of external
disturbances, i.e. b, = Abi —b;.

4.5 Stability Analysis
Prior to the stability analysis, the following Lemma is stated, to guarantee the
boundedness of Lyapunov candidate function.

Lemma 4.1. [50] Let the auxiliary function v;(t) be represented as

'Vl'(t)éo-bi_(pi (4‘.17)
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where

o = f M; (T)(Ngi(7) — Bitanh(p;(7)))d
0

and
T = D Bi(In(cosh(, (0))) + 1) — ! (0IN,(0)
c=0

with the following transformations
M = Oy + U

‘U/i . ei + kfirfi.

The function v;(t) is lower bounded in the sense that
v(t) =0, Vilw: (Ol = d(e;)

as long as constant gain f3; satisfies the following condition

1 .
ﬁic > E_ |:||Nd1c”oo + ||NdlC”00:|

]

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

where subscript ¢ express the ¢ element of a vector or a diagonal matrix (¢ = 1,..,n),

the operator ||-|| o stands for the supremum of a time-varying signal and €; is a positive

design parameter, which determines the radius of the hyperball d(e;). In other words,

for u;(t) defined as the outside of a hyperball around the origin and sufficiently large

selected f3;,

Tpi = f n; (T)(Ngi(7) — Bitanh(u;(1)))d .
0

Proof. Consider (4.18) is integrated and (4.21) is substituted as

dp! (v)
dt

pi(t) =J { (1] (2) (N () — B;tanh(u;(v)))] +
0

du! (7)
dt

— B
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Ny;(7)

tanh(,ui(f))}d’r.

(4.24)

(4.25)



After the integration of second and third terms, (4.25) yields to

dN, dl(T)

pi(t) = J T(T) Ndl( )— —ﬂifanh(ui(f)))df

W ONLD — > B Unteosh(u, () + 1)] (4.26)
c=1

+| > Bre (tn(cosh(u;(0))) + 1) — 7 (O)Ndi(O)]

| c=1

and can be upper-bounded as

cH| ;|uic(r)|[||Ndic(r)||oo+ DO —pana ()] 0=
[ I CONNGON = Y i UnCeoshiu (1) + 1)] @27)
L c=1

+| > B (Incosh(u; (0))) +1) — (O)Ndi(O)]
| 1
with the fact that u,(t)tanh(u;(t)) = 0. It is clear that when ||u,(t)|| = d(e;) and B; is
selected satisfying (4.23), first line of (4.27) takes negative values. Also, the second
line of (4.27) is

; (Zzn(cosh(uic(r))) * 1) >l VAae(©1)  (4.28)
c=0

as long as €; < |[tanh(u;(t))||. Finally, with the given definition of o}, in (4.19), it can
be proven that the inequality represented in (4.24) holds, when €; < ||tanh(u;(t))||.
Alternatively, it can be said, given auxiliary function v;(t) is positive if ||u;(t)] is
outside the hyperball d(e;), whose radius can be specified by using €;. [ |

After completing the proof of Lemma 4.1 the following Theorem is presented.

Theorem 4.2. The filter structure of (4.2)-(4.4) along with the output feedback robust
control law (4.13) and the estimation rule in (4.14) guarantee semi-global asymptotic
convergence of all errors, including synchronization errors, of the system with N agents,
to a hyperball with an adjustable radius as long as the positive gains satisfy following
conditions

o= ks N max{k11+1}(1 d;; )+2'72nax{k21}+kr2nax{k2j}(1 ij) A'Tznax{ké}ij}(l_dij)
A’min{k4ij} 4A’min{k4ij} min{k4ij} 4Amin{k4ij}dizj 4A'min{k4ij}
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Amintkai} + Ly > Gy (Car + llesi (O + [l (0)11) +3 + Z OriZn;

i
Yi=@+—/liax{k3ij} +p—§i
a 4a 4a
ke p2 0 A% {ku;
kzi=ﬁ+&+—m”{ s}
Yi 4 4y,
ky Ao tkai} Pl
kfi=l+ max 4] +&
Yi 4y 4y
1—-d; (1—d;) 1
A {ka} > 14 ! . 4
mln{ 31]} 4 4d12J 4(1_dl])
ke >14+ ——
> 4(1—dy;)

2
ke > Z 0%},

i€

k7i > Z 5lilnxn

i€y

2

kg; > 2 :5lizllid1i
€S

where

2145 = Afnax{k?,ij} + Afnax{km'j}; Zaij = Aiax{kBi]’} +a’A? {kaij}

max

and the subindice | symbolizes other agents in the system, that receive information from
agent i.

Proof. A non-negative function V;(t), which is the summation of functions V;;(t), can
be defined for whole system as
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Vi(£) = V(1)

[Ish4

1 o
:EZ {niTMi(qi)T)i + eiTkziYiei + ’”fTiYirfi + e}i}/iefi +v(t) + blTFl 'b;
=

4.29
+ Z5ij(ei(t)_ej(t_Tij(t)))TkSij(ei(t)_ej(t_Tij(t))) ( )
JESA
+ Z 6;i(esi(t)—ep(t— Tij(t)))Tk4ij(efi(t) —ep(t— Tij(t)))}
=

which can be bounded as

Mlly(OI < 4, [R(OI* < Vi(£) < /IR, VIOl = lly (O]l = [|u(o)]| = d(e)

(4.30)
where
e T
rO=[y"(0) B7(6) V] (4.31)
T
YO =] 1" ) e e sy(0" ]
550 =[ (e —e(t =Ty (T 5y(ep(t) —ep (e —TyON |
and
Ay :%min{mli’kmin{)/i}:A‘min{kZi}:)'min{kBij},Amin{k4ij}:lmin{ri_1}}
(4.32)

1
7(,21- :Emax{mzi: A'max{}/i}: A'max{kzi}: A’max{kSij}J A’max{k4ij}’ A’max{ri_l}}'
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Differentiating (4.29) with respect to time and substituting (4.5), (4.7), (4.15), (4.16)

N
Vi(t) ZZ {TLT[BL — Ci(q;, 4)n;i — Fai(qi)n; — Mi(q)kyim; — Ci(qi, Qai + e + €,
i=1
+ Ny + N+ 7i(ky; + Dey;
— vikyie; — Bitanh(e; + kpirp) — Z ksii(e;(t) —e;(t — T;(t)))

je€S;
+ (ky+ 1) D kg egi(0) =g (= Ty (6)))]
=%
+ LN (g, — BT T, + o7k [ni—esi—e |+l —kprsi+ep]
2771- i\q;Jn; L LMy Te KoYl i —€pi — € FeiVi filfi T €5

+ e}ri}’i[ — (ky; + 1)n; — aep; + kye; — rfi] - ﬂiT[Ndi — Pitanh(e; + kfirfi)]
+ > 6(e(t) — e(t — Ty (D)) kayy [ m:(6) — i (6) — €(£) — (1 — dyj)n; (¢ — Ty(1))

j€s;
+ (1—d;yes(t — T, (6)) + (1 —dypde; (¢ — Ty(1)) ]
+ Z 0;i(epi(t) —epi(t — Tij(t)))Tk4ij|: — (kq; + 1)n;(t) — aep;(t) + kye;(£) — r4:(t)

JjESA
+ (1—d;;)(ky; + 1)n;(t — T;;)

+ a(1—d;j)es;(t — T;;(t)) — ko (1 —d;j)e;(t — Ty;(£)) + (1 —dj)ry(t — Tij(t))}}'
(4.33)

By applying the upper-bound in (4.12) and making some algebraic manipulations, the

following expression is obtained
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=y, { — [+ Maidin e Il + [ oo Ca + legill + lleal)) .12
i=1

17 1

+ pullnlllle: I + pailInlllles: |l + psillmllllr:|l —yikaille:l)? —vikpillreill® = rialleg;
- Z i AminiksiiHle(t) —e;(t — Tij(t))”z - Z 8 i Amintkaijtatllesi (t) —ep;(t — Tij(t))llz

it i
# 28 nas e (e (e~ My
+§5U(1—du)lmax{ksu}llei(t)—ej(t—Tij(t))unn]-(t—Tl.j(t))”
+ JZY 8:;(1 = dij) Ay {ksi Hlei(8) — e;(t — Ty ())llles; (¢ — T, ()]
+ JZy 8;;dij Amax {ksis Hiei(£) — e; (¢ — Ty ())llle; (¢ — Ty ()]
+§5if7“max{’<4u}lmax{sz}llefi(t)—ef,-(t— T (Dllles(O
*25ff"max{k4u}lleﬂ(t>—efj(t— T (DO
+ Jezy 851 — di}) Amax {aij  Amax Taj + LHlep(6) — e (6 = Ty (E)IHIm; (e — Ty ()]
+25ij“dif7‘max{k4w}”efi(t)—efj(t— T ()lllley (¢ — T, ()]
+ ]Zy 04j(1 = dij)Amax {kaij} Amax {Kas Hlegi(£) — e (€ = Ty ()l le; (£ = Ty ()]
@5““‘dl‘f”mx{k«f}”eﬁ(ﬂ—eff(f—Tu(t»nnw—Tijm)n}'

(4.34)

After a similar square completing process given in the Proof of Theorem 3.1,

upper-bound of V;(t) can be given as
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Vl(t) SZ { - [dei + My Apindki} — Coai(Cai + ”efi” + llell) _3]”771'”2
i=1

- k8i”ei”2 _k7i”rfi||2 _k6i||efi||2

=36 Atk — {1+ = 0 L M= e (e - TP
ij | min1%3ij 4 4di2j 4(1_dij) i j ij

JES
1
_; 0y |:k5ij - (1 + m)] llesi(t) —ep;(t— Tij(t))llz
+ 376, (= d g In, (e =TI+ 76,421 — d, )z, lley (e — T, I
JE€SA jes
+ Z 51] U —d;;)zy;llep;(t — Tij)”z + Z 6 (1 —d;j)llrs;(t— Tij(t))”}-
jES JES

(4.35)

For the time-varying delayed signals, a Lyapunov-Krasovskii functional can be defined

as

t t
Vo(6) =Vi(6)+ D > 6y f N (@)do+ > > 5i,-zwd5j el (w)e;(w)dw
t—T;;(t) t=T;;(t)

€Y j€S, €S jES,
t
+ >0 62d? J el (w)es(w)dw+ Y > 5, J ! (w)ryj(w)dw
€Y je; —=T;(t) €S je t—T;;(t)
(4.36)

that can be bounded similar as in (4.30). Then, V,(t) can be obtained as
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Vy (1) SZ { - (ngi + mlilmin{kli}) - (CCZi(gdi + llegill +lle;ll) +3 + Z 511'2111) lIm:(e)II?
ic e

€S €S

— | ke = D 8ud2z0 | NedlOIP = | Ky — > Splen | lrall?

— | ko= D 812z | lles (D]

€S
' 1-d, (-d) 1
_ 51" lmin{kgp}— (1 + J + J + )i| ||€i(t)—e~(t— Ti'(t))”Z
;yi j i j 4 4di2j 4(1_di],) j j
[ 1

(4.37)

As long as the gain conditions given in Theorem (4.2) hold, it is concluded that

Va(6) < —xlly(OII%, VIOl = lly (O]l = [ju(o)]| = d(e) (4.38)

with k¥ € R* and y(t) = [le(t) y, () .. ylg(t)]T. V,(t) is a decreasing function
with a maximum value of V,(0). Then, it can be said that y(t), b(t), v(t) € L.
Using (4.4), (4.5) and (4.7), with the fact that e(t), n(t), e (t), r;(t) € L, it is clear
that e, (t), 7(t),e(t) € L, as well as p(t),p(t) € L. Also, q(t) € L, since q4(t)
is bounded. Since b(t) € %, and b is constant, b(t) is bounded and converges
to constant values. By utilizing all these bounded signals, it can be concluded that
17(t) € Y.

The analysis can be finalized that all error signals in y(t) converge to a hyperball
d(e) as defined in Lemma 4.1, with sufficiently large selected f3;, given in (4.23), as

t — OQ.

4.6 Simulation Results

The simulation study is established to illustrate the performance of the proposed linear
filter in (4.2)-(4.4) and the control structure (4.13), in MATLAB™ /Simulink™,
consisting of 5 two-link robot manipulators, with the dynamics and parameters given
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in (3.35) and Table 3.1, respectively. The desired trajectory given to manipulators has
the function as in (3.37). The initial states of manipulators are assumed arbitrarily as

Disturbance Applied to the Second Link of Robot 4

b(t)
61

0 5 10 15 20 25 30
Time [s]

Figure 4.1 Disturbance signal subject link 2 of robot 4

=[5 30 ] [deg] 2.(0)=[ 30 10 | [deg]
4:(0)=[ 20 40 | [deg] 4:(0)=[ 40 20 | [deg]
as(0)=[ 15 0 ] [deg]

and ¢;(0) =0

The control and disturbance adaptation gains are set to the following values

ky=diag{ 12 12 } ky=diag{ 5 5}
ks =diag{ 50 50 } ks = diag{ 400 300 }
kyi —dlag{ } —dlag{ 30 30 }
p;=diag{ 50 50 } I,=diag{ 0.5 05 }

with a = 0.01.
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Link Positions of Robot Manipulators Bij:O

---Desired
—Robot 1
§ —Robot 2
S, ‘ Robot 3
= —Robot 4
—Robot5
=% 5 10 15 20 25 30
50
=
(]
S 0
N
O
% 5 10 15 20 25 30
Time [s]

Figure 4.2 Link positions without synchronization 6,;; = 0

Link Positions of Robot Manipulators 6”.:1

---Desired

—Robot 1

§ —Robot 2

S, Robot 3

= —Robot 4

—Robot5

=59 5 10 15 20 25 30

50

=
(]
=}
N
O

% 5 10 15 20 25 30

Time [s]

Figure 4.3 Link positions with synchronization 6;; =1
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Position Errors of Robot Manipulators 6".:0

—Robot 1
—Robot 2
Robot 3
~|—Robot 4
—Robot 5

10 15 20 25 30

NS

10 15 20 25 30
Time [s]

Figure 4.4 Position errors without synchronization 6;; =0

Position Errors of Robot Manipulators 6“.:1

—Robot 1

—Robot 2

> Robot 3
S, _|—Robot 4
o —Robot 5

10 15 20 25 30

10 15 20 25 30
Time [s]

Figure 4.5 Position errors with synchronization &,;; = 1
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Synchronization Errors of Robot Manipulators Bijzl
20

~ [—R1-R3
>  |—R2-R4
=AY & R3-R5
o —R4-R1
IF| —20H - _5R5_R2
o :
~40 5 10 15 20 25 30
20
S, Vv
S | | | |
o200
N
© _z0l : : | |
0 5 10 15 20 25 30

Time [s]
Figure 4.6 Position synchronization errors with synchronization 6;; = 1

Estimated Disturbance Values 6”.:1

0.4
: : : —Robot 1
Robot 3
5 5 5 5 —Robot 5

10 15 20 25 30

0.5

> —_—
oSS olé ——
0% 5 10 _15 20 25 =0

Time [s]
Figure 4.7 Disturbance estimation values with synchronization 6;; = 1
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Control Inputs 6ij:1

—Robot 1

— .|—Robot 2

% Robot 3

= - |—Robot 4

=, —Robot 5
10O 5 10 15 20 25 30

1,0 (NI

0 5 10 15 20 25 30
Time [s]

Figure 4.8 Control input signals with synchronization 6,; = 1

It is assumed that the manipulators have the communication topology as in Figure
3.1 with time-varying delay values in (3.38) and the disturbance signal applied to the
second link of Robot 4 between t = 20 — 22s is given in Figure 4.1.

The results obtained from the simulation study are presented in Figures 4.2 - 4.8. From
Figures 4.2 and 4.4, it is clear that manipulators converge to the desired trajectory
in different times, especially Robot 1 reaches to the desired trajectory before the
others. The results, as shown in Figures 4.3 and 4.5, indicate that with the effect
of synchronization terms, manipulators meet and converge to the desired trajectory,
simultaneously. With the help of disturbance estimation, in both cases, Robot 4 turns
to desired trajectory after the impact of disturbance signal, but it can be seen by
comparing Figures of Link positions and Position Errors, disturbance signal effects
Robot 4 less, when 6;; = 1. Estimated disturbance values are presented in Figure 4.7
and applied control signals are depicted in 4.8.

4.7 Experimental Results

The proposed linear filter in (4.2)-(4.4) and the control structure (4.13) is

implemented on the experimental setup given in Section 2.2, for the end-effector
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control and synchronization of robot manipulators. For the task-space synchronization
of non-redundant robot manipulators, mathematical model of a robot manipulator can

be represented with

Mi(Xi)jéi + Ci(Xi’Xi)‘)‘cl‘ + Gi(Xl-) == Fi + bi

where x;(t) € R" is the vector of end-effector coordinates with its time-derivatives
x;(t), X;(t) and

M;(x;) = J;(q:)"" M(g:)J;(g)
Ci(x;, %) = Ji(q) " Cilqi, 4:)Ti(a) ™ = Ji(q) ™ Mi(g:)Ji(q) (g Ti(g) ™
Gi(x;) = J:(q:) " Gi(q:)
F;=Ji(q) "7,
b; =Ji(q;)"" b

with the Jacobian matrix J;(q;) introduced in Section 2.1.4. Then, the linear filter and
controller structures given in (4.2)-(4.4) and (4.13) can be used, assuming that the

position error

e;(t) = xg4;(£) — x;(t).
The desired trajectory given to manipulators has the function as in (4.39)

T

40cos(0.17t)
x4;(t)=| —20—30sin(0.27t) [mm] (4.39)
—20

and the disturbance signal applied to the second link of Robot 2 between t = 20—22s

is given in Figure 4.9.
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The control and disturbance adaptation gains are set to the following values

ky=diag{ 4 4 4} ky=diag{7 6 6}

k;; =diag { 500 500 500 } kg =diag{ 190 190 190 }
ky=diag{ 05 05 0.1} y.=diag{ 20 20 20 }

B =diag{ 100 100 100 } I,=diag{ 100 100 100 }

with a = 100.

Additional to the natural time-delay values caused by wireless modem, variable
time-delay functions given in (3.42) are implemented to the system on Simulink, for

the communication topology as in Figure 3.11

Disturbance Applied to Robot 2 on y Axis

4
4 -
Jdo 1
q ]
S o o
11 A Y ]
A A P S I S
of R
GO 5 120 1;5 20 25

Time [s]

Figure 4.9 Disturbance signal subject robot 2 on y axis

The results are presented in Figures 4.10-4.15. In the absence of synchronization
as can be seen from Figure 4.10, end-effectors of manipulators converge to the
desired trajectory from different points, while Figure 4.11, 4.12 and 4.13 prove
that with the help of the synchronization terms end-effectors of manipulators meet
before their tracking errors stay close to zero, without need of model knowledge in
controller. Comparing Figures 4.10 and 4.11, synchronization reduces the effects of

disturbance signal and help Robot 2 to converge to the desired trajectory in less time.
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Positions of Robot End—Effectorson XY Z Axeséijzo

“|—Robot 1
—Robot 2
—Robot 3|

Desired|

© Diswbance
- Effect

20

50 ~_20

z Axis [mm] X Axis [mm]

Figure 4.10 End-effector trajectories without synchronization 6;; =0

Positions of Robot End—Effectorson XY Z Axeséijzl

[—Robot 1
|—Robot 2
|—Robot 3|
-|—Desired|

e ‘ Dlsturbance :
‘ el v Effect o

20

50 ~_20

z Axis [mm] X Axis [mm]

Figure 4.11 End-effector trajectories without synchronization 6;; = 1
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Estimated disturbance values Bi converge to constant, as shown in Figure 4.14. Finally,
Figure 4.15 reveals that control input signals remain in applicable bounds during the
operation.

Position Errors of Robot End—Effectors 6ij:1

... |—Robot 1

~....]|—Robot 2

z 23—R0b0t3
10 15 20 25

7 3 [
10 15 20 25
1015 20 25

Time [s]

Figure 4.12 Position errors with synchronization 6;; = 1
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Synchronization Errors of Robot End—-Effectors 6”.:1

= — [—R,-R
oF ofp—t—2 G | RR
[=R
o
% 5 10 15 20 25
R -
5 10 15 20 25
—
5 , 20 25
Time [s]

Figure 4.13 Position synchronization errors with synchronization 6;; = 1

Estimated Disturbance Values 6”:1

~|—Robot 1
—Robot 2
. fRobot 3
10 15 20 25
10 15 20 25
1015 20 25
Time [s]

Figure 4.14 Disturbance estimation values with synchronization 6;; = 1
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Control Inputs 6ij:1

F (0 IN]

F O N

Z
N | | | |
IR 5 1015 20 25
Time [s]

Figure 4.15 Control input signals with synchronization 6;; =1
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5)

Robust Output Feedback Synchronization of
Kinematically Redundant Robot Manipulators in Task

Space

In this section, design and implementation of output-feedback robust controller
for synchronization of kinematically redundant robot manipulators in task space is
described. Following the stability analysis, the simulation study results on a system

with 3 three-link robot manipulators are presented.

5.1 Problem Definition

In this study, the problem is handled as position synchronization for the end-effectors
of multiple kinematically redundant robot manipulators. In many robot applications,
desired trajectories are usually formed according to the end-effector positions on
task/operation space, in agreement with the task to be achieved. This makes
the general joint-based control structures impractical, since the solution of inverse
kinematics to convert the desired task-space trajectory into the desired joint-space

trajectory is required [51].

Kinematically redundant manipulators provide advantage in terms of dexterity and
versatility, since they have more degrees of freedom than the required to execute the
given task [52, 53]. In other words, the dimension of link position variables n is
greater than the dimension of operation space m. However, this special structure

requires control schemes, that also include effects of redundancy [52].

As the performance criteria, position tracking error e,(t) € R™ (i € & = {1,..,,N}), for

each manipulator with the dynamical model given in (2.3), is defined as
€, = Xq; — X; (5'1)
where x;(t) € R™ stands for actual position of end-effectors, as defined in (2.9), and

63



x4;(t) € R™ symbolizes the desired trajectory applied to the robot manipulators.

5.2 Filter Design

Since it is assumed that neither the end-effector nor the joint velocities are measurable,
a linear-filter with the output e;; € R™ is defined as

eri = p;— (ky; + 1e; (5.2)

where p;(t) € R" is an auxiliary variable with the dynamic equation

pi = _(kli + 1 + a)pl + ((kli + ].)2 + a(kli + ].) - (kli + ].) + kzl')ei - T‘fi. (5.3)

In the given equation, ky;,k,; € R™" are positive definite, diagonal gain matrices,
a € R is positive scalar constant gain and a is same for all agents. rg,(t) is an auxiliary
variable with the expression

Fei = —kpirs; + e (5.4)

where k;; € R™" is the positive definite, diagonal constant gain matrix. Dynamics of

(5.2) can be presented as,
e = —aep; — (kg + 1)J;(q)n; + kye; — 1y (5.5)

with the Jacobian matrix J;(g;) € R™" and 7,(t) € R" is an auxiliary signal defined as
follows

n; =J7(q)(es; + e+ Xg) + I, —J (q:):(g))g: — 4 (5.6)

where (2.10) is utilized for x;. The pseudo-inverse J."(q;) has the properties given in
Subsection 2.1.4.

Since the considered robot manipulators are redundant, J;(gq;) € R™™ with n > m,
which means that the dimension of null-space of Jacobian matrix A4'(J;(q;)) is at least
n —m. This shows that any joint-space velocity ¢; in 4'(J;(q;)) does not contribute
to the task-space velocity. If the controller does not include these unobservable joint
velocities in A4(J;(q;)), the system may become unstable [44]. For this purpose vector
function g(.) € R", given in (5.6), is used as the sub-task function, which can be
thought as the desired null-space joint velocity with the projection (I, —J;"(q;)J;(q;))-
The function g;(q;) can be chosen according to pre-defined sub-task, e.g. singularity

avoidance, joint limitation, manipulability, obstacle avoidance, etc. With the sub-task
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error definition
ey = (In_Ji+(qi)Ji(qi))(gi_qi) (5.7)
it is easy to show that
ey = (I, —J (@) (g:)n; (5.8)

which means ey can be regulated as long as 7); is regulated [44, 53]. From this point,

for the ease of presentation following notation is used

% =J7(q) e + e+ %g;) + (1, — I (q:)J:(q:)) g:- (5.9)

Based on the structure of (5.6), the velocity error and joint velocity can be defined as

é; =Ji(gn; —esi —e; (5.10)

¢ =% —n;, (5.11)

respectively.

5.3 Error System Dynamics

To derive the error dynamics, time derivative of (5.6) is taken, both sides are multiplied

by M;(q;), (5.5), é; and §; from E-L model given in (2.3) are substituted

Mn; =Ci(q;,4:)q; + Fg:4; + Gi(q;) — 7; + W;(q,)q;

. ) (5.12)
+M;(q;)J; (Qi)( —(a+Des; —kyJi(qm; + (kg — e, —rp; + xdi)'

The auxiliary term W,(q;) € R™" has the linearly parameterizable expression as
follows

W;(q;)q; :Mi(qi)(ji+(qi)(efi +e; + Xg4;) + (_ji+(qi)‘]i(qi) _Ji+(qi)ji(qi))gi

13)
(10 @)@ ).

With minor algebraic manipulations and using Property 3 in Section 2.1.3 with (5.11),

the open-loop error dynamics can be reformulated as

M;(g)n; =— Mi(qi)Ji+(qi)k1iJi(qi)ni — Ci(q;,4:)m; — Fgim: — Wi(q:);
—Ci(q;; )0 — 7, + Y16,

(5.14)
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where Y;0; € R" is a linear parametrization of

Y;0; =Ci(q;,9,)9; + F4;9; + G;(q;) + W;(q;)0;

(5.15)
+Mi(qi)‘]:_(qi)( —(a+1)es; + (kg —1)e; —rp + jédi)

denoting Y;(x4;, X4i» Xai» Xi5 Gi» €15 €45 Tri> &) € R™" the regression matrix and 6; € R”

system parameters, e.g. mass, intertia, friction coefficients.

5.4 The Proposed Control Scheme

Based on the subsequent stability analysis, we design the controller as follows

7 =Y, +JiT(CIi)( —vilky; + Dey; + vikyie; + TP + )
+ D Bikayle(t) — e;(t = Ty (E)) = Uy +1) D 8,k (ep(t) — e (6 — Ty (1)),

J& jeH

(5.16)

Given T}, v;, ky;, ksij, kai; € R™™ are the positive definite and diagonal control gain
matrices. In (5.16), él- symbolizes the constant best-guess values of system parameters.
First three terms in parentheses are for tracking problem of each robot manipulator,
with the nonlinear damping term ||Y;||*(e ¢ +e;). Last two terms are included to ensure
the position and velocity synchronization between agents, respectively, and have the

same structure with the controllers given in Sections 3.4 and 4.4.

After substituting the control law (5.16) into (5.14), the closed loop dynamics for the
filtered tracking error-like signal ,;(t) can be obtained as

M;(g)n; =— Mi(qi)Ji+(qi)kli‘]i(qi)ni — Ci(q;,9:)n; — Fgim; — Wi(q)n; — Ci(g;, m)0; + Yiéi
—JT(@)( = 1ikse + Degi + vikoe, + TlYilP(ep + )
+ D 8k (e(t) — (e = Ty(00)) = (kyy + 1) D 8 kags e i) — e (£ — Ty (1))

jes jes
(5.17)

with 6§, = 6, — 6.

1 L

5.5 Stability Analysis

Theorem 5.1. For a system with N robot manipulators, each has the dynamic structure
in (2.3), the filter formulation in (5.2), (5.3), (5.4) and the output feedback control law

given in (5.16), guarantee uniform ultimate boundedness of tracking and synchroniza-
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tion errors in the sense that

A A ~
ly (Ol < Q flly(O)llzeXp(—Kt/lz) + == |16|*(1 —exp(—Kt/2,))
1

2I'k A4
where
T
YO =] 1" ) e e sy(O" ]
and
s () =] 8(e)— et =Ty (N Sylep(D—ep (e =Ty ()T |
with

. .
Ay = Emm{mu; Amin{Yi}s Aminlkai}, Amin{ksij}, Amin{kmj}}

1
)'21' = Emax{mzi’ Amax{)/i}’ A'max{k2i}3 )'max{k?:ij}ﬂ Amax{k4ij}}' (518)

All closed-loop signals remain bounded, as long as the positive gains satisfy following

conditions

ksy A2 Ak —dy) 2% tkad A2 Ry} dy) A3, (ke }(1—dy)

_ max max
a

B Amin{k4ij} 4Amin{k4ij} Amin{k4ij} 4)'min{k4ij}dizj 4A’min{k4ij}

Amintkai} > Eo, 190N + LUV (OI + ;01 + Z O1i%u1i

i€

T

1

kei  Amaxikaij}

= — 4 — —_
a 4a 4a
kSi A'zmax{k‘“f} FL
Yi 4yi 4y;

_ ki N 22 e lkai}
Yi 4y,

1_dij (1_dij) 1

+ +

Yi

k2i

ki

Amintksij} > 1+

kei: >1+

Sij 4(1_dl])

2
ke; > Z 6123 dj;

€S

ky; > Z O1il e

€S
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> Z 5112211 li

€S

where zy;; = ]zj(lfnax{ksq} + Arznax{kﬁj}): Zoij = A,znax{kg)u} + l,znax{kmj}; Z3ij =
A2 Aky} + a?A2 {ky;} with the upper bound of ||J;(q;)ll = j,; and the subindice

symbolizes other agents in the system, that receive information from agent i.

Proof. Let Vi(t) = Y., V4;(t) express the following non-negative function

Vi(£) = D> Vy(0)

ey

— T T T T
= _Z { - Min; +e; vikye; + FeiYilfi T €pYi€yi

+Z;j(ei(r)—ej(t—Tij(t)))Tkgij(ei(r)—ej(t—Tij(r))) &1
je
+ Zy 6;i(esi(t) —ep;(t — Tij(t)))Tk4ij(efi(t) —ep(t— Tij(t)))}
je
that can be upper and lower bounded as
2lly(ON* < V() < A,lly (Ol (5.20)

with A; and A, given in (5.18). Differentiating (5.19) with respect to time and
substituting (5.4), (5.5), (5.10), (5.17) with some algebraic manipulations and similar
square completing process as in the Proof of Theorem 3.1, an upper-bound for the time
derivative of (5.19) as

N
AGEDS { —[m1iuii Aaminersd Yl + [OCON+ TR + 1704 el
i=1

1 -
+ —||9i||2 - k6i”efi||2 - k7i”rfi||2 - k8i||ei||2

4T,
(1-dj) (1—dy)
= ) 84| Apinthksii} — 1+ +
; J[ 3ij ( 4 4di2j
1
+m)]nei(t)—ej(t—Tl-j(t))nz
— > 6y ks — (14 ﬁ)]neﬁm eri(t— Ty
=%
+ > 1651 di)zlln, (e — TP + D 65;d2(1 — dip)zagslles (¢ — Ty ()]
JES j€S
+ D 16551 —diplIrs; (e = Ty(O)P + D 65d2(1 = dij )z lleg (¢ — -,~(t))||2}
JES =

(5.21)
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where jy; and j;’ are lower bounds of ||J;(¢;)Il and [|J;"(q;)l|, respectively. To analyze
the stability of last four terms indicating time-delay, the following Lyapunov-Krasovskii

functional is defined as

Vo(t) :Z{Vli(t)"'ZSijzlijf "’)]‘T(w)nj(w)dw+z5ij22ijdi2jj ef(w)ej(w)dw

ies jes —Ty;(t) je —T;(t)
t t
+Z5ij23ijdi2jj e}j(w)efj(co)dw—l—ZéijJ rij(co)rfj(co)dco}
jes t=T;;(t) j€ t=T;;(t)
(5.22)

that can be bounded similar as V, and the upper bound for V,(t) can be written as

N
AGED) { —[Myijnedt AminUeai [+ [I9ON + TATIE + 114+ Sz Il
i=1

i

™ 4i1~i”éi”2 - [k6i - Z 5li231id12i]||efi||2 — [kn‘ —Z 5li1nxn:|”rfi”2

€S €S

T

i€y
(1—-dj;) (1-—dy)
_; 5ij|:lmin{k3ij}_(1+ 2 + 4di2j

1
Y aa—d) dij))]llei(t) —e;(t —T; ()

1 2
_Z 5ij|:k5ij -1+ m)]”efi(t) —ep;(t—T;(O)] }

jes

(5.23)
For the general system, (5.23) can be reformed as

: 1.«
Vz(t)S—Klly(t)||2+E||9||2 (5.24)

and the solution of the differential inequality can be expressed as [54]

Iyl < \J Ty OPexp(Ke/3)+ ZE2 610~ exp(Ke/).  (5:25)
In conclusion, from (5.25), it is possible to show that y(t) is bounded as given in
Theorem 5.1 (i.e. n(t),rp(t),e(t),ef(t),s;;(t)). Under the assumption that desired
trajectory x,4; and its derivatives, sub-task function g(t) and g(t) are all bounded, by
employing standard signal chasing arguments, it can be said that all signals remain
bounded.

Also, due to the boundedness of J;(g;) and J;*(g;), sub-task error ey(t) in (5.8) will be
bounded in the following sense
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A A ~
lex(e)ll < N 2211y (Olizexp(—Ke/3) + 322 [1012(1 — exp(—Ke/2,))  (5.26)
1 1

where ¢ = ||, = J (@I (@)l oo -

5.6 Simulation Results

The simulation study is established to determine the feasibility of the proposed linear
filter in (5.2)-(5.4) and the control structure (5.16), in MAT LAB™ /Simulink™  with

3 three-link robot manipulators, have the dynamics as follows

By +2p1Cy +2pyCo3 +2p3¢3 Py + P1Cy+ PaCaz +2P3C3 P+ PaCaz + P3cy i |
B2+ P16y + PaCas + 2P3cs By +2pscy B3+ pscs P
B3 + PaCas + PsCs Bs + Pscs Bs qds |
C1 Cra Cy3 q1 faa 0 O 0 T1 ]
T Cn Cpn Gy @ [t O fo O @ | = | T2
C3 Gy Cs3 qs 0 0 fus qs T3 |
with
Ci1 = —(P1S2+P2523)d2 — (P2Sa3 + P3S3)ds
Ciz = —(p1S2+P2523)(d1 +d2) — (PaSas + P3S3)ds
Cis = —(PaSys+P383)(q1 +q2+4s)
Cyi = (P12t PaS23)d1 — PsSsds
Cy = —P383Q3
Cys = —P3s3(q1+ G2 +4s)
Cs1 = (PaSas +P3S3)d1 + P3s3dy
Cs, = Ps83(q1+42)
Cyy = O.

70



Table 5.1 Actual Robot Parameters

Parameters | Robot 1 | Robot 2 | Robot 3
piy Lkg.m?*] | 0.4752 0.32 0.5666
Pz Lkg.m?*] | 0.12 0.0819 | 0.1594
piz Lkg.m?] | 0.108 | 0.0725 | 0.1442
B [kg.m?] | 1.2684 | 0.8528 | 1.4993
B [kg.m?*] | 0.3884 | 0.2587 | 0.485

Bis [kg.m?] | 0.045 | 0.0304 | 0.0626

fin INms] | 5.3 4.6 4.8
faio [INm.s] 2.4 1.9 1.6
fus INms] | 1.1 0.8 1.2
I, [m] 0.2 0.3 0.25
I, [m] 0.25 0.3 0.35
L [m] 0.25 0.3 0.25

Manipulator parameters given in Table 5.1. It is assumed that link lengths are known
and the other parameter values are estimated to be 20%, 30% and 15% for Robot 1,2
and 3 incorrectly, respectively. Time-delay values with communication topology as in

Figure 3.11 are taken as

T, 5(t) =0.1 +0.06sin(t)
T, (t) =0.12 + 0.05sin(0.5t) (5.27)
T3,(t) =0.15+0.14sin(0.3t).

The desired trajectory of robot manipulators is defined as

T
0.6+ 0.1cos(t
xal0) = X [y, (5.28
0.9 —0.1sin(t)
The subtask function g(t) is selected for all robots as [53]
g(t)=-2(¢g;—q,+0.5¢)[1 —1 1] (5.29)

to obtain the optimum link configuration that is given by (q; —0.5q,) = 0.5(q, —q;)-

Finally, control and filter gains are adjusted as
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<
> H H B H
O.H .o
_0'050 0.05 0.1 0.15 0.2 0.25 0.3 0.35
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Figure 5.1 End-effector trajectories without synchronization 6;; =0

Positions of Robot End—Effectors on X Y Axeséij=1
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<
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Figure 5.2 End-effector trajectories with synchronization 6;; = 1
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ky =diag{ 05 05 } ky=diag{ 2 2}
ky =diag { 50 50 } kg =diag{ 35 35 }
ky; = dlag{60 60} }/i=diag{3 3}
I,=diag{ 0.01 0.01 } a = 15.

Comparing Figures 5.1 and 5.2, as well as Figures 5.3 and 5.4, it is clear that under the
effect of synchronization, end-effectors of robot manipulators meet before they track
to the given desired trajectory. It can be seen from Figure 5.4 that tracking errors
of each robot and from the Figure 5.5 synchronization error between them stay in a
bound around zero as stated in Theorem 5.1. Applied control signals are presented in
Figure 5.6. Also, the clear effect of sub-task function g(t) can be seen by comparing
Figures 5.7 and 5.8, where g(t) =0 and g(t) is taken as given in (5.29), respectively.
The function given in (5.29) ensures the optimum link configuration of each robot

manipulator during synchronization and tracking.

Position Errors of Robot End—Effectors 6ij:0

0.2
—Robot 1
= 0.1 ..{—Robot 2
i3 —Robot 3
(%)) -
< of ,
@®
0" -0.1
03 2 4 6 8 10
0.2
E 0.1
0
x
©
(]
03 2 4 6 8 10

Time [s]

Figure 5.3 Position errors without synchronization 6;; =0
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Position Errors of Robot End—Effectors Bijzl
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4 6 8 10
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Figure 5.4 Position errors with synchronization 6,;; =1
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Figure 5.5 Position synchronization errors with synchronization 6;; = 1
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Control Inputs 6ij:1
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Figure 5.6 Control input signals with synchronization 6,; = 1
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Figure 5.7 Joint positions without sub-task function 6;; = 1
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a, (0 [rad]

a,(1) [rad]

a,(t) [rad]

b 100 200 0 100 200 ' 100 200
Time [s]

Figure 5.8 Joint positions with sub-task function 6;; = 1

76



6

Results And Discussion

In this dissertation, distributed tracking synchronization of Euler-Lagrange systems
was considered. The problem was handled as a combination of tracking and
synchronization problems and three different output-feedback control structures
were proposed. In all cases, the output signal of suggested dynamic model-free
linear-filter was used, instead of actual velocity error. So, the velocity measurement

for synchronization was not needed.

The output-feedback adaptive controller, suggested in Section 3, ensured tracking
synchronization in a multi-agent system, under the effects of parametric uncertainty
and external disturbance. On the other hand, in Section 4, it was assumed that
the entire dynamic model of agents in the system, could not be obtained. For
this reason, an output-feedback robust control law was presented. The designed
controller provided synchronization without velocity measurement and dynamic

model knowledge.

For both control systems, simulation and experimental studies were introduced at the
end of each Section. The results have shown that both controllers were applicable
for electromechanical systems, that can be formulated by Euler-Lagrange equations
and successful in providing tracking synchronization, over a directed communication

topology with variable time-delay and under the effect of external disturbance.

Lastly, in Section 5, tracking synchronization of kinematically redundant robot
manipulators in task-space was subjected. Specifically, the main idea was to design an
output-feedback controller for a multi-agent system with extra degree of freedom and
guarantee agents’ tracking synchronization, under the effect of dynamic uncertainty.
By the performed stability analysis and presented simulation results, it was shown that
the tracking and synchronization errors remain bounded around zero, with the help

of proposed output-feedback robust controller.
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Future works may proceed along the following avenues.

e Output feedback mechanisms are preferred to reduce the effects of measurement
noise. However, these control structures usually lead to a semi-global
(asymptotic) stability result. As an open problem, it needs to be extended to

global (asymptotic) stability result.

e For the synchronization problems considered in this dissertation, exact delay
values have not been determined. Having information about delay values may
possibly improve the performance of control system. Therefore, one may suggest

an upper bound estimation procedure.

e Communication losses may deteriorate synchronization performance or even
cause instability. A robust approach with respect to communication losses
between agents can be addressed in terms of switching communication
topologies. Alternatively, one may suggest an event-based control algorithm
to reduce the information exchange over the communication network in the

system.
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A

Bounds

A.1 Bound of y; in Section 3.3

In this section, the upper bound of y;(e;(t), es;(t)) € R", in (3.10), is presented. From
(3.9), x,(t) can be defined as

Xi =M;(q:)qa;i + Ci(qi, Qai + €5 +€)(qg; + e +€;) + Fai(qai +ep; + ;)
+ Gi(q;) — M;(q;)(—(a + Dey; + (ky; — 1)e;) — Yy, 6,

(A.1)

By exploiting Y;;0;, (A.1) can be reformulated as

xi = [M(q;) — M;(q4:)1d4a; +[Ci(a;,4:) — Ci(Qai> 94:) 1 dai + [Gi(q:) — Gi(qq;)]
+ Ci(q;, qai)es; +e;) +Ci(q €5 +€.)(qq; + ey + ;) + Fyi(ep; +e;) (A.2)
— M;(q;)(—(a + D)eg; + (ky; — 1)e;)

After introducing the upper bounds for the terms in square brackets as

IEM;(q;) — Mi(gqo) ]Il < myllel
I[Ci(q:> 4ai) — Ci(qai> 4a) Il < e, Callesl (A.3)
I[Gi(q:) = Gi(ga)1ll < o, llesll-

The upper-bound for y;(t), with the help of bounds given in Properties 1,3,4 given in

Section 2.1.3, can be obtained as follows
1l < pai(lleslls lles: IDle; Il + oo Cllecll, lles[DIle:l (A.4)
with

pri(llell, leg:l) =mailldaill + e, € + Lo, + 280, Cai + Lo, (llegill + lesll)
+ mzikmax{kzi} + CFdi (AS)

pa(lleill, llepi ) =28, Cai + Ccy, (llegll + llegill) + mya+ .-
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A.2 Bound of N; in Section 4.3

The equation of of N;(e;(t), esi(t), rs;(t)) € R", can be given by using (4.9) and (4.10)
as

N; =Mi(q))da; — Mi(qa:)da; + Ci(Qi> dai)dai — Ci(dai» dai)dai + Gi(a:) — Gi(qa;)
+ Ci(q:,qai)(es; +€;) + Ci(q €5 +€:)(qq; +ep; + ;) (A.6)
+ Fyi(ep; +e;) — M(q;)((a+ Deg; + 14;) + Mi(q;)(ky; — 1e;.
With the bounds presented in (A.3), upper-bound for N; can be obtained as

IN:I < priClleslls llegiDlles Il + paiClle:l, llegiIDllesill + gl | (A7)

where

eillle:l; lleg:|1) =ma;(1Ga; |l + Amax {kai}) + gCZi(gii +28q; + llesill + lle;l) + Cgoi + Cry,
paillleills lles: ) =myi(a + 1) + Ceai(28 4 + llesi |l + lle; ) + Cg,,

P3i =My;.
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